
aygnd irnl dwixehpianewr"gg dn`zd
yxp qxewd jldna .zeivwpetl ze`nbee zeilnxet `l zexbd :lebxzd `yepoaena "zelewy" dxitq zeira lr xapy mrt lka "r"gg dn`zd" byend zpadl.edylkk"a epneqi zeveaw .mdly xql zeaiyg `ll ,mihpnl` ly sqe` `id dveaw.zeleb zeipihl zeize`a:`nbel

X1 = {A,B,C, . . . Z}

Y1 = {1, 2, 3, . . . 26}milqleqn miixbeq .|X| :`ad ote`a oneqi (da mihpnl`d xtqn) X dveaw lebmiixbeq mr lalazdl `l .dveawd jeza mihpnl`d xql zeaiyg oi`y mipiivn`le mixehwe mipnqn mde ,mihpnl`d xql zeaiyg yi ik mipiivny ,milibx`nbel jk .zeveaw
v = (1, 2, 3, 4), u = (2, 1, 3, 4).mipey mixehwe ipy md v -e u.X -a xai` lkl Y -n igi xai` ly dn`zd `id Y dveawl X dveawn divwpet.geehd `xwp Y -e ,divwpetd ly megzd `xwp X(f1 : X1 → Y1 onqpe) Y1 -l X1 -n divwpet f1 :lirl Y1 -e X1 xear ,`nbel:zxbend

1



f1(A) = 1 mipnqn A 7→ 1
f1(B) = 2 mipnqn B 7→ 2

...
...

...
f1(Z) = 26 mipnqn Z 7→ 26 :dipy `nbe

g : {A,B,C, . . . , Z, a, b, c . . . z} → {1, 2, . . . , 26}

g(A) = 1 , g(a) = 1
g(B) = 2 , g(b) = 2... ,

...
g(Z) = 26,g(z) = 26.qxewa hpehq lk ly oeivd zivwpet :ztqep `nbe

h : {dwixehpianew qxewa mihpehq} → {0, 1, 2, . . . , 100}r"gg divwpet 1dpey xai` m`zei X ly xai` lkl m` r"gg divwpet `xwz f : X → Y divwpet.Y lyze`nbexai` m`zed (dleb zipihl ze`) X1 ly xai` lkl :r"gg `id lirl f1 •.(26 -l 1 oia xtqn) Y1 ly dpeyxai` eze`l min`zen g ly megza ,lynl ,b mbe B mb :r"gg dpi` lirl g •.(2 xtqnd) g ly geeha.mihpehq 180-k la` ,mipeiv 101 wx yiy oeeikn ,r"gg dpi` lirl h •.el wx iegid oeiv hpehq lkl zzl gilvz `l h mey ,xnelklr divwpet 2
X -a (zegtl g`) xai` yi Y -a xai` lkl m` lr `xwz f : X → Y divwpet.eil` m`zeny2



megza xai` yi (26 -l 1 oia xtqn) geeha xai` lkl :lr `id f1 divwpetd •.eil` zn`zeny (Z–A ze`)megza g` xai` zegtl yi geeha xai` lkl .lr ok-mb g divwpetd •.(miipy yi ,dyrnle) eil` m`zeny,100 -l 90 oia oeiv elawi mihpehqd lky dgpda :lr didz `l (d`xpk) h •.hpehq mey "xarei" `l ,(lynl ,0) miax mipeivl`le lr `l ody zeivwpet epkzii .efa ef zeielz opi` lre r"gg zepekzdy al eniy.r"gge lr e` ,lr `le r"gg e` ,r"gg `le lr e` ,r"ggzrax`n g` lkl zekiizyny epl zexkend zetqepd zeivwpetd od dn :dl`y?elld mibeqdr"gg dn`zd 3.lre r"gg divwpet `id m` r"gg dn`zd `xwz f : X → Y divwpetizya if` ,odipia r"gg dn`zd zniiwe zeiteq zeveaw odizy Y -e X m`,f−1 : Y → X ,dketd divwpet zniiw ok enk .mixai` ly deey xtqn zeveawd.r"gg dn`zd `id mby.(26 - deey mixai` xtqn Y1 -ae X1 -a ok`e) ok— f1 •.(r"gg dpi`) `l— g •.(lr dpi`e r"gg dpi`) `l— h •ewlgzd (milbxznd zexvtdl zepridae) ziad ilibxz zybd jxevl :ztqep `nbe.zebefl mihpehqd
f2 : {mihpehq} → {mihpehq}
f2(hpehq) = dybda ely befd oamb `id .(gi miyibny miipyl mb ,xg` bef-oa yi hpehq lkl ik) r"gg `id f2xtqn eze` geehae megza ik xexa df dxwna .(bef-oa yi hpehq lkl ik) lr.mixai`3



libxz 4mihpehq n ly dzika miyp` k ly re xegal zeiexyt`d xtqn ik egiked.weia mig` k miriten oda n jxe`a zeix`piad milind xtqnl deeydivwpet xibp :dgked
f : {mig` k mr n jxe`a zeix`piad milind sqe`} →

{mihpehq n jezn exgapy miyp` k ly mireed sqe`}xear .n l 1 oia ixeiq xtqn lawi hpehq lk :`ad ote`a xbez divwpetd.reel xgaii i -d hpehqd - 1 -l deey i -d ze`d m` ,n jxe`a zix`pia dlin.rel xgaii `l i -d hpehqd - 0 -l deey i -d ze`d m`.ahid zxben divwpetd ,okl .(iwege) igie g` re mi`zn dlin lkl :al eniyk"day jk i miiw gxkda .x 6= y ,zepey zeix`pia milin izy zepezp :r"ggreel ,z`f znerl .xgaii `l i -d hpehqd f(x) reel ,if` .yi = 1 -e xi = 0-pety ,o`kn .mipey eidi mini`znd mireed ,okl .xgaii ok dfd hpehqd f(y).r"gg `id f divwexgapy mihpehqd ly ixeiqd mixtqn z` onqp .mihpehq k ly re oezp :lrhxt 0 eidi da zeize`d lky jk ,n jxe`a x dlin xibp .s1, s2, . . . , sk df reelokle eplgzd epnny reed weia `id f(x) ,if` .1 eidiy ,s1, s2, . . . , sk zeize`l.lr `id fjxe`a zeix`piad milind xtqn okl .lre r"gg `id epxbdy f divwpetd :dpwqndveaw jezn mihpehq k ly re xegal zeiexyt`d xtqnl deey mig` k mr n.mihpehq n ly?dfd xtqnd edn
4



aygnd irnl dwixehpianewmitexiv ,zetilg ,zexenz
zexbd 1"edyn"e ,mipte` nA-a A-a epnqpy g` "edyn" xegal xyt` m` :xeaigd oexwr,(B e` A e`) miipyd on g` zxigal if` ,mipte` nB-a B-a epnqpy xg`.mipte` nA + nB yi ,mdipy `l la`efk dxiga lk xg`le ,mipte` nA-a A xai`d z` xegal xyt` m` :ltkd oexwrl"pd xqa mdipy zxigal if` ,mipte` nB-a B xai`d z` xegal xyt`.zeiexyt` nAnB yi (B eixg`le A)

P (n) = n! :mipey minvr n xql zeiexyt`d 'qn :zexenz 'qnzeaiyg mr ,mipey minvr n jezn minvr k xegal zeiexyt`d 'qn :zetilg 'qn:xql
P (n, k) =

n!

(n − k)!zeaiyg `ll ,mipey minvr n jezn minvr k xegal zeiexyt`d 'qn :mitexiv 'qn:xql
C(n, k) =

(

n

k

)

=
n!

(n − k)!k! milibxz 2.mipa k-e zepa 4 ,m` ,a` dgtyna .1?lebr ogley aiaq mxql zeiexyt`d 'qn dn (`)
(k + 5)! :lbrna mxql mipey miyp` k + 6 epl yi1



?reaw daiyi mewn a`l m` (a)
(k + 5)! :eil` ziqgi x`yd z` xqpe ,a`d z` aiyep?ipyd il g` inz miayei m`de a`d m` (b).lbrna miyp` k+5 aiyedl jixv eiykr .g` yi` l`k mdil` qgizpipya df il df zayl mileki m`de a`d la` (k+4)! :zeiexyt`d qn.2 · (k + 4)! k"dqa okl .mipte`?gi eayi mixirvd ipyy xeq` m` ()weg itl .B rxe`n iweg-`l xeiqle A rxe`n iweg xeiql `xwpmekqd

m + n = (k + 5)!.ogleyd aiaq edylk xeiq eyexit "mdn g`"e mixf zerxe`nd ik
m z` ulgp .('b sirql dlawda) n = 2(k + 4)!-y mb mirei epgp`:daeyzd lawpe

(k + 5)! − 2(k + 4)!.miige dyn oia dwelgl zeixkeq 10 zepezp .2?zedf zeixkeqdy dgpda ,yi dwelgl zeiexyt` dnk (`):lawi li lk zeixkeq dnk `ed dpyny dn lky al miypdynl 10 miigl 0dynl 9 miigl 1... ...dynl 0 miigl 10.zeiexyt` 11 k"dqa:zepey zeixkeqd mrtd la` ,mewd sirqa enk (a):zepexzt ipy:mekqd weg itl .lawn dyny zeixkeqd xtqn z` i-a onqp .i
10

∑

i=0

(

10

i

)ribdl dleki dixkeq lk :dixkeqd ly hand zewp lr lkzqp .ii10 o`k yi k"dqa .zeiexyt` izy— miig ly e` dyn ly eitl-xyt` ze`vez 2 mdn `"kle ,(zeixkeq 10 xear) mixf zerxe`n.210 lawpe dltknd weg z` lirtp .zei. aeyig zelert zegt zyxe `id ik 210 daeyzd z` sirp ep`2



-lil zewlegn zeixkeqd lk gxkda `l mrtd la` ,zepey zeixkeqd (b)?mi,miigl ,dynl :zeixyt` ze`vez 3 yi (dixkeq zwelg) rxe`n lkl.310 ,okl ,daeyzd .zpvpvl dxfga e`(mipey inz) mili 10-l owlgl mivexe ,zepey zeixkeq 10 yi zrk ()?zg` dixkeq weia lawi li lky jkzeiexyt` xtqn zrk .(daeb t"r ,gipp) mieqn xqa milid z` aiyep.10! :zeixkeqd z` xql zeiexyt`d xtqnk `ed dwelgdmdilr zia ilibxz zybd myl .mihpehq 2n dwixehpianewa qxewa .3?z`f zeyrl zeiexyt`d 'qn dn .zebefl wlgzdljiyndl zxg` ,onf yie dina wx xiaqdl yi ipyd z`) zepexzt ipy:(d`ad dl`yloky ,xql zeaiyg `ll) mihpehqd jezn oey`xd befd z` xgap (`)z` xgap zrk .(2n

2

) zeiexyt`d 'qn .(dpyn eppi` bef lk jeza xqdk"dqa epxtq .d`ld jke ,mixzepd oian ipyd befd
(

2n

2

)(

2n − 2

2

)

· · ·

(

4

2

)wlgl jixv okl .zebefd oia xq epqpkd z`f dxeva la` .zeiexyt`:`id daeyzd .(n!) zebefd z` xql zeiexyt`d xtqna
(

2n

2

)(

2n−2

2

)

· · ·

(

4

2

)

n!itl erawi zebefde ,(zeiexyt` (2n)! ) dxeya mihpehqd z` xqp (a).bef lk jeza xq mbe zebefd oia xq epxvi ef dxeva .oezpd xqd:bef lk xqle zebefd z` xql zeiexyt`d 'qna wlgl epilr okl
(2n)!

