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-Pn
=p p212+j2p3i3+j3mpnin+jn — (P111P212P3i3---Pnin)*(P1j1P2j2P3j3---Pnjn)

=a*b =» [a,b]=ab/(a,b) Swn

i141
1

[(a,b)lc ox DOV X,y MNINS ¥ ax+by=c NXNIVNOW DN .8

q 0»p 99 dic 9o (a,b)lc-w 1 .d:=(a,b) T =P TAX NP1 .N

YOY02N VAVYNN DY N L(a,b) NN d-w PO .dg=c=v 1o oLV

.aug+bvqg=dqg=c 52p1 g-2 5192) ON) ,au+bv=d-v 75 OOV u,v 0N1P

NMNIND ¥ IS ax+by=c O»pNM (DMOY X,y) y=vq ,X=uq M1
SRNYND DOV

MY P .ax+by=c-¥ O DOV X,y DOpY P € »nwn proa A

-y du=a-v 75 0OV u,v on»p MY ,dib-y dla-v ynnwn .d:=(a,b)

2N .dlc 99y d(ux+vy)=c M5 ,dux+dvy=c 9apn PM1 ¥ .dv=b

2wn .(a,b)lc Hapn d Dv Ty NN NN



2005 272
NNOD

12 Y990 nap 104134 - 19799 NHAION
#2 /00 M2 ONYVY - 2005 2XAN YVVND

8In*-m? Y78 ,0»N1 X DYV n,m .14
IV ri=1 NIONAY N PNDR N-Y INRND .n=2q+1-Y T g, DIOP
.m=2q,+1-v 75 @ ©»P 1PN IMNI .n=2q;+1
n’-m’=(2q;+1)*-(2qo+1)"=(4q, +4q;+1)-(4q,"+4q,+1)
=4CI12'4(122+4C11-(12:4[(%2‘(11)'*'((122‘(12)]
NI X ON 1 IR 0 MY Vv AUNRD ,X=2u+V -V TD v,u DMMP X DIV 1901 )M
2V IDIRY DAPI 2-5 NN 10D, INRNNA NN IN DN
1991,V TPINY NMN AN 2-9 NP1 b X =4ut+2uv+v=2(2u+uv)+v
AMN PONN 2 MDD ,Xz—x:[2(2u2+uv)+v]—[2u+v]=2(2u2+uv—u)
n)a)\pa) ,(qzz-qz) Ny (qlz—ql) NN PONN 2 - OTIP NODPY IRNYND NN
1 (427-q2)=2t ,(q1*-q1)=2s =V T3 5,t DD
n’-m’=4[(q,>-q1)+(q2"-q2)1=4(2s+20)=8(s+t)

Swn ,8In*-m? -v NN MIPONM

MYPPY YON’ -’72 P9
3
SN D»WHNNN 92) BT NN MPYn mponn n¥apy mopy ond )0 LN
[x]={x,—xIVx e R} 07125 NP5Nna »snn Dax Y915 ,0795v
173 [11,[10],[100]... -5 23»5 ymw MmD»py Mmponn MO v o .2
NPONN 539) N9BN N¥ON OOW ONY BYY n 935 [10"] 2mo5 o)
[x]={10""<a<10"lneN,aeZ"} (NN N TIY MPPY
PV MY 90 ) [0],[1],...[9] ym Mm>pw Mpdnn 10 v 0 )
D20 PNV DY MWYITTN MNONN MNPPNN 1991 10 TN
[x]={a=x(mod10)|laecZ"}
DY) YN 1RDINY MNP DPTI2 DHyNn NMIN»HND MDPY NPonn 95 )0 .1
2 (MPONN NOPN W 1D
[(x,)]={(a,b)la,beR,a’ +b* =x" +y*}



2005 272
NNOD

NTIPI 995 NPOPOT NHMPNN KD HVND .MDPY DN IPX MY XD 1N
.b-a # a-b N0 a#b 9wNO (a,b)

DMWN OV DO NXIAP NI MPPYN MPONN YD Q0N )0 )
1P DY (DN TNX DV NITN NWYND RIN DApNnY v 93 1) MYNRII
ov MY»pwn NpHNN NaoIng) . B-5 7o a qwrd [y=ax]-d2 Ny
[y=ax]|={y=mx+nlm,ne R,a=m} A[x=0] wn

[x=0]={x=alaeR}

Jp,1, ©9%1pNn 0w Y NPI ORY DIVH MPPY DN IX T ,XD 3
:NPDONONOND PNIPY IND) 7o) ,0MIVD IR 13 I NNPD HoN
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e 7290 TN DYPY MPINY TN - Yyown .a=a’ - NN DYDY MDY