n!(2!)nm` lqtq lr miyp` n aiyedl yi zeiexyt` dnk .4?(env `we e`l) epinin oerny z` d`ex oae`x (`):zepexzt ipy3



oky) xql zeaiyg ila ,oernye oae`x xear zenewn ipy xgap .i'qn .(igi oernye oae`x oia xqd ,zenewnd exgapy rbxdn:miyp`d x`y z` xqp eiykr .(n

2

) zeiexyt`d
(

n

2

)

· (n − 2)!-ny z` d`ex oae`x) ziweg zexyt` lkn : dixhniq ilewiyn .ii-ny z` d`ex oae`x) ziweg-`l zexyt` lawl ozip (epinin oer.ala oernye oae`x ly mdizenewn ztlgd i"r (el`nyn oerzeiexyt`d xtqnl deey zeiwegd zeiexyt`d xtqny raep ,okl.n!/2 `id daeyzd okle n! odizy mekq .zexeq`d?dl`nyn dliv z` d`ex dpie epinin oerny z` d`ex oae`x (a):zepexzt ipy ,aeyxear zenewn ipy k"g` ,oernye oae`x xear zenewn ipy xgap .i:mixzepd lk z` xqp seqal .dpie dliv
(

n

2

)(

n − 2

2

)

(n − 4)!zveaw z` wlgl ozip ,mewd sirqd ly dl`l mine miperihn .iixq zeiwegl zeqgiznd ,leb-zeey zeveaw 4-l zeiexyt`d.n!/4 daeyzd okl .zebefd ipy ly daiyid?el`nyn iel z`e oae`x z` d`x oerny (b)zeiweg xeiq zeiexyt` izy yi zrk .(n

3

):zenewn dyely xgap .ilk z` xqp seqal .(oerny ly el`nyn mdipy ,iele oae`x):mixzepd
2

(

n

3

)

(n − 3)! :dixhniq ilewiyn aeye .ii-td xeiql m`zda ,zeliwy zewlgn 3!-l mixeiqd z` wlgpelld zewlgnd yy oian miizy wx .ele oerny ,oae`x ly inip
2n!

6
= n!

3
:`ed llekd zeiexyt`d xtqn okle zeiweg

4



aygnd irnl dwixehpianewzexfg mr mitexive zexenz
dxitqd zehiy mekiq 1ltkde xeaigd weg 1.1"edyn"e ,mipte` nA-a A-a epnqpy g` "edyn" xegal xyt` m` :xeaigd oexwr,(B e` A e`) miipyd on g` zxigal if` ,mipte` nB-a B-a epnqpy xg`.mipte` nA + nB yi ,mdipy `l la`efk dxiga lk xg`le ,mipte` nA-a A xai`d z` xegal xyt` m` :ltkd oexwrl"pd xqa mdipy zxigal if` ,mipte` nB-a B xai`d z` xegal xyt`.zeiexyt` nAnB yi (B eixg`le A)

n jezn k zxiga 1.2xql zeaiyg mr xql zeaiyg ilazexfg ila n!
(n−k)!

(

n

k

)

= n!
(n−k)!k!zexfg mr nk

(

n+k−1
k

)

1



zexenz 1.3mihpnl` n xeiq.n! :zexfg ila •

qt ,... ,2 beqn mihpnl` q2 ,1 beqn mihpnl` q1 mipezp xy`k zexfg mr •:t beqn mihpnl`
(q1 + q2 + ... + qt)!

q1! q2! ... qt! zexfg mr mitexiv 1.4
(

n + k − 1

k

) zelewy od ze`ad zeirad.aeyg `l xqd xy`k zexfg mr mibeq n jezn k ly dxiga •.mipey mi`z n l midf mixek k zwelg •miirah xi xy`k x1 + x2 + ... + xn = k d`eeynd ly zepexztd xtqn •.(qt` llek)ze`nbe 2.(ze` lkn minrt 4 ,xnelk) ,,,,b,b,b,b,a,a,a,a,`,`,`,` zeize`d zepezp .1zegtl ritedl dkixv ze` lk m` ,odn xevil ozip zeize` 10 zepa miln dnk?miinrtdnk weia zrl epilr ,zexfg mr zexenz ly dgqepa ynzydl ika:mixf mixwnl ixtp okl .beq lkn yi zeize`.(miinrt zeriten zeize`d x`ye) minrt 4 driten zg` ze` (`)yi f`e ,minrt 4 driteny ze`d zxigal zeiexyt` 4 opyi df dxwna:zeize`d z` xql
10!

4!2!2!2!

2



-inrt zeriten zexzepd miizyde ,minrt yely zeriten zeize` izy (a).mixtqne ,miinrt dprtezy zeize`d z` xegal zeiexyt` (4
2

)

= 6 opyi:`ed (dxiga lkl) miixyt`d mixeiqd
10!

3!3!2!2! :d`lnd daeyzd
4 ·

10!

4!2!2!2!
+ 6 ·

10!

3!3!2!2!mpid rav ieey mixek) milebqe milegk ,mine` :mixek ly dnixr yi .2:y jk mixek 10 mkezn xegal ozip mikx dnka .(midf?mine` 5 zegtl zeidl mikixv (`)5 er xegal `ed xzepy dn zrk .mine` mixek 5 dligz xgap,(mipey mi`z 3-l midf mixek 5 zwixfl lewy) mibeq 3 jezn mixekxnelk
(

5 + (3 − 1)

5

)

=

(

7

5

)

= 21?mine` mixek 5 xzeid lkl zeidl mikixv (a)(zexzene zexeq`) llekd zeiexyt`d xtqn ;milynd zhiya ynzypmiiwzn `l m` ?zexeq`d zeiexyt`d xtqn edn .(10+(3−1)
10

) `eddnea .mine` 6 zegtl yi gxkda f` ,mine` 5 xzeid lkl yiy`ed oexztde ,(4+(3−1)
4

) `vei df ,mewd sirql
(

10 + (3 − 1)

10

)

−

(

4 + (3 − 1)

4

)

15-e (zg` mrt ze` lk) zepey zeize` 5 xiardl mivex zxeywz ew jx .3ixtdl aiig zeize` izy lk oia .odipia ixtdl mikixvy (midf) migeex.miva `le zeize`d oia `vndl miaiig migeexd lke ,g` geex zegtl,`nbel
a ⋄ ⋄ ⋄ ⋄b ⋄ ⋄ ⋄ ⋄ ⋄ c ⋄ d ⋄ ⋄ ⋄ ⋄ ⋄ e?zeiwegd zeredd xtqn edn ..ziweg dred efreawl xzepy dn zrk .5! zepeyd zeize`d ly xqd z` rawp ,ziy`x3



g` geex zegtl didiy jk zeize`d oia zenewnl migeexd zwelg z` `ed.zekenq zeize` izy lk oia
a ⊔ b ⊔ c ⊔ d ⊔ e(migeexd) midf mixek 15-e (zeize`d oia zenewn) mipey mi`z 4 epl yi-xek 11 exzep ,dyrnl .g` xek zegtl didi `z lkay jk ,wlgl jixvy:daeyzd .dwelgl mi

5!

(

11 + (4 − 1)

11

)

= 5!

(

14

11

)

?ze`ad ze`eeynl yi zepexzt dnk .4
∑100

i=1 xi = 20 xi ∈ {0, 1} (`):(0 x`yd) xi = 1-y jk i 20 xegal mvra jixv
(

100

20

)

∑100
i=1 xi ≤ 100 xi ∈ {0, 1} (a).2100 okle 1 e` 0 zeidl leki xi lk .zepexztd lr dlabd oi` mvra

∑100
i=1 xi = 200 0 ≤ xi ∈ Z (b):(mipzynd) mipey mi`z 100-l (zenly zeigi) midf mixek 200 wlgl yi

(

200 + (100 − 1)

200

)

=

(

299

200

)

∑100
i=1 xi = 200 1 ≤ xi ∈ Z ():mixzepd 100-d z` wlgpe `z lka g` xek dligz miyp

(

100 + (100 − 1)

100

)

=

(

199

100

)

∑100
i=1 xi ≤ 200 0 ≤ xi ∈ Z (d)d`eeynl zepexztd xtqn z` `vnpe ,x101 ,dpzyn er siqep:∑101

i=1 xi = 200

(

200 + (101 − 1)

100

)

=

(

300

100

)4



mekq xy`ky meyn ,zixewnd d`eeynd ly efl ddf zepexztd xtqn-iy jxrd weia `ed yxtdd ,200-n ohw zixewnd d`eeyna mixi-d.dygd d`eeyna x101 dpzynd lawzewelg dnk .zebltn 3 zetzzyn miayen 2n + 1 eay hpnlxtl zexigaa .5zebltn 2 ly divil`ew lkly jkl enxbi zebltnd oia miayend ly zepey?aex didididi zxg`) miayen n xzeid lkl lawl zaiig dbltn lky raew i`pzdzhiya aey ynzyp .witqne igxkd i`pz edf .(zexg`d izy lr aex dl;milynd-xek 2n+1 wlgl zeiexyt`d xtqnk `ed llekd zeiexyt`d xtqn •:(zebltnd el`) mipey mi`z 3-l (miayend) midf mi
(

2n + 1 + (3 − 1)

2n + 1

)

=

(

2n + 3

2

)dbltn zniiw oda zeiexyt`d xtqnk `ed zexeq`d zeiexyt`d xtqn •.z`fk zg` wx zeidl dlekiy al miyp .zegtl miayen n + 1 yi dl.mi`z 3-l dwelgl mixek 2n+1− (n+1) = n epl exzep df dxwna:zhlyd dbltnd z` xegal zeiexyt`d xtqna litkp
(

3

1

)(

n + (3 − 1)

n

) :`ed oexztd k"dqa
(

2n + 3

2

)

− 3

(

n + 2

n

)

:d`eeyna zepexztd xtqn z`ivnl lewy diirad oexzt :'a jx
x1 + x2 + x3 = 2n + 1, 0 ≤ xi ≤ n :aivp zrk

xi := n − yi(0 ≤ yi ≤ n :xnelk ,0 ≤ n − yi ≤ n i`pzl lewy 0 ≤ xi ≤ n i`pzd):zixewnd d`eeynl dlewyy d`eeyn lawpe
n − y1 + n − y2 + n − y3 = 2n + 1, 0 ≤ yi ≤ n5



:e`
y1 + y2 + y3 = n − 1, 0 ≤ yi ≤ n-xzitl (l"pd davdd i"r) mi`zn dygd d`eeynd ly oexzt lky al eniy.zixewnd d`eeynd ly oedeey miyi-d mekq m` ixd !zernyn zxqg zrk `id yi lr dlabdd la`ddf d`eeynd ly zepexztd xtqn okl .yi ≤ n miiwzn i`eea f` n−1-l:ly zepexztd xtqnl

y1 + y2 + y3 = n − 1, 0 ≤ yi-l deey ,mirei xak ep` ,`ede
(

n − 1 + (3 − 1)

n − 1

)

=

(

n + 1

n − 1

)

6



aygnd irnl dwixehpianewoeheip mepiae zeixehpianew zegked
divwepi` 1:t lr divwepi`a gked

t∑

k=0

(
n + k

r

)

=

(
n + t + 1

r + 1

)

−

(
n

r + 1

) :t = 0 :qiqa
(

n

r

)

=

(
n + 1

r + 1

)

−

(
n

r + 1

) :e`(
n

r

)

+

(
n

r + 1

)

=

(
n + 1

r + 1

).lwqt yleyn oeieeeiy dfe:t = p + 1 xear gikepe 0 ≤ t ≤ p miiwny t lkl zepekp gipp :rv
p+1
∑

k=0

(
n + k

r

)

=

(
n + p + 1

r

)

+

p
∑

k=0

(
n + k

r

)

=
︸︷︷︸`"dl

=

(
n + p + 1

r

)

+

(
n + p + 1

r + 1

)

︸ ︷︷ ︸lwqt yleyn zedf −

(
n

r + 1

)

=

=

(
n + p + 2

r + 1

)

−

(
n

r + 1

)

�1



:lawpe epgkedy zedfa n = 0 aivp :ihxt dxwn
t∑

k=0

(
k

r

)

=

(
t + 1

r + 1

)

−

(
0

r + 1

):okle ,( 0

r+1

) iehiad oke ,miqt`zn l`nyny mekqa mipey`xd mixai`d r la`
t∑

k=r

(
k

r

)

=

(
t + 1

r + 1

)

zeixehpianew zegked 2dze` xeztl ozip ji` mi`xne zixehpianew dira mibivn :zixehpianew dgked.oeieeiyd ly xg` vl dliaen jx lk xy`k zepey mikx izyalibxz 2.1:gked(
2n

2

)

= 2

(
n

2

)

+ n2

n -e mixab n ly dveaw jezn miyp` 2 ly re xegal ozip mipte` dnka :dira.miyp.il`ieeixh :l`ny v •.mipey mixwn dyely mpyi :oini v •.zeiexyt` n2 :zg` dyi`e g` xab ly dxiga –.zeiexyt` (n
2

) :miyp 2 ly dxiga –.zeiexyt` (n
2

) :mixab 2 ly dxiga –.mdly mekqd df oeieeiyd ly oini v
2



libxz 2.2:gked
n∑

i=2

(i − 1)2n−i = 2n
− n − 1?mig` 2 zegtl mda n jxe`a miix`piad mixehwed xtqn edn :diraxtqn ekezn xiqgp .2n `ed n jxe`a miix`pia mixehwe xtqn :oini v •xehwe xear 1 ere (zeiexyt` n) igi g` yi mda miix`pia mixehwelawp .miqt` eleky

2n
− n − 1z` i i"r onqp f` .mig` ipy zegtl ritedl miaiig xehwea :l`ny v •.n-l 2 oia rp i .l`nyn ipyd "1"-d ly mewnd.miqt` - x`ye g` "1" yi el`nyn ,dfd "1" ly mewnd z` eprawy ixg`

i − 1 yi xehwea miil`nyd zenewnd i − 1 ly okez reawl liayia okl
2n−i yi okle "1" mbe "0" mb ritedl mileki dfd "1" ly epinin .zeiexyt`k"dq .dfd "1"-l epininy xehwed ly wlgd ly okezd z` reawl zeiexyt`eplaiw

n∑

i=2

(i − 1) 2n−i oeheip mepia 3zxekfz 3.1:miiwzn mly iaeig n lkle y -e x lkl
(x + y)n =

n∑

i=0

(
n

i

)

xiyn−i :aeyg ihxt dxwn
(1 + x)n =

n∑

i=0

(
n

i

)

xi

3



libxz 3.2:mekqd deey dnl
22

(
n

1

)

+ 24

(
n

2

)

+ 26

(
n

3

)

+ . . . + 22n

(
n

n

)zgqepa ynzydl didi ozipy jk dfd iehiad z` zvw "owzl" dqpp :oexzt-l deey didi iehiad .mepiad
n∑

i=1

22i

(
n

i

)

=
n∑

i=1

(22)i
(

n

i

)

=

=
n∑

i=1

(22)i
(

n

i

)

+ (22)0
(

n

0

)

− (22)0
(

n

0

)

=
n∑

i=0

(22)i
(

n

i

)

− (22)0
(

n

0

)

=:mepiad zgqepa yeniy i"r
= (22 + 1)n − 1 = 5n

− 1. libxz 3.3iehiad ly iytegd mwnd edn
(1 + x)n(1 +

1

x
)m :aezkp

(1 + x)n(1 +
1

x
)m = (1 + x)n

(x + 1)m

xm
=

(1 + x)n+m

xm
=

1

xm

n+m∑

i=0

(
m + n

i

)

xi.(n+m
m

) `id daeyzd xnelk .i = m xy`k lawp iytegd xai`d z`:xtpa mepia lk aygp :'a jx
(1 + x)n(1 +

1

x
)m =

(
n∑

i=0

(
n

i

)

xi

)



m∑

j=0

(
m

j

)

x−j





=

n∑

i=0

m∑

j=0

(
n

i

)(
m

j

)

xi−j4



-l deey `ed okle ,i = j xy`k xnelk ,i − j = 0 xy`k lawzn iytega mwnd
minn,m
∑

i=0

(
n

i

)(
m

j

):zedfd z` eplaiw ,libxzd oexztn dpwqnk
minn,m
∑

i=0

(
n

i

)(
m

j

)

=

(
m + n

m

)?zixehpianew dgked zervn`a z`f ze`xdl did ozip m`d

5



aygnd irnl dwixehpianewdxtdde dlkdd oexwre
zxekfz - dxtde dlkd oexwir 1dpekz lkl qgia hpnl` lk .p1, p2, ..., pt : zepekz t zepezp .mihpnl` n mipezp.dze` miiwn `l e` dze` miiwn e`:onqp.pi dpekz miniiwny mihpnl` xtqn -- W (pi) •.pi, pj zepekz miniiwny mihpnl` xtqn -- W (pi, pj) •

· · · •.p1, p2, ..., pt zepekz miniiwny mihpnl` xtqn -- W (p1, p2, ..., pt) •:xibp.k"dq mihpnl`d xtqn -- W (0) = n •mihpnl` xtqn gxkda epi` W (1) :al eniy -- W (1) =
∑t

i=1 W (pi) •.n-n leb zeidl leki W (1) hxta .zg` dpekz miniiwny.zepekzd zebef lk lr mekq -- W (2) =
∑

1≤i<j≤t W (pi, pj) •ly zei-r lk lr mekq -- W (r) =
∑

1≤i1<i2<...<ir≤t W (pi1, pi2 , ..., pir ) •.zepekz
W (t) = W (p1, p2, ..., pt) •:dpekz s` miniiwn `ly mihpnl` xtqn if`

E(0) = W (p′1, p
′
2, · · · , p

′
t) =

t
∑

r=0

(−1)rW (r)1



libxz 2.mikp 8 odk zxablmrha 5-e zez mrha 6 ,lewey mrha 3 ,lipe mrha miwihx` 6 dl yi `itwna.miieqn wihx` ywia kp lke xewial milid lk e`a zaya .dppalk z` `lnl lkez odk 'aby jk miwihx` ywal mikpd elki mikx dnka?zeywad:zepekz 4 xibp.lipe mrha miwihx`l zeywa 6-n xzei yi - P1.lewey mrha miwihx`l zeywa 3-n xzei yi - P2.zez mrha miwihx`l zeywa 6-n xzei yi - P3.dppa mrha miwihx`l zeywa 5-n xzei yi - P4

W (P ′
1, P

′
2, P

′
3, P

′
4) z` aygl mipiipern ep` ,elld zepekzd igpena
n = 48 :zelabd `ll zeixyt`d zeywad xtqn

W (P1) = lipel zeywa 8 e` 7 =
(8
7

)

· 3 +
(8
8

)

= 25

W (P2) = leweyl zeywa 8-l 4 oia =
∑8

i=4

(8
i

)

38−i = 7459
W (P3) = W (P1) = 25
W (P4) =

(8
6

)

32 +
(8
7

)

3 +
(8
8

)

= 277xear miiehiad mbe) W (Pi, Pj) = 0 :Pi, Pj zepekz izy lkly al miyp zrk.(oaenk ,miqt`zn zepekz ly zeiriaxe zeyly
=⇒ W (P ′

1, P
′
2, P

′
3, P

′
4) = n −

4
∑

i=1

W (Pi) = 48
− (25 + 7459 + 25 + 277)libxz 3exveei `ly jk 3 ,3 ,3 ,2 ,2 ,2 ,1 ,1 ,1 mixtqn dxeya xql ozip mipte` dnka?midf mixtqn 3 ly mitvx:oexzt.svxa zeriten i zextq yely - pi .1 ≤ i ≤ 3 xy`k ,pi zepekz yely xibp •.E(0) z` miytgn •2



W (0) = 9!
(3!)3

.l"pd mixtqnd ly mixeiqd lk :mlerd lk
W (p1) = W (p2) = W (p3) =

7!

3! 3!
⇒ W (1) =

3
∑

i=1

W (pi) = 3 ·
7!

3! 3!

W (p1, p2) = W (p2, p3) = W (p1, p3) =
5!

3!
⇒ W (2) =

∑

1≤i<j≤3

W (pi, pj) = 3·
5!

3!

W (3) = W (p1, p2, p3) = 3! `ed oexztd jkitl
E(0) =

3
∑

r=0

(−1)rW (r) = W (0) − W (1) + W (2) − W (3)libxz 4-dl zaiige (zilbp`a zeize`e zextq) mieez 8-n zakxen aygnl ziweg dnqiqzeize` izy zegtle ,zg` dphw zilbp` ze` zegtl ,zg` dxtq zegtl lik?yi zeiweg ze`nqiq dnk .zeleb:zelabd `ll ze`nqiqd lk `ed mlerd :oexzt
W (0) = (26 + 26 + 10)8 = 628 ⇐ :zepekz xibpzextq oi` - P1zephw zeize` oi` - P2zeleb zeize` oi` - P3zg` dleb ze` weia yi - P4.E(0) z` miytgn
W (P1) = (26 + 26)8 = 528

W (P2) = (26 + 10)8 = 368 = W (P3)
W (P4) = 26 · 8 · (26 + 10)7(.zenewn 8-a dze` miyl xyt`e ,ze`d z` xegal zeiexyt` 26 yi ik)3



.W (1) z` aygl epniiq jka
W (P1, P2) = 268 = W (P1, P3)
W (P2, P3) = 108

W (P1, P4) = 26 · 8 · 267

W (P2, P4) = 26 · 8 · 107

W (P3, P4) = 0 .W (2) z` aygl epniiq jkaeliawna miiwzdl zeleki `l l"pd zepekzdn zepekz yely s` ik W (3) = 0zeize` ,zeleb zeize` ila dnqiq okziz `l - lynl) idylk dnqiq liaya-iwzn `l zepekz yely lk m`) W (4) = 0-y xexa mb o`kn .(zextqe zephwzpn lr uegpd lk z` epayig jkae ,(`l zepekz 4 mb i`eea f` liawna zeni.E(0) z` lawl

4



aygnd irnl dwixehpianewdxtdde dlkdd oexwre
zxekfz - dxtde dlkd oexwir 1dpekz lkl qgia hpnl` lk .p1, p2, ..., pt : zepekz t zepezp .mihpnl` n mipezp.dze` miiwn `l e` dze` miiwn e`:onqp.pi1 , pi2 , ..., pik zepekz miniiwny mihpnl` xtqn -- W (pi1, pi2 , ..., pik) •.k"dq mihpnl`d xtqn -- W (0) = n •

•

W (r) =
∑

1≤i1<i2<...<ir≤t

W (pi1, pi2 , ..., pir ).zepekz ly zei-r lk lr mekq --:dpekz s` miniiwn `ly mihpnl` xtqn if`
E(0) = W (p′1, p

′
2, · · · , p

′
t) =

t
∑

r=0

(−1)rW (r):zepekz m weia miniiwny mihpnl` xtqne
E(m) =

t
∑

r=m

(−1)r−m

(

r

m

)

W (r)

1



libxz 2miywand (n − k)-e yxbzdl mivex k mkezn ,zebef n miner zepaxl xezajk ,(miyp xeze mixab xez) mixez ipya mxql zeiexyt`d xtqn dn .ozgzdl?ef va df enrei `l yxbzdl mivexd bef ipa ipyy:oexzt:(miyxbznd befd ipa iabl wx zeihpeelx) zepekz k xibp •.ef va df miner (yxbzdl mivexd jezn) i-d befd ipa -- pi.E(0) z` ytgp •.W (0) = (n!)2 .mixez ipya mixab n lye miyp n ly mixeiqd lk :mlerd lkz`e ezy` enrz i-d xabd il .zeiexyt` n!-a xeza mixab xqp :W (pi)okl .mipte` (n − 1)!-a izexixy ote`a dpxeqz miyp x`y
W (pi) = n!(n − 1)! ⇒ W (1) =

k
∑

i=1

W (pi) =

(

k

1

)

n!(n − 1)!dne ote`a :W (pi, pj)

W (pi, pj) = n!(n − 2)! okle
⇒ W (2) =

∑

1≤i<j≤k

W (pi, pj) =

(

k

2

)

n!(n − 2)!:lawp illk ote`a
W (r) =

(

k

r

)

n!(n − r)! :lawp seqal
E(0) =

k
∑

r=0

(−1)rW (r) =
k

∑

r=0

(−1)r
(

k

r

)

n!(n − r)!