ANSY YYD MIVY
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D5 NN POND N NN MDD VNN NN DIDR DT DI OV NHRNNNY
NI € TVNRNY NON D 13 0”090 DN DY NHND 1NN OIINN
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92NN DN NYDHD NN 0) XD (0 XOY 910195) DN DMHNRINININ HID
N2NN NOIVAD WITNRN

SaN ' +1'=21 YwnY 71PN NHIEY MO NNMPNND NOW PP N
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o) N e ,Z(G)-2 x Y95 V192 G-2 X YID OMPNN NN PNVIY NN

Z(G) Hv WTNN 1NN

991,199 .G-2 X 995 bx=xb 91 ax=xa 0»pnn Z(G)-2 a,b 955 - ML -

0»pPNN (G 551 NMPNNY) NPDVNINIOND
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9992 XN D) 1991,9992 72K 95 DY 9onnn G-1 a b r0,nn D) MDD

1Y IO .G NN NN YV NP YOPN YAPNN IR DN NN PTH .9
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P P00 0PN VAVNN ONIN 1I2) 1D DI Z5-2 ©190HN DI ,5 NXIN NINAVY p-Y INNN

0,1,2,3 52pn ,MXNYNN IR DIRND X=0 DIY INNNI a=0 72y NVNVIV NIRNINN NN

DI NN - 1NN IMN 1997 ,27 NN DMNITPN DY DM NN Nwynd XN 1 .4
nM2N NN 1 9995 ,07120N0 D»OMNN BNY DM 2Z-1 M0 HY 1INY> DNTPNN
D90N Y95 ONTPNN DI MY INNRD M0 DY MY [-n 0mIPN9 595 0) .PNDN

595 NN NYINH MYIN NPDVLPDIVD>TM NPDONKIOND) NN XN 11991 PN P DN
DMINON TR DN DIV TN NYAN INDN MY DTV (DNOW DNTPN DY DI
199511 ,1-2 DI9DNKN DN GNNY> X MPIN YV DIRTPHN MY92N0N NNN 992 Py, 110 WX
PN NOT D) ORI T 1900

99121250 19INA I8P NN

654+738x" —132x"° eI # ¢
Vf,gel: f=Y (a)x, g=>. 2b)x, a,beZ > f-g=> (2a,-2b)x' = 2(a,~b)x €1
Vfel, gl f=2.(2a)x, g=> bx, a,beZ > fg =[Zj<2ai b;)x"" =;2(aibj)x”*" el

2N D9ONY INRD TAN NI NYIIND PXADN D955 MIPIDN NN NDYIN ONTNN NN
.D»LVIP

: 9PN N [-W NN 2
228 ,1 o 1t N Daxn YN LZ[X] / T nmn nn Dy van !omopn I-v n>dHva nn
(1 NN Z 5yn 039 595 RYIWSA YHNIVMINY INNN) [+1 > NN

M SNTIND DY V22 YD
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M ={i+raliel,reZ, ,agl} IcM
HDM=¢

Q) Vi, el, nnel, (G+na)—(,+na)=>G-L)+(r—-n)aeM

3)Viel,r,erm, (i+ra)f:if+fra:i~+faeM = M<Z
a%l,OeI,leZm—>0+l-a:aeM—>IcM, I<IZ[XJ:>M=Z

leZ

w>1eM —>3ijel, el : 1=i,+ra

(+]
[x]

N/ :
in TV T+ 1= 1+ Gy +ra) = () + (T +1a) =+ 1r)(I +a)

| —
0

99) DT NN HY 0-N IPNY MIND NN VDN NINY [+a NINNN 92N YD 9N NN DD

ONAY VOVYN INY) NTY NPNS AN MINN NN AR O9opn U-w NN ox 199

(N
(nyroa

WANIY ,MINM NN 0N 1R NINY X+ 12IXN NN N2 .10 DTV NN YR NN [+1 ,nyd

: (NTYINT OX DOPNND 2PNW) DY O NN

=/+1— xP

(I+x)I+F,)=1+1—>1+xF, )

(x)

-lel

(1 NN NS OUINN OTPNRM) DM ON DNTPN DY DN DM RY [-2 95 NPNO M

90PN [-w 10m NOw NON

2 NHYNN NIM DY DWW Y PRY INRN Z; HYN P79 X X+X+1 D919

(2 NYNN DI DWNY DPP IN) 1D NN Z7 H¥N 9779 WX X+1 D)
JDYRIN YDNRN DY OTPNN TA9H D19 MDTPN NN PONND XINY IR p=3 IND)
ANINT) PPOWIDR PIVAIP 299 1991 ,3 SWNNN DTPHRN NN PINND WX 3°=9 197N
P29 1RV DI INT (NMNNIND TNV