2



libxz 3:d`eeynl yi mipey ,miilily-i` ,minly zepxzt dnk
x1 + x2 + x3 + x4 + x5 + x6 = 20 ?xi ≤ 8 xy`k:oexztzeiexyt` xtqn xnelk ,dlabd ila zepexztd sqe` md mlera mihixtd •

W (0) =
(

20+6−1

20

)

=
(

25

20

) .mipey mi`z dyiyl midf mixek 20 wexfl.8 n leb jxr lawn xi dpzynd oexzta -- pi dpekz .zepekz 6 xibp •.E(0) z` ytgp •mixek 9 miyp ,ziy`x .xi ≥ 9 mda l"pd d`eeynl zepexztd xtqn :W (pi).iyteg ote`a mixekd 11 x`y z` xftp jk-xg`e i-d `za
W (pi) =

(

11 + 6 − 1

11

)

=

(

16

11

)

⇒ W (1) =
6

∑

i=1

W (pi) =

(

6

1

)(

11 + 6 − 1

11

)z` wx xftpe ,j-d `za mixek 9 e i-d `za mixek 9 miyp zrk - W (pi, pj).ex`ypy mixekd ipy
W (pi, pj) =

(

2 + 6 − 1

2

)

=

(

7

2

)

⇒ W (2) =
∑

1≤i<j≤6

W (pi, pj) =

(

6

2

)(

7

2

)okl .zipnf ea zeniiwzn zepekz izyn xzeiy okzii `ly al miyp
W (3) = W (4) = W (5) = W (6) = 0`id ziteqd daeyzd okl

E(0) =
6

∑

r=0

(−1)rW (r) = W (0) − W (1) + W (2)

=

(

25

20

)

−

(

6

1

)(

11 + 6 − 1

11

)

+

(

6

2

)(

7

2

)

3



libxz 4mixteq zelhd n ly dxq lkae minrt n oze` milihn .zedf zeiaew izy zepezp.{(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)} md mila`d .e`vi mipey mila` dnk
{(1, 1), (3, 2), (1, 1), (6, 4), (2, 2)} :`nbe

(1, 1), (2, 2) :mipey mila` ipy e`vidnk .mipey mila` 2 weia da e`vii m` zglven `xwiz zelhd zxq?aeyg dxqa zelhdd xq xy`k ,opyi zeglven zexqzeiaew izy ly dlhd lkl .zepeyd zexqd xtqn z` dligz aygp :oexzt.zeixyt` zexq W (0) = 21n yi okle zeixyt` ze`vez (

2+6−1

2

)

= 21 yi zedf.zelhdd zxqa rited `l (i, i) la`d - (1 ≤ i ≤ 6) pi :zepekz 6 xibp2 weiay raep ,erited `l mila` 4 weia m` ik E(4) `ed yweand oexztd.erited ok mila`mewn lkl zeiweg zeiexyt` 20 wx oxzep okle (i, i) bef `viy xeq` :W (pi).dxqa
W (pi) = (21 − 1)n ⇒ W (1) =

6
∑

i=1

W (pi) =

(

6

1

)

(21 − 1)n:zepekz izy xear dne ot`a
W (pi, pj) = (21 − 2)n ⇒ W (2) =

(

6

2

)

(21 − 2)n:illk ote`a
W (r) =

(

6

r

)

(21 − r)n :ziteqd daeyzd
E(4) =

6
∑

r=4

(−1)r−4

(

r

4

)

W (r)

=

(

4

4

)(

6

4

)

17n −

(

5

4

)(

6

5

)

16n +

(

6

4

)(

6

6

)

15nriten (i, i) la`d - qi :zeirah xzeid zepekzd z` xegal epleki dxrde`eez) la` .E(2) z` aygl mikixv epiid .zelhdd zxqa (zg` mrt zegtl).W (r) z` aygl xzei daxd dyw df dxwna (ziaa4



libxz 5:miixehpianew milewiyn gked
n

∑

i=0

(−1)i
(

n

i

)

(n − i)n = n!.dze` mixzet mitb`d ipyy zixehpianew dira `evnl epilr :divi`ehpi`dlkd zira "xetzp" okl .E(0) z` ezxeva xikfn l`ny va iehiay al miyp.E(0) dpexzty dxtde:miiehiad z`eeyd itl
n

∑

r=0

(−1)rW (r) =

n
∑

i=0

(−1)i
(

n

i

)

(n − i)n o`knzepekz n opyi •

W (r) =
(

n
r

)

(n − r)n •

W (0) = nn hxta •.dlabd `ll 1...n mixtqn miriten mda n jxe`a mixehwe ly mlera opeazpif`
W (1) =

n
∑

r=1

W (pr) =

(

n

1

)

(n − 1)n ⇒ W (pj) = (n − 1)n-n miakxend mixehwe xtqnk `ed r-d dpekzd ilra mihixt xtqn xnelk.riten epi` r xtqnd mda n jxe`a mixehwed md dl` .mipey mixtqn n − 1if`.(1 ≤ i ≤ n) i xtqnd z` likn epi` xehwed -- piok`y weap
W (r) =

(

n

r

)

(n − r)n

1...n mixtqndn g` lk mda n jxe`a mixehwe xtqn `han E(0) lebd.n! dfy ,mixtqn n ly zexenzd xtqn weia `ed l"pd mixehwe xtqn .riten
�

.oini sb`l deey dfe5



aygnd irnl dwixehpianewdiqxewxmilikn `l xy` ,n jxe`a miix`pia mixehwe xtqnl ziaiqxewx dgqep `vniweg ix`pia xehwe .F (n) i"r yweand xtqnd z` onqp :oexzt ."001" svxd z`:ze`ad zexevdn zg` lra epid:1-a ligznd xehwe .`
1 x x · · ·x

︸ ︷︷ ︸

n−1riteiy xeq` mi-x n − 1 oia ik) F (n − 1) epid dl`k mixehwe xtqn f`.("001":01-a ligznd xehwe .a
0 1 x x · · ·x

︸ ︷︷ ︸

n−2.F (n − 2) epid dl`k mixehwe xtqn f`:00-a ligznd xehwe .b
0 0 x x · · ·x

︸ ︷︷ ︸

n−2zextqd lk ...ileke 0 `id ziriaxd dxtqd mbe 0 `id ziyilyd dxtqd f`.miqt` eleky xehwe -- zg` zexyt` wx yi .0 zeidl zeaiig:zeiexyt`d xtqn k"dq
F (n) = F (n − 1) + F (n − 2) + 1, (n ≥ 2): dlgzdd ii`pz mr

F (0) = 1, F (1) = 2

z`vez .wgyn z`xwp zelhd n ly ze`vez zxq .minrt n diaew milihn
F (n, k) didi .znewd dlhdd z`vezl ddf `id m` "la`" `xwiz dlhdi`pze dbiqp zgqep `vn ."mila`" k weia yi mda mipeyd miwgynd xtqn1



.0 ≤ k ,1 ≤ n xear F (n, k) aeyigl dlgzd:ze`ad zelhd 7 mr wgyn xear :`nbe
6, 2, 3, 3, 3, 2, 2, 1 .3 `ed mila`d xtqn-d dlhdd ly d`vezl dze` deeype n-d dlhdd ly d`vez lr lkzqp :oexzt.n − 1zelhdd n−1 oia f` n−1-d dlhdd ly efl deey n-d dlhdd z`vez m` •.F (n − 1, k − 1)-l deey jkl zeiexyt` xtqn okle mila` k−1 eid zepey`xdzelhdd n−1 oia f` n−1-d dlhdd z`vezn dpey n-d dlhdd z`vez m` •,5 ·F (n−1, k)-l deey jkl zeiexyt` xtqn okle mila` k eid zepey`xd.n-d dlhdl zeiexyt` xtqnn zraep 5-a dltkd xy`keplaiw k"dq

F (n, k) = F (n − 1, k − 1) + 5F (n − 1, k), (n ≥ 2, k ≥ 1).F (n − 1, k − 1)-ae F (n−1, k)-a ielz F (n, k) ik mi`x dbiqp zgqep jezn :dlgzd i`pz
(n,k)

(n−1,k−1)

(n−1,k)

(n−2,k−2)

(n−2,k)

nn−1n−2

k

k−2

k−1

2



F (n, k) y llba .F (1, k) z` jxhvp F (n − 1, k) jezn lawzn F (n, k)-y llba:if` .F (n, 0) z` mb jxhvp ,F (n − 1, k − 1) jezn lawzn
F (n, 0) = 6 · 5n−1

F (1, k) = 0, k ≥ 1 .miwitqn dlgzd i`pz md-na mdly xeiql yi zeiexyt` dnk .mipwx n mitzzyn miewixd zaiqna?(lbrn jeza xq yi j` milbrnd oia xq oi`) milbr-xtqn zervn`a mipwxd z` xtqnp .F (n) zervn`a daeyzd z` onqp :oexzt-wxd xtqn z` k-a onqp .1 xtqn owx `vnp eay lbrna opeazp .n r 1-n miowxl hxt) dfd lbrnl mipwxd zxigal zeiexyt`d xtqn .df lbrnay mip:(1 'qn(
n − 1

k − 1

) :lbrna mxeiq
(k − 1)!:milbrna mipwxd n − k xzi ly xeiq
F (n − k) :milawn

F (n) =
n∑

k=1

(
n − 1

k − 1

)

(k − 1)!F (n − k) :dlgzd i`pz
F (0) = 1lkl ik df i`pza wtzqdl xyt` .wixd xeiqd z` wx yi mipwx 0 xear ik,g`-g` mze` aygl xyt` okle ,el minewd lk z` aygl F (n)-a yxp n.F (0)-n lgd

3



mda yiy n jxe`a mix`pixhd mixehwed xtqn aeyigl dbiqp i`pz `vn .`.mi-1 ly ibef xtqndxtqd lr lkzqp ,ibef zeg` xtqn mr n jxe`a xehwe lawl ik :oexzt:xehwea dpexg`dyi xak mipey`xd zenewnd n− 1-a f` ,0 `id dpexg`d dxtqd m` •.(zeiexyt` F (n − 1)) zeg` ly ibef xtqn.zeiexyt` F (n − 1) lawp aey ,2 `id dpexg`d dxtqd m` •xtqn mipey`xd zenewnd n − 1-a f` ,1 `id dpexg`d dxtqd m` •.(zeiexyt` 3n−1 − F (n − 1)) zeg` ly ibef-i`:dbiqpd zgqep
F (n) = 2 · F (n − 1) + 3n−1

− F (n − 1)

F (n) = F (n − 1) + 3n−1 :dlgzd i`pz
F (0) = 1.3n+1

2
`ed '`-a dyixd z` miniiwny mixehwed xtqny gked .a:divwepi`a z`f gikep :oexzt.dyixd z` miiwn (n = 1) qiqa:rv

F (n) = F (n − 1) + 3n−1 =
︸︷︷︸`"dl 3n−1 + 1

2
+ 3n−1 =

3n + 1

2

�

4



aygnd irnl dwixehpianewdbiqp ze`gqep oexzt
dbiqp ze`gqep oexzt 1.an-l zyxetn dgqep `vnp . a0 = 0, an = 2an−1 + 1 dxq dpezpyegipd zhiy 1.1if` .zel`ivppetqw` lb an ly jxrd ik "miygpn" an = 2an−1 +1 xywd jezndxevdn oexzt lr "mixndn"

an = Aγn + B raep dlgzdd i`pz jezn •

0 = a0 = A + B

A = −B:n lkl milawne an = 2an−1 + 1 jezl miaivn .dbiqp zgqepa ynzyp •

Aγn + B = 2 · (Aγn−1 + B) + 1:l`ny sb`l n-a miielzy mixaegne oini sb`l n-a miielz `ly mixaegn xiarp
Aγn − 2Aγn−1 = B + 1

Aγn−1(γ − 2) = B + 11



γ 6= 0-e xg`n .n-a ielz epi` elek l`ny sb` mb okle n-a ielz epi` oini sb`(dpezpd dxql mi`zn `ly il`ieixh oexzt epl yi zxg`) A 6= 0-e γ 6= 1-eif` .γ = 2-y raep n-a ielz didi `l l`ny sb`y zpn-lr
A = 1 ⇐ B = −1 ⇐ B + 1 = 0zyxetnd dgqepd z` epl ozep oexztd

an = Aγn + B = 2n − 1seqpi` didi ?oexzt didi `l l"pk ze`eeyn zkxrnly okzii m`d :dl`y?jkl zeiernynd dn ?zepexztzexfeg zeavd zhiy 1.2:an-l iehia gztp
an = 2an−1 + 1 = 2(2an−2 + 1) + 1 = 4an−2 + 2 + 1

= 4(2an−3 + 1) + 2 + 1 = 8an−3 + (4 + 2 + 1) = · · ·
= 2na0 + (2n−1 + 2n−2 + · · · + 2 + 1)ixhne`b xeh edf mekqa ipyd mxebd .a0 = 0 ik 0 epid mekqa oey`xd mxebdokle

an =
2n − 1

2 − 1
= 2n − 1:dbiqp zgqep jezl davd i"r dwia

a0 = 20 − 1 = 0

2an−1 + 1 = 2(2n−1 − 1) + 1 = 2n − 1 = an .oekp ok` dfediqxewxd dpzyn ztlgd 1.3xnelk) 2 ly zirah dwfg `id n-y gippe ,f(1) = 0 , f(n) = 2f(n
2
)+1 dpezp:`ad ote`a f(n) z` aezkl ozip f` .(n = 2k

f(2k) = 2f(2k−1) + 1 , f(1) = 0:lawp g(k) , f(2k) onqp m`e
g(k) = 2g(k − 1) + 1 , g(0) = 02



:zeni`znd zeavdd ixg`e .g(k) = 2k−1 :xeztl mirei xak ep` efd dgqepd z`
f(n) = n − 1 zipiite` d`eeyn zhiy 1.4dbiqp zgqep xear

Sn = aSn−1 + bSn−2:zeidl zipiite`d d`eeynd z` xibp
x2 − ax − b = 0, b 6= 0 htyn 1.4.1zgqep ly oexztd if` ,r1, r2 mipey miyxey ipy zipiite`d d`eeynl m` .``ed l"pd dbiqpd

Sn = c1r
n
1 + c2r

n
2.S0, S1 i"r mirawpd mireaw c1, c2 xy`kif` r g` yxey zipiite` d`eeynl m` .a

Sn = c1r
n + c2nrn.S0, S1 i"r mirawpd mireaw c1, c2 xy`kdly oexzt lk okle ,b 6= 0 epyx zipiite`d d`eeynd zxbday al miyp :oexzt:xfr zeprh xtqn gikep ,htynd z` gikedl ybipy iptl .qt`n dpey-iwnd oexzt `ed Sn := rn f` ,zipiite`d d`eeynd ly yxey r m` :1 dprh.dbiqpd zgqep z` mi:y ze`xdl mivex mvra epgp` :dgked

rn = arn−1 + brn−2zipiite`d d`eeynd z` weia lawp (r 6= 0 xekfk) rn−2-a wlgp m` ik oekp dfe:dly yxey `ed r-y
r2 = ar + b3



.Sn := λαn mb f` ,dbiqpd zgqep z` miiwn αn m` :2 dprh:dgked
Sn = λαn = λ(aαn−1 + bαn−2) = a(λαn−1) + b(λαn−2) = aSn−1 + bSn−2.Sn := αn + βn mb f` ,dbiqpd zgqep z` miniiwn βn-e αn m` :3 dprh:dgked

Sn = αn + βn = (aαn−1 + bαn−2) + (aβn−1 + bβn−2)

= a(αn−1 + βn−1) + b(αn−2 + βn−2)

= aSn−1 + bSn−2.ix`pil agxn `id dbiqpd zgqep ly zepexztd zveaw :dpwqnd`eeynd ly mipey miyxey md r2-e r1 m`y raep dpexg`d dpwqndn .`lkl dbiqpd z`eeyn ly oexzt `ed Sn := c1r
n
1 + c2r

n
2 f` ,zipiite`d.(S1-e S0) dlgzdd i`pz z` miniiwny c1, c2 `evnl xzep zrk .c1, c2:yexp

{

S0 = c1 + c2

S1 = c1r1 + c2r2zeielz izla od c1, c2 mipzyna ze`eeynd okle (r1 6= r2) mipey miyxeyd
�

.(c1, c2) oexzt miiw okle zix`pil:dprh er gikedl yi df sirq oexzt jxevl .a`ed Sn := nrn mb f` ,zipiite`d d`eeynd ly letk yxey r m` :4 dprh.dbiqpd zgqep z` miiwnd oexzt`id zipiite`d d`eeynd ik lawp (x − r)2 = 0 y oeeikn :dgked
x2 − 2rx + r2 = 0:`ed dbiqpd i`pze ,b = −r2 ,a = 2r okle

Sn = 2rSn−1 − r2Sn−2.:-y ze`xdl mivex epgp`
nrn = 2r · (n − 1)rn−1 − r2(n − 2)rn−24



:lawp rn-a wlgp m` ik oekp dfe
n = 2(n − 1) − (n − 2) = nly oexzt `ed Sn := c1r

n + c2r
n -y eplaiw ,mew enk ote` eze`a okli`pz z` miniiwny c1, c2 `evnl xzep zrk .c1, c2 lkl dbiqpd z`eeyn:yexp .(S1-e S0) dlgzdd

{

S0 = c1

S1 = c1r + c2r

�
.(c1, c2) oexzt miiw okle (oeepn dxwn df zxg`) r 6= 0 yxeyd`nbe 1.4.2:d`ad dbiqp zgqep dpezp

F (n) = F (n − 1) + F (n − 2), F (0) = F (1) = 1.F (n)-l yxetn iehia `vn:zipiite` d`eeyn meyxp .oexzt
x2 − x − 1 = 0 :dly zepexzt

x1,2 =
1 ±

√
1 + 4

2 :diqxewxd z`eeyn jezl aivp
F (n) = c1

(

1 +
√

5

2

)n

+ c2

(

1 −
√

5

2

)n:dlgzdd ii`pz jezn
{

F (0) = 1 = c1 + c2

F (1) = 1 = c1
1+

√

5

2
+ c2

1−
√

5

2ik milawne z`fd zkxrnd z` mixzet
{

c1 = 1+
√

5

2
√

5

c2 = −1−
√

5

2
√

5 mekiql
F (n) =

1 +
√

5

2
√

5

(

1 +
√

5

2

)n

− 1 −
√

5

2
√

5

(

1 −
√

5

2

)n

25



aygnd irnl dwixehpianewzexvei zeivwpet
zexvei zeivwpet 1zxekfz 1.1zxvei divwpet mi`zp a0, a1, a2, · · · , an, · · · (ziteqpi` e` ziteq) mixtqn ly dxqli"r zxbend dly

f(x) = a0 + a1x + a2x
2 + · · · + anxn + · · ·.odly zexvei zeivwpetle zexql ze`nbe xtqn mzi`x d`vxdadxql :`nbe

(
n

0

)

,

(
n

1

)

,

(
n

2

)

, · · · ,
(

n

n

) zxvei divwpet dni`zn
f(x) =

(
n

0

)

+

(
n

1

)

x +

(
n

2

)

x2 + · · · +
(

n

n

)

xn = (1 + x)ndxql :`nbe
1, 1, 1, · · · zxvei divwpet dni`zn

f(x) = 1 + x + x2 + · · · + xn + · · · =
1

1 − x :x itl xefbp
f ′(x) = 1 + 2x + 3x2 + 4x3 + · · · + nxn−1 + · · · =

1

(1 − x)21



dxq ly zxvei divwpet idefe
1, 2, 3, 4, · · · , n, · · ·d`eeyn ly zepexzt xtqn 1.2:zxveid divwpetl dni`zn dxq efi`

f(x) = (1 + x + x2 + · · ·)n =
1

(1 − x)n:`ad ote`a f(x) z` meyxl xyt`
f(x) = (1 + x + x2 + · · ·) . . .

︸︷︷︸minrt n

(1 + x + x2 + · · ·) =
1

(1 − x)n:d`eeynd ly (minlya) zepexztd xtqn weia `ed xk ly mwnd
t1 + t2 + · · · + tn = k:weia `ed ,mirei xak ep` ,df jxr .ti ≥ 0 xy`k

(
n + k − 1

k

):`ad ote`a mb f(x) z` aezkl xyt` okl
f(x) =

∞∑

k=0

(
n + k − 1

k

)

xk =
1

(1 − x)nlawp ,dpexg`d dgqepa x mewna xm aivp m`
1

(1 − xm)n
=

∞∑

k=0

(
n + k − 1

k

)

xm·k

2



libxz 1.3d`eeynl yi miirah zepexzt dnk
t1 + t2 + t3 = 30.t1 ≥ 1, t2 ≥ 4, t3 ≥ 7 sqepae ,ibef t2 ,miibef-i` t3, t1 xy`k:oexzt

f(x) = (x + x3 + x5 + · · ·)(x4 + x6 + x8 + · · ·)(x7 + x9 + x11 + · · ·)

= x · x4 · x7(1 + x2 + x4 + · · ·)3 = x12 ·
1

(1 − x2)3mewn dgqepa yeniy i"r
= x12

∞∑

k=0

(
k + 2

k

)

x2k.daeyzd mb z`fe .(119 ) `ed mwnde k = 9 xy`k lawzn x30 mxeblibxz 1.4.an-l zyxetn dgqep `vnp . a0 = 0, an = 2an−1 + 1 dxq dpezponqp :oexzt
f(x) =

∞∑

n=0

anxn:xn-a litkp .an = 2an−1 + 1 oezpd jezn
anxn = 2an−1x

n + xn

n ly mikxrd ipt-lr mkqp
∞∑

n=1

anxn =

∞∑

n=1

(2an−1x
n + xn):(a0 = 0 xy`k) l`ny v

∞∑

n=1

anxn =

∞∑

n=0

anxn = f(x)3



:oini v
∞∑

n=1

(2an−1x
n + xn) =

∞∑

n=1

2an−1x
n +

∞∑

n=1

xn

= 2x

∞∑

n=0

anxn + x

∞∑

n=0

xn = 2xf(x) +
x

1 − x ik eplaiw
f(x) = 2xf(x) +

x

1 − x

f(x) =
x

(1 − x)(1 − 2x):miiwlg mixayl 1
(1−x)(1−2x) z` wxtp

1

(1 − x)(1 − 2x)
=

A

1 − 2x
+

B

1 − x

=
A(1 − x) + B(1 − 2x)

(1 − x)(1 − 2x)
=

(A + B) + x(−A − 2B)

(1 − x)(1 − 2x)

⇒
{

A + B = 1
−A − 2B = 0

⇒
{

A = 2
B = −1 `gqepl xefgp

f(x) =
x

(1 − x)(1 − 2x)
= x(

2

1 − 2x
−

1

1 − x
)