V2 ¢ Q - DPINIPYIT YN PR ¥ P9 WN X°-12

NYNRIN IR DY OTPNN TA9H DN MITPN DI NN PINN 3 790NN MXID 1)
POVYIPN JPIDAP 79y 1P (24) SWMNN TR NN PONN IR 32=9-vy (8) 12
P19 1PN DT DINI

NN 19D ,0»WNNn Dyn DY DXVNIY DN ii‘/i -Y NND 7299 DINDNY NN Dp
nuwnY) 1t —2= (2 —V2)(? +42) = (x = Y2)(x + ¥2)(x* +42) - prway
(NMUNRIN ADVUN NN MININD PPODN

79257 3 NN MOYNVY INNNDI ,Z5-2 MK DIMAY DIYNY PR DINNAOY MINID 1N
P9 R NINY MININD

SN PI9
N

o
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POND MR 57=25-w NN NYRIN TI90 DRTPHN Y2 NN PINN 5-¥ MINIY I N
JPOWITMON 29D P79 1N DNV I 30 NN

9195 (x-1/8) ©IM2 Q DYN IMN P90 DN ,0WN9N DY THN YNV DOV NINY INND .4
DY PPN RPNT WNHNYND NN Z S¥Nn IMNX PI9Y DONY >To1 5IN ,NADN 7MINPNI
0, NINNYN IR DANNY DIND (SX-) NN TN 19971 ,)0W PONND NN DOV DINTPN
- DD MINPND D195 (SX-1) NNNNN NYONY Z[X] H¥n NP9 NN NN NNMIN TIXPNON

f(x)
NN AN 1 NOYNIN (SX-1) TN 1YY H9OW INNN m-1 NOYNN NN PN N f(X) ¥PN
VIV 1910 INNDY,X DY MNYT MPIN XA N1Y9997 NN NN 19D .m NDYNN NNIMIN TPNPNN

.OUAIN TNN N PN X" Oy TNN YK P 71) X DY NMININ MPINN MITPN NN INW)

m
a, +ax+a,x’ +..+a, x" = Z ax' =(sx—r)f,
i=0
m=1 )
l
foy=2.bx', deg(f,)=m-1
i=0

m ) m=1 ) m—1 )

i .. _ i i
Zaix =s-Xf,—r S —stbix erix
i=0 i=0 i=0

m
sb,,_ X

m o _ . m _
ax"=s-b _x"—>a =sb  —>|sla

m—1 m

a,=rb, —>|rla,
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12 Y990 nap 104134 - 19799 NHAION
#12 00 NP2 YNV - 2005 AN IVOND

v P9
NoYNH DI TNTHY INKRD .MPM9 1T f(x) =2x" +x° +2x+2 € Z[x]-2 v .1
- 75 1TV DYV D W ONXN PITAY 990N 3

f(0)=2, f(1)=2, f(2)=26=1, f(3)=71=1, f(4)=154=4 (mod 5)
ONDN WD Zs[x]-2 <f(X)> ONTRIY NI, Zs YN 97719 IOX DI 1991 DVNY PN
(Zs[x] 95 N19N2 127 12 TNV NN ININ DYINN INN INTN DI - NN NDINY 19) Y9101

NN ONTN Y L3I < f (x)><:l c Zs[x] -v 79 I ONDNX O»PY N - NINPA INT IR

2195 X 0 [-D X o) TOv sy f(x)-w N [ = <h(x)> 12 99 PURD NID D919

1P 5,9 OX NI F-w AR 09 L f(x) =h(x) - g(x) -¥ yan mdo 0OV PN Hv
PX O NN D) [-H 7w 1 0XW N ,TD ON .Zs5-2 VIV IOPD NYYND NXIN g-¥ INNN
NN 90PN NN <f(X)> ONRNIY N9 Tom 1= Zs[x] 12 O L,(YpDa D955 mavn

T NN Zslx] £ = 7NN NNV YA ,NNNDI NIINY VAVND 179y
X

URY . 2x—1=2x =14 £ (X)) TDNY ¥3911 12 N¥DI ,NTY NI 7NN NNY DNINYN YD

Y99 TIND MINND DNMNN L 3-ND NMIVP NOYNN DINNNY 7Y T NTYA DXVDIPN DI NN INM)