= x[2

∞∑

n=0

(2x)n −
∞∑

n=0

xn] =

∞∑

n=0

(2 · 2n − 1)xn · x

=

∞∑

n=0

(2n+1 − 1)xn+1 =

∞∑

m=1

(2m − 1)xm.am = 2m − 1 okle 2m − 1 epid xm ly mwnd
4



libxz 1.5:zxben f(x) divwpetd
f(x) = (1 − x)(1 − x5)(1 − x10)(1 − x25)(1 − x50):d`ad dl`yl daeyzl ddf dzaeyzy f(x)-a dxeywd dl`y wiena gqp .`

1, 5, 10, 25 ly zerahnl ,xle dying ly xhy hextl ozip mipte` dnka""?hpq 50-e- divwpeta opeazp :oexzt
1

f(x)
=

1

(1 − x)(1 − x5)(1 − x10)(1 − x25)(1 − x50)

= (1 + x + x2 + · · ·) · (1 + x5 + x10 + · · ·) · (1 + x10 + x20 + · · ·) ·
(1 + x25 + x50 + · · ·) · (1 + x50 + x100 + · · ·)ly mekqk 500 z` bivdl mipte`d xtqnl deey didi x500 ly mwnd.'eke 10-a iyilyd ,5-a ipyd ,1-a wlgzn oey`xd xy`k mixtqn dying? 1

f(x) ly gezita x500 ly mwnd edn :dl`yd okl.('` sirqn) zerahnd ziiral dlewyd ztqep dl`y geqip mlyd .a":d`ad d`eeynl yi miilily-i`e minly zepexzt dnk":daeyz
x1 + 5x2 + 10x3 + 25x4 + 50x5 = 500zexvei zeivwpt zxfra i'v`peait zxql oexzt z`ivn 1.6.an-l zyxetn dgqep `vnp . a0 = 1, a1 = 1, an = an−1 + an−2 dxq dpezponqp :oexzt

f(x) =
∞∑

n=0

anxn:xn-a litkp .an = an−1 + an−2 oezpd jezn
anxn = an−1x

n + an−2x
n5



2-n lgd n ly mikxrd ipt-lr mkqp
∞∑

n=2

anxn =
∞∑

n=2

(an−1x
n + an−2x

n) :l`ny v
∞∑

n=2

anxn =

∞∑

n=0

anxn − a0 − a1x = f(x) − x − 1 :oini v
∞∑

n=2

(an−1x
n + an−2x

n) = x

∞∑

n=2

an−1x
n−1x2 +

∞∑

n=2

an−2x
n−2

= x

∞∑

m=1

amxm + x2
∞∑

m=0

amxm = x

(
∞∑

m=0

amxm − a0

)

+ x2
∞∑

m=0

amxm

= x(f(x) − a0) + x2f(x) = xf(x) + x2f(x) − xik eplaiw
f(x) − x − 1 = xf(x) + x2f(x) − x

f(x)
(
−x2 − x + 1

)
= 1

f(x) = −
1

x2 + x − 1:milawne xayd ly dpknn zireaix d`eeyn mixzet
f(x) = −

1
(

x + 1+
√

5
2

)(

x + 1−
√

5
2

):miiwlg mixayl 1(

x+ 1+
√

5

2

)(

x+ 1−
√

5

2

) z` wxtp
1

(

x + 1+
√

5
2

)(

x + 1−
√

5
2

) =
A

x + 1+
√

5
2

+
B

x + 1−
√

5
2

=
Ax + A1−

√
5

2 + Bx + B 1+
√

5
2(

x + 1+
√

5
2

)(

x + 1−
√

5
2

)

=

(

A1−
√

5
2 + B 1+

√
5

2

)

+ (A + B)x
(

x + 1+
√

5
2

)(

x + 1−
√

5
2

)6



:milawn
⇒

{

A1−
√

5
2 + B 1+

√
5

2 = 1
A + B = 0

⇒

{

A
(

1−
√

5
2 − 1+

√
5

2

)

= 1

B = −A
⇒

{
A = −1/

√
5

B = 1/
√

5`gqepl xefgp
f(x) =

1
√

5
(

x + 1+
√

5
2

) −
1

√
5
(

x + 1−
√

5
2

) =
1

√
5+5
2

(

1 + 2
1+

√
5
x
) −

1
√

5−5
2

(

1 + 2
1−

√
5
x
)

=
2

√
5 + 5

1
(

1 − (− 2
1+

√
5
x)
) −

2
√

5 − 5

1
(

1 − (− 2
1−

√
5
x)
):(??) d`eeyna ynzyp

f(x) =
2

√
5 + 5

∞∑

n=0

(

−
2

1 +
√

5
x

)n

−
2

√
5 − 5

∞∑

n=0

(

−
2

1 −
√

5
x

)n:dfd iehiad z` hytp
f(x) =

2(1 −
√

5)
√

5(1 +
√

5)(1 −
√

5)

∞∑

n=0

(

−
2(1 −

√
5)

(1 +
√

5)(1 −
√

5)
x

)n

−

−
2(1 +

√
5)

√
5(1 −

√
5)(1 +

√
5)

∞∑

n=0

(

−
2(1 +

√
5)

(1 −
√

5)(1 +
√

5)
x

)n

= −
1 −

√
5

2
√

5

∞∑

n=0

(

1 −
√

5

2
x

)n

+
1 +

√
5

2
√

5

∞∑

n=0

(

1 +
√

5

2
x

)n

=

∞∑

n=0

[

1 +
√

5

2
√

5

(

1 +
√

5

2

)n

−
1 −

√
5

2
√

5

(

1 −
√

5

2

)n]

xnepid xn ly mwn okl
an =

1 +
√

5

2
√

5

(

1 +
√

5

2

)n

−
1 −

√
5

2
√

5

(

1 −
√

5

2

)n

7



aygnd irnl dwixehpianewmiiqiqa mibyen :mitxb
zxekfz 1

V = {v1, v2, · · · , vn} miznvd zveawn akxend dpan epid G(V,E) oeekn `l sxb •-znv ly bef `id zyw lk xy`k ,E = {e1, e2, · · · , em} ,zezywd zveawe.V -n mi.vi
ek−→ vj mixeqn zywd ly zeevw :oeekn sxb •beg e` zinvr d`lel `xwiz znev eze` md dly dvwd iznv ipyy zyw •.invr.zeliawn zezyw od midf odly dvwd iznv ipyy zezyw izy •.zeliawnihp` zezywe zeliawn zezyw oia liap oeekn sxba.zeliawn zezyw `lle zeinvr ze`lel `ll sxb :heyt sxb •libxz 2zezyw m e mipey miznv n mr mitxb dnk :dl`yd xear dlahd z` mlyd?miniiwheyte oeekn `l oeekn `l heyte oeekn oeekn zezywzepeyzezywzedf:oexzt:zedf zezyw •1



ly zebef (

n
2

) opyi .miznvd ipy oia zxagn zyw lk heyte oeekn `l sxb`lle zexfg `ll) zywa exaegiy zebef m mixgea mkezn .miznvlawp k"dq .(dxigad xql zeaiyg
(

(

n
2

)

m

)zebef n(n−1) mpyi okl .mixeqn md miznv ly zebefd heyte oeekn sxbxql zeaiyg `lle zexfg `ll m mkezn mixgea zrk .miznv lylawp k"dq .dxigad
(

n(n − 1)

m

)-jaq yi okle zeinvr ze`lel dpkziz zrk heyt gxkda `le oeekn `l sxbmb dpkziz .miixyt` mixeq miznv zebef (

n
2

)

+ n =
(

n+1
2

) lkd.zexfg mr didz zezywl zenewnd zxiga okle zeliawn zezywk"dq okl
(

m +
(

n+1
2

)

− 1

m

)xql zeaiyg yi mbe zeinvr ze`lel dpkziz heyt gxkda `le oeekn sxbzenewnd zxiga .miznv ly zebef n2 yi okl .befd jeza miznvdokle zexfg mr didz zezywl
(

m + n2 − 1

m

)

:zepey zezyw •mixgeay mrt lka .1, 2, . . . , n mixtqn zervn`a zezywd z` xtqnpxtqn zywl mewn xgap mew :`ad ote`a z`f dyrp ,zyw xear "mewn"zkted zezywl zenewnd zxiga okl ...'eke ,2 xtqn zywl jk-xg` ,1xql zeaiyg `ll dxiga mewna dxigad xql zeaiyg mr dxiga zeidllka la` ,zedf zezyw xear ze`vezd enk dpiidz ze`vezd .dxigadzeaiyg `ll (zezywd z` miyl dti` = ) miznv zebef epxgay mewn.dxigad xql zeaiyg mr mze` xgap eiykr ,dxigad xql:d`ad dlaha zeneyx zeiteqd ze`vezd2



heyte oeekn `l oeekn `l heyte oeekn oeekn zezyw
((n

2)
m

)

m!
(

n+1
2

)m (

n(n−1)
m

)

m! (n2)m zepeyzezyw
((n

2)
m

) (

m+(n+1

2 )−1
m

) (

n(n−1)
m

) (

m+n2
−1

m

) zedf
milbrne milelqn 3:d`ad dxevdn zezywe miznv zxq epid sxba (Path) lelqn •

a0, a0
e1

a1, a1, a1
e2

a2, · · · , ai−1
ei

ai, ai, ai

ei+1
ai+1, · · · , al−1

el
al, al.miznvd zxq l`k e` zezywd zxq l`k lelqnl miqgiizn minrtl.miznv i"r wx lelqn xibdl witqn `l f` heyt `l sxb m` ik al eniy.ea dpexg` zyw ly dvwd znevl ddf ely dlgzdd znevy lelqn :lbrn •.zg` mrt weia znev lka xaery lbrn :ipehlind lbrn •.weia zg` mrt driten zyw lk eay lelqn `ed :xlie` lelqn •.lbrn `edy xlie` lelqn :xlie` lbrn •1 .ixlie` (lbrn) lelqn ea miiw m` (ilbrn) ixlie` `xwii sxb •.znev lkl znev lkn zyw ea yi m` `ln `xwii sxb •.znev lkl znev lkn lelqn ea yi m` xiyw `xwii sxb •ixlie` lbrn e` lelqn ly xiyw sxba meiwl mi`pz znkqn d`ad dlahdzepey zexbd izy dt yi miixbeqd llba mvra1

3



xlie` lbrn lbrn epi`y xlie` lelqnoeekn `l sxb zeibef miznvd lk zebx zibef-i` dbx ilra weia miznv ipyoeekn sxb din(v) = dout(v) miiwzn v znev lkl ,din(s) + 1 = dout(s) :s znev miiw
din(t) = dout(t) + 1 :t znev miiw

din(v) = dout(v) miznvd x`y lkle
libxz 4?miznv n mr heyt `ln sxba yi miipehlind milbrn dnk.sxba miiw miznvd n-n xevil dvxpy lbrn lk ,`ln `ed sxbdy oeeik :oexztm` ,la` .miznv n ly milbrn (n − 1)! yi illk ote`a ?yi dl`k milbrn dnkmr zg` mrt :miinrt l"pd aeyiga xfeg ipehlind lbrn lky oigap ,aeh lkzqp.oeryd oeeik bp diipy mrte ,oeryd oeeikin"e "oinin ayei in"l zernyn dzid ,lbrna miyp` epxiqyk ?o`k dxew dne`) "jil ayei in" `ed aeygy iigid xad ,sxba .m`-oa lkl "l`nyn ayeiokl .zitxb dpigan eze` dpyn `l lbrnd ly sewiy okle ("zyw jl yi in l`"