<f(x)>+1 VOIPN NNV ,NT NN NTNN TDRD NNVYN DIDNRMD NN DI19II .7INN N2

Qx—1)-(ax* +bx+¢)=(2x—1+(f () (a® +bx+c+(f (1)) =

2x—=1)(ax’ +bx+c)+{f (1)) =2ax" +(2b—a)x* + (2c —b)x —c+{ f(x)) =1+( f (x))
(2ax +(2b—a)x* +(2c —b)x—c) -1 (£ (x)

28 =—x* —2x-2

a(-x* =2x-2)+(2b-a)x’ +(2c—b)x—c =1

(2b-2a)x* +(2c—b—2a)x—c-2a =1

a=b, 2c-2a-b=0- 2c=3b

—c-2a=1 > c=-1-2a > 2c=-2-4b=3b—>Tb=-2=2b
b=-1l,a=-1,c=1

(2x—1)71=—x2—x+1

Qx—D(=x>—x+D)==2x"=2x" +2x+x" +x—-1=-2x" —x* +3x—1
- PN

(—2x' - +3x—1)+f(x):0+0+%+1=i:1+<f(x)>
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VONN 199 3 NHYNN NIN .OWDIN DX PIAY PO) Y - OTIPN HNINY INYTa D nm L3
: 732 DOYNW
f(0)=2, f(1)=5=2, f(2)=18=0 (mod 3)

: 7372 12N Y ININ N8N .PYI9 D1ODIDN 1901 WNWY LIV 1IN DY
K +2x74+2=(x-2)f(x)

X rx+2
W r2x+20x-2 X+2x7+2=(x-2)(x* +x+2)
X =2x2

xX+2

NN PY1ON DD

X’ =2x
2x+2

2x—1

3=0

IMY3) MDA NN 197 19 Y Wi Zs[x] / T mnn »na 2x%+ 1+ vopa v A

(3 2onY I 5w NOynNN wNN NIVP NHYNN

Qx> +1+D(ax* +bx+c+1) = Qax* +2bx* + Qc+a)x* +bx+c)+1=1+1
a=0,b=0

ax*+bx+c=c
NN NN PN DINDY 1IN DIDD OPP RY 199 ,a,b=0 DNTPNRNIY Yan N ITIN
(>297010 NPNY 919> XY 1OPD)

:DYPINY MNIY DN NN, X° +2x° +2 = (x —2)(x% + X +2) -W NI INKND .)

4282 +2=0 < (C+2x°+2)+1=0+1

x—2+1:x—2¢6

T Y =) (P x+2) = +2x0+2=0
X Ax+2+I=x"+x+2%0

NN HY DANN T2NX) 0 NN DNDON TN 0-0 DMWY MND NN DMDN MDY NNSND IMDD

(Mmnn

NINY D119 D2 X NDAN X DY MDAINN DI NXIIAP XIN YYNRIN INTRD ,NITINN 290 .N.4

VN DTPN PRIV DI 1NN
2 n 2 3 n+l

<x> ={xfy} —){x-(ao +ax+a,x +..+ax )} = {xao +ax +a,x +..+a,x }

SN PYD 295 0 MNYIPKY 1,901 51T ONTIRD ININ 2NN NN <X> ONTNRD DY VX A

9P0 MYSNNI 7NN NANINN 19971 ,0 SWNN DTPN MDY DWONTND DI NN 12D K915 HINTIND

;0730 12 W nTw N F-w ann o9 T =(x,1)={(x)+ f -t} teF, feF[x]:x

L5NTRN 12 99,19 79w F n7wn Sv nPnon 208w 51p9 -2 19902 t DN 91939 1193 199

:F[x] 0019910 95 n¥ip mm
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NNOY
"eF—o f=t"f> fua=fi"t=f >{f-1}={f|f eF[x]}=F[x]
<X> ONTND PO NNy FIx] oom»5an a0 770 FIx]-2 <x>-n 97w ONXTDN Dov NN
RPJarivipial
Z-v NN 1 nosn 25va YPM 19N ININA NN DD ORY XM OTIPN 9PYyDa V) )
IMN) <X> NN DMINN INTNR XINNDD 950 195 .+/-1 72910 722N 535 0»I9)N 12 PN NTY IO

Z[X] 925 v
: N2N ONTND NN /2 PYOY NmITa Npd T

1 :<x, 2> ={x8 +2/ | fi: 8 €ZIx1}

abel >a-b=(xg, +2f)—(xg,+2f,)=x(g, —8,)+2(f,—f,) el

a,bel >ab=(xg +2f)(xg,+2f,)=x(xg,8,+2f,8,+28 ) +2Q2f f,) el

<x> < 1 < Z[ x]