(n−1)!
2 `id dpekpd daeyzds` oi` `linn my la` ,zniiwzn `l dgqepd n = 2-e n = 1 xear :dxrd.lbrnlibxz 5dbx yi eiznvn 2K-l weiay miiwn oeekn izlae xiyw iteq sxb m`y egikedmixf milelqn K-l eizezyw ly dwelg `evnl ozip if` ,K ≥ 1 xear ,zibef i`.weia g` lelqnl zkiiy zyw lky ote`a ,zezywazibef-i` dbx ilra miznvd z` onqp .G(V,E) i"r oezpd sxbd z` onqp :oexzt4



zervn`a G(V,E)-n lawzn xy` G′(V,E′) yg sxb dpap .u1, u2, . . . , u2K i"rixlie` sxb epid G′ sxbd .u1 − u2, u3 − u4, · · · , u2K−1 − u2K zezyw ztqedif` .zibef dbx ilra md ely miznvd lke oeekn izla ,xiyw `edy oeeikn ilbrn:`ad ote`a d`xp eay ixlie` lbrn
v − · · · − ui1 − ui2 − · · · − ui3 − ui4 − · · · − ui2K−1

− ui2K
− · · · − vmi`ad milelqnd if` .eptqedy zezywd od l"pd uij − uij+1

zezywd xy`k:yxpk milelqn K md
ui2 − · · · − ui3

ui4 − · · · − ui5

· · ·

ui2K
− · · · − ui1 ,ok`mrt xzeid lkl ea driten zyw lk f` ,ixlie` did l"pd lbrndy oeeikn •.mixf dl` milelqn okl .xzeid lkl g` lelqna ritez zyw lk okl .zg`zezyw wx epnn epxede ,G′ ly zezyw lk z` likd l"pd lbrndy oeeikn •zezywd lk z` milikn epipay milelqn if` ,G′ zipa jldna eptqedy.G ly

2 .yxpk milelqn ep`vn

5



aygnd irnl dwixehpianewoiexa-d itxb
zxekfiz 1`ed Gσ,n(V,E) oiexa-d sxb if` .Σ = {0, 1, 2, . . . , σ − 1} ziatl` oezp

V = Σn−1

E = Σn :d`ad dxevdn od sxba zezywde
(a1a2 . . . an−1)

a1a2...an−→ (a2a3 . . . an) :zeaeyg zeaer.igi znev miiw w ∈ Σn−1 dlin lkl •.digi zyw zniiw w ∈ Σn dlin lkl •.σ d`ivi zbxe dqipk zbx yi znev lkl •.ilbrn ixlie` `ed Gσ,n(V,E) n lkle σ lkl •a"` lrn a0a1 . . . aL−1 zilwiv dxq `id oiexa-d zxq n ,σ ozpda :dxbd
aiai+1 . . . ai+n−1 = w :miiwzny jk igi i miiw w ∈ Σn dlin lkly jk ,Σ.(L eleen aeyig xy`k).L = σn dxqd jxe` okle σn `ed milind xtqn :dxrd

1



`nbe 2:G2,3 sxb
00

01

11

10

000

001

011

111

110

100

010

101

:xlie` lbrn miiw sxba
000 −→ 001 −→ 010 −→ 101 −→ 011 −→ 111 −→ 110 −→ 100.00010111 :`id dni`znd oiexa-d zxqelibxz 3zezywd mr (100000)-e (000000) miznv ipy G-n `ivep .G2,7 oiexa-d sxb G idi.lawzny sxbd G

′ idi .el` miznva zerbety:jxtd e` gked.ixlie` lelqn miiw G
′-a .`.ixlie` lelqn miiw G

′ ly zizyzd sxba .a2



.epxedy miznva zerbepy zezywa opeazp .` :oexzt.110000 e 010000 miznvn zezyw zeqpkp 100000-l •.000001 e 000000 miznvl zezyw ze`vei 100000-n •.000000 e 100000 miznvn zezyw zeqpkp 000000-l •.000001 e 000000 miznvl zezyw ze`vei 000000-n •.zezywd zxedn rtyed xy` sxbd ly wlgd z` yignn `ad xeivd
110000

010000

100000

000000

000001

1100000

0100000
1000001

0000001

0000000

1000000

010000 mitqep miznv ipyl ,miznvd ipy ly dxed ixg` ik ze`xl ozipoeekn sxba ixlie` lelqn meiwl i`pz .din(v) = dout(v) + 1 miiwzn 110000-eik did xiyw
din(s) + 1 = dout(s) :s znev miiw •

din(t) = dout(t) + 1 :t znev miiw •

din(v) = dout(v) miznvd x`y lkl •.xvepy sxba xlie` lelqn oi` okl .miiwzn `l dfd i`pzd.miznvd zebx ly zeibefe zexiyw weap zizyzd sxba .a
3



zrk) epxedy miznv ipy jx mixaery milelqn wx rbtidl milelr :zexiywmiznv ly bef lk oia itilg lelqn `vnp .( mipeekn `l milelqn lr mixan
110000 010000

000001 110000

000001 010000eze` silgdl didi ozip ,ely lelqn-zzk wegn rhwa ynzydy lelqn lkl f`e.x`ypy xg` lelqn-zzaok`e
110000 100001 000010 000100 001000 010000

000001 000011 000110 001100 011000 110000

000001 000010 000100 001000 010000.xiyw x`yp zizyz sxb ok`sxba okle 010000-e 110000 :miznv ipy wx ly zeibef dzpzyd :zebxd zeibef.zibef-i` dbx ilra miznv ipy wx yi-ra miznv 2 miniiwe xiyw sxb :miiwzn xlie` lelqn meiwl i`pz :dpwqn.xlie` lelqn miiw okl .zibef-i` dbx illibxz 4sxb ly znev lk riten eay (lbrn) lelqn `ed oehlind (lbrn) lelqn :dxbd.ipehlind lbrn e` lelqn ea yiy sxb df ipehlind sxb .weia zg` mrt.n ≥ 2 lkl ipehlind epid G2,n oiexa-d sxb :gked
G2,n+1 sxba oehlind lbrn miiw ik d`xp .il`ieeixh htynd n = 2 xear :dgked.n ≥ 2 xear-d sxba xlie` lbrn ly zezywd zervn`a bevii P = e1, e2, . . . , ek didizeni`znd n jxe`a milind w1, w2, . . . , wk eidi .htynd jezn miiw -- G2,n oiexa.G2,n+1 sxba znevl dni`zn z`fk dlin lk ik al miyp .P lelqna zezywl4



d`xp .w1, w2, . . . , wk milinl mini`znd G2,n+1 sxba miznvd v1, v2, . . . , vk eidi.G2,n+1-a oehlind lelqn deedn (v1, v2, . . . , vk) dxqdy.lbrn deedn (v1, v2, . . . , vk) miznvd zxq •
(v1, v2, . . . , vk) dxqa vi+1 ,vi mipky miznv ipy lkl :ze`xdl jixv.G2,n+1 sxba vi −→ vi+1 zyw zniiw
© a1a2...an © a2...anan+1 © G2,n

ei (a2, . . . , an) ei+1

⇓

vi vi+1
(a1,a2,...,an)

© a1a2...anan+1

(a2,...,an,an+1)

© G2,n+1.daiqd dze`n zniiw vk → v1 zywd mb :dxrd.oehlind lelqn deedn (v1, v2, . . . , vk) xvepy lelqnd •mrt driten zyw lk w1, w2, . . . , wk lelqna :zg` mrt riten znev lk
v1, v2, . . . , vk lelqna okl .zg` mrt driten w ∈ {0, 1}n dlin lk okle zg`lbrn `ed v1, v2, . . . , vk lbrnd okl .zg` mrt riten znev lk G2,n+1 sxba.G2,n+1-a ipehlind

5



aygnd irnl dwixehpianewmipeekn `l mivr
oeekn `l ur ly zelewy zexbd 1n"n` ur `ed G(V,E) oeekn `l sxbmilbrn xqge xiyw G •lbrn xvep E-l zyw ly dtqed lkle ,milbrn xqg G •xagny igi heyt lelqn miiw miznv ipy lkle zeinvr ze`lel oi` G-a •.mdipia.xiyw izla zeidl jted G ,E-n zyw ly dxqd lkle ,xiyw G •`nbe

v1

v2

v3 v4 v5

v6 v7

v8

v9miiteq mivr ly zepekz 2milewy md mi`ad mi`pzd zyely .|V | = n ,oeekn `l iteq sxb G(V,E) didi1



.ur `ed G •.zezyw n− 1 el yie milbrn xqg G •.zezyw n− 1 el yie xiyw G •yxet ur 3m` G(V,E) sxb ly yxet ur `xwp G′(V ′, E′) sxb :dxbd
V ′ = V •

E′ ⊆ E •.ur `ed G′ •.yxet ur miiw oeekn izlae xiyw iteq sxbl :dprh:`ad mzixebl`d z` rvap .oeekn izlae xiyw iteq sxb G(V,E) didi :dgked.lbrnd on zg` zyw wgnp ,lbrn sxba miiw er lk if`.milbrn oi` lawzny sxba ,miizqn mzixebl`d xy`k •gipp .xiyw sxbd :zniiwzn d`ad dxenyd mzixebl`d irv lk jxe`l •.v znevl u znev oia lelqn dwzip u − v zyw zwigny ,`ly dlilya.dxizq .v-l u oia sqep lelqn zeidl aiig okle lbrnn zyw epwgn la`.ur `ed okle milbrn xqge xiyw `edy sxb eplaiw :dpwqnlibxz 3.1
|E| − |V | + 1 `evnl xyt` oeekn izlae xiyw iteq G(V,E) sxb lkay gked.xg` lbrn s`a driten dpi`y zg` zyw yi mdn g` lkay miheyt milbrn.|F | = |V |−1 okle ur `ed T .G(V,E) sxb ly yxet ur T (V, F ) didi :dgkeddpiidz .T -a `l la` G a ody ody zezyw |E|−|F | = |E|−|V |+1 zeniiw okl.elld zezywd {e1, e2, . . . , e|E|−|V |+1}lbrnd .Ci heyt lbrn zxvei T -l ei zyw ztqed i = 1, . . . , |E| − |V |+ 1 lkl.G sxba lbrn `ed Ci okl .ei-ne T ly zezywn akxendpi` ei zywe G sxba milbrn |E| − |V | + 1 md {Ci}

|E|−|V |+1
i=1 :dpwqn.l"yn .Ci-l hxt lbrn meya driten2



xri 4.milbrn xqg `ed m` xri `xwii oeekn `l sxb :dxbdly (xiyw izla sxb-zz xeviz ezlbd xy`) ilniqkn xiyw sxb-zz :dxbd.xiyw aikx `xwp sxbd,xrid ly mixiyw miaikx sqe` lr lkzqp m` j` .xiyw zeidl aiig `l xri.mivr ly eg` df xri okl .ur `ed okle milbrn xqge xiyw `ed mdn g` lk
C1

C2
Ck

libxz 4.1?xria yi zezyw dnk .miznv 200 e mixiyw miaikx 100 yi xriaaikx xear .ur deedn envra aikx lk .oezpd sxbd G(V,E) didi :oexztzezywde miznvd xtqn z` mi e ni-a onqp ,1 ≤ i ≤ 100 ,Ci ,i-d zexiywdmiiwzn .dn`zda
ni = mi + 1 miaikxd lk lr mkqp