NN NINNY 99N KDY 00V YNRTPNY YNIY £, NPNPNON NPNIL DOYIANND NR-Y INKRD
NP - I NwYNd 1Nt N JNAY OWINT TDINRNY NPXPND DY INY) 199 ,2 DY D951 Y90
(f(x)=0 9n2) DN) <x> NN VNN 0N [-w MXIY S .001% PwdN DTPHN DY NPSPNN YD

YYMN DTPN DY NIN D) DY NTNN DR NN HWND D510 1wNY INND Z[X]-2 von Do
OV

NN TIY D) )10 MOMYN N NIAY NPIVAND NN 217D 22900 29D NTY YN NRY INND .6

NI) NTYA DOYNVY DINMP DNRN P17 NPIIVARDND NNX I NIY )00 DNRD NPY i
:(P290n N3 3 NOYNN DNV

n=0:+05+2—> fO0)=2, f1)=0, £(2)=10=1 (mod3)

n=lL:x+x+2— f(0)=2, f) =1 f(2)=12=0 (mod3)

n=2:x+2x+2— £f(0)=2, f)=2, f(2)=14=2 (mod3)

VAYN Y79y P19 ONX NIN IR P 1991 DIVNVY PR DIINAOYW NIDP n=2 N2Y PIY MNXID 1M

AN NI 1IN HNTND AR INPN DIDIN N7HR DTY XIN )INID 13NN DN - NN NNIINY

n=2+3k 95 May nTY i PN NN NN MDD ,i1I9
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P99
: 11991 NYMPNNY NI ,TAN PNPOA .N .2
ml.cnlo—>VNmeN, menZ —>3dzeZ,m=nz—>nlm
nim -¥ N1 "Nwn N1
nlm—3zeZ, nz=m—> mZ =(nz)2 C nZ
NN kKZ-v anNn kin-y kim ©»pnn /X yo 09 1957 ,;nZ NN mZ X 9010 kZ-v pn) 2
-y din ©HW NY2)) DIV NX PONNY YDIOPNN TNRN XIN K, NINY OPPNRY OD1INN HNTIND
dlk ©»pnn o5 dlku oxn dikv o5 ;m=ku ,m=kv o»pnn omn ponn k 0) ox Yax dim
PYTOMIY MINID 1 (AN MD d D95 k>d 1991 %9100 HNTRND XN KZ-w 1) 10 mnd
k=(m,n) 99 273mn-N NN

l=mZ+nZ cZ
(m,n)=1>3a,beZ, am+bn=1el >1-Z 1 —>I=Z: TR P33 -3
NOYYW vown Tmn) [=Z—>lel >3Ja,beZ, am+bn=1— (m,n)=1"»v 11
.01 0N ,1-5 DMADN NY DY MIRDY 91PN MYNNNI W)HIND N O - NMIYN NOPNNA NNYO2
9N2) 19Y .nla DM mla ©»PNNY TN NZ-) MZ DONTRD TINONA 7PN a TRV ITOW PN T
,m,n Y PN I VR DOW YWD [ ={aeZ:nla,mla}=[m,n]-Z :[m,n] 27PN NN
ATIIN2 DIXRYMY DIDN TINI NIV ) n-) m 7Y POINHY INN TN PONND MNY NI
N.8

<f(x)’g(x)> = {f(x)a(x) + g(x)b(x) la,be F[.X]}
1) f(X)’g(X) € <f(x)’g(x)> # ¢

2) Vay by b € FIXI = (fo@i + 8nbi) = (fro@ai + 8oPar)
eF[x] eF[x]

f—J% /—/%
= fo (@ =Ay0) + 8y By =Dy)) € <f’ g>

3) Vi T 8wmbuy € <f<x>’g<x>>’ Cir iy € FIXI= (f0a0 + 8B e +d )
= f(ac+ad)+g(bc—bd)e(f.g)
\—ﬁf_—J \ﬁ_—J

eF[x] eF[x]

Ddiyl foy = fo=duiey: doyl8u = 8w =dwViy
Vqe <f<x>’g<x>>’ Ja,.b., € FIx]—> q = f a., + 8. b

=d Uy +d Vb, +d, (”(x)%) + V<x>b<x>) —>dlq,, —> <f<x>’ g<x>> c <d<x>>

2) d = ([ 8) > ay:by € FlxI=> d ) = [0 + 8D

Vqe<d(x)>—>qe<f(x),g(x)>—><d(x)>g<f(x),g(x)> :><d(x)>=<f(x),g(x)>