100
∑

i=1

ni =

100
∑

i=1

mi + 100 o`knllek zezyw xtqn = |E| =

100
∑

i=1

ni − 100 = 200 − 100 = 1003



2iliiw htyn 5.nn−2 `ed mipey miznv n lrn mipeekn `l miyxet mivr xtqnmipey miznv n lrn miyxetd mivrd zveawn oia lre r"gg dn`zd d`xp.zeize` n oa a"` lrn n− 2 jxe`a milin sqe`l {1, 2, · · · , n} mipneqnddlin ←− yxet ur.a1a2 · · · an−2 dlin epnn dpap .miznv n lra G(V,E) ur oezp:mzixebl`:n− 2 r i = 1 xear.urdn j z` `ved .ura xzeia jenpd xtqn lra dlrd j didi.ura j ly okyd epid k xy`k ai = k rawlk ly zebx odn zrl xyt` a1a2 · · · an−2 dlind lr zelkzqd i"r :dpgad.1 ere riten k y minrt xtqnl deey ,d(k) ,k znev ly dbx .sxba znevyxet ur ←− dlin.ixewnd urd z` dpnn xfgyp .a = a1a2 · · · an−2 dlin dpezp:mzixebl`
d(v)← 1 + (a a v ly zerted xtqn) ,i← 1:n− 2 r i = 1 xear,j ai zyw dpa .d(j) = 1 lra ilnipin j didi.d(ai)← d(ai)− 1 ,d(j)← 0 xy`k.1 dbx ilra miznv ipy oia zyw dpa

4



`nbe 6
4 1 2 5

3 6

4 1 2 5

3 6

4 1 2 5

3 6

6122

122

22

5



4 1 2 5

3 6

4 1 2 5

3 6

4 1 2 5

3 6

2

libxz 7mr 1, 2, · · · , n mixtqennd mipey miznv n lr mipeekn `ld mivrd xtqn dn?2 n dleb ezbxy ala g` zneve weia milr 2 < k:oexztzezyw n−1 yi ura .d zervn`a ura znev ly zilniqknd ezbx z` onqp.2n− 2 `ed miznvd lk ly zebxd mekq okle.1 dbx ilra miznv k mpyi •.2 dbx ilra miznv n− k − 1 mpyi •.d dbx lra g` znev epyi •6



:mkqp
1 · k + 2 · (n− k − 1) + d · 1 = 2n− 2

⇒ d = k.iliiw htyn ly dn`zd itl l"pd mivrl zeni`zny milind zveaw z` oiit`pmiznv k okl .ura ely dbxn 1-a ohw dlina znev ly zerted xtqn ik xkfipg` znev .g` lk zg` mrt miriten miznv n−k−1 .dlina llk miriten `l.minrt k − 1 riten.(n

1

) `ed k dbx lra znev xegal zeiexyt` xtqn •.(n−1
k

) `ed 2 dbx ilra miznv x`ypy dnn xegal zeiexyt` xtqn •zepey zeize`d x`y lke zedf zeize` k− 1 mr n− 2 jxe`a milin xtqn •. (n−2)!
(k−1)! `edlawp k"dq

(

n

1

)(

n− 1

k

)

(n− 2)!

(k − 1)!

7



aygnd irnl dwixehpianewmivra mipey mi`yep
jeeznd znl 1

v-n lelqn miiw m` G ly yxey `ed v znev ,G(V,E) oeekn sxb ozpda :dxbd.sxba znev lklm` oeekn sxba {v1, v2, . . . , vk} miznv zveaw ly jeeznd `ed v znev :dxbd.(0 jxe`a mb zeidl leki lelqn) dveawd iznvn g` lkl lelqn v-n yilibxz.yxey yi sxbl if` jeezn yi oeekn iteq sxba miznv bef lkl m` ik gkedxtqn ,k(v) z` G sxba v znev lkl xibp .yxey oi` G-ay dlilya gipp :dgked
k(a) xtqn mr znevd z` a i"r onqp .mdil` v-n lelqn miiwy sxba miznvd.sxba xzeia deabd.v-e a ly jeeznd b didi .v-l a-n lelqn oi`y jk v znev miiw dgpdd jeznzeilniqwnl dxizqa k(a) < k(b) okl .v-l b-ne a-l b-n milelqn miniiw if`.l"yn .k(a) ly

b

av

1



libxz 2zyw lkl ik gked .G oeekn `l sxb ly miyxet mivr ipy T2-e T1 eidi:d`ad dpekzd zniiwzny jk e2 ∈ (T2 − T1) zyw zniiw e1 ∈ (T1 − T2):jk mixbend T ′

2
mbe T ′

1

T ′

1
= (T1 − {e1}) ∪ {e2}

T ′

2
= (T2 − {e2}) ∪ {e1} .G ly miyxet mivr md:dgkedeze` wxtz T1 urdn dzxqd f` , T2-a `le T1-a z`vnp e1 = (u, v)-y gipp.xg` aikxa g`-lk mi`vnp v-e u xy`k ,C2-e C1 - zexiyw iaikx ipyldf lelqna zeidl zaiig okle igi lelqn T2-a yi v-l u oia :T2 url xearp zrkzywd .miytgn epgp`y e2 zywd ef .(?dnl) C2 -a znevl C1-a znev oia zyw,C2-l C1 oia zxagny T1-a digid zywd `id e1 xen`k ik ,T1-a z`vnp `l e2.T2-a z`vnp `l e1 xekfke,T1 − {e1} -ay C2-e C1 zexiywd iaikx z` e2 zervn`a ygn xagp zrkjkae - (ur `edy) T1-a enk zezyw xtqn eze` mr ,xiyw sxb aey eplaiwe.yxet ur `ed (T1 − {e1}) ∪ {e2}-y ep`xdmze` `l mpne` ,zexiyw iaikx ipy eplaiw aey .e2 zywd z` T2-n xiqp zrkokl .(?dnl) xg` aikxa g`-lk mi`vnp v-e u aey la` - mew enk miaikx-y lawp mew enk ote` eze`ae ,l"pd miaikxd ipy oia xagz e1 ly dtqed.l.y.n .yxet ur (T2 − {e2}) ∪ {e1}heytd lelqnd lr didz `idy epyx ren .e2 z` epxbd ji` al eniy :dxrdzxagny zyw "mzq" didz `idy yexla epwtzqd `l dnl ?v-l u oia igid.dgkeda zeriteny "zenl"d izy lr zeprl mirei mz`y ahid e`ee ?2-l 1 oia

2



libxz 3
u oia (igid) heytd lelqnd jxe` zeidl d(u, v) z` xibp .ur T = (V,E) idi.ilnipin e(v) , maxu∈V d(v, u) exeary v znev `ed T ura fkxn .ura v-l- miipy yi m`e ,(xzei `le) miipy e` g` fkxn yi iteq ur lka ik egiked.mipky md f`lr divwepi`a dprhd z` gikepe ,ura miznvd xtqn z` n-a onqp :dgked:n.fkxnd `ede ,g` znev wx yi n = 1 xear :qiqa.fkxn mieedn mdipye ,zywa mixaegnd miznv ipy `ed urd n = 2 xearuray mirei ep` .n-n ohw miznv xtqn mr url zepekp gipp ,n > 2 xear :rvaiig ura edylk v znevn xzeia wegxd znevd - ok lr xzi .milr ipy zegtl yijiyndl ozip f` ,dlr epi` `ede v-n wegx ikd znevd u m` ,zxg`) dlr zeidl.(dxizq - xzei s` wegx znevl ribdle ztqep zywa u-l v-n lelqnd z`.fkxn eppi` dlr s` :dprhmiiwzn u 6= x, y znev lkl f` .eil` xaegny znevd y-e ,dlr x gipp :dgked.ilnipin epi` e(x) ⇐ maxu∈V d(x, u) > maxu∈V d(y, u) okle d(x, u) > d(y, u)(?dti` .n > 2-y jka epynzyd) .dxizq-epy zezywd mr gia ,T urdn milrd lk zwign i"r ,T ′ ,yg ur xevip zrk(?ur `ed T ′ ren) .mda zerb
v-n xzeia wegx znev lkl lelqnd ik) 1-a xi e(v) ,T -a dlr epi`y v znev lkldlrd iptly znevd x`yp oiir ,milrd lk z` epwgny xg`le ,dlra miizqd,ilnipin e(v) mr T -a didy znev lk okl .(v-n e(v) − 1 wgxna `ede ,lelqna.ezeilnipin lr T ′-a xney,divwepi`d zgpd itl .T ′-a fkxn `ed m"n` T -a fkxn `ed znev :dpwqnzniiwzn dprhd okle ,(mipky md miipy yi m`e) miipy e` g` fkxn yi T ′-a

�
.T -a mb

3



aygnd irnl dwixehpianewmipeekn mivr zxitq
zxekfz 1zbx zvixhn mixibn .|V | = n ,zeinvr ze`lel `ll G(V,E) oeekn sxb oezp:`ad ote`a (!zeiepky zvixhn mr lalazdl `l) n × n leba D dqipk

Di,j =

{

din(i), i = j

−k, j l i n G a zezyw xtqn `ed k.r denre r dxey ly dwign i"r D dvixhnn zlawznd Dr dvixhn mixibnly aeyig i"r lawzn r yxey mr G ly miyxet mipeekn mivr xtqn :htyn.|Dr| epeniqy ,Dr dvixhn ly hppinxh`nbe 2sxb oezp
1 2

3 :`id oezp sxb xear D dvixhn
D =





2 −1 −1
−1 1 −2
−1 0 3



1



dvixhn lawp .dpey`x denre dpey`x dxey wgnp
D1 =

(

1 −2
0 3

):weap .3 `ed 1 zneva yxey mr mipeekn mivr xtqn okle |D|1 = 3 ik miiwzn
1 2

3

1 2

3

1 2

3

T1 T2 T3

.mivr dyely miniiw ok`?ren .0-l deey dqipk zbx zvixhn ly denr lka mixtqnd mekq :dpgad.oeekn `l sxb ly miyxet mivr xtqn aygl ozip dne ote`a :daeyg dxrd:dfd dxwna.zixhniq didz dqipk zbx zvixhn •.1 ≤ r ≤ n ,r lk xear |D|r i"r oezp miyxetd mivrd xtqn •libxz 3.(000) yxeyd mr G2,4 oiexa-d sxb ly miyxetd mivrd xtqn z` aygmeyxp .(000 yxeyd mr) sxbd ly miyxetd mivrd xtqn z` aygp :oexzt.D000 z` aygp .8 × 8 dvixhn idef .D dvixhn ly qt`n zepey zeqipk
2



-yxetd mivrd xtqn z` dpyi `l df ik 111-e 000 miznva zeinvr ze`lel ixep.mi
000 001 010 011 100 101 110 111

000 1 −1
001 2 −1 −1
010 2 −1 −1
011 2 −1 −1
100 −1 −1 2
101 −1 −1 2
110 −1 −1 2
111 −1 1ly dpey`x denre dpey`x dxey miwgen okl 000 znev `ed urd ly yxey:dvixhnd
D000 =





















2 −1 −1
2 −1 −1

2 −1 −1
−1 2

−1 −1 2
−1 −1 2

−1 1



















.l"pd dvixhnd ly dhppinxhd jxr weia `ed miyxetd mivrd xtqn:dhppinxhd z` aygl ,oaenk ,xzepminyexe i dxey jezn i + 4 dxey mixiqgn i = 1, 2, 3 xear :mi-1 milhan.i dxey mewna




















2 −2
2 −2

2 −2
−1 2

−1 −1 2
−1 −1 2

−1 1
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denr mr i denr mixagn i = 1, 2, 3 xear :`ad ote`a −2 mr 2 minvnvn.i + 4 denr mewna d`vezd z` minyexe i + 4





















2
2

2
−1 2 −1

−1 −1 2 −1 −1
−1 −1 2

−1 1



















:4-d dxeyd mewna minyexe 4-d dxeyl zepexg` zexey 3 mixagn




















2
2

2

−1 −1 −1 1

−1 −1 2 −1 −1
−1 −1 2

−1 1



















:l deey z`fd dvixhnd ly hppinxhd
23 · det





2 −1 −1
−1 2

−1 1



mipeekn mivr xtqnl dni`zny dvixhn weia idef o`k dneyxy dvixhndaygl ozip dly hppinxhd z`e 3 × 3 `id dvixhnd .G2,3 sxba 00 yxey mr:dxabl`a qxewa dnlpy dgqep it-lr yxetna
det





2 −1 −1
−1 2

−1 1



 = 2

[

2 0
−1 1

]

− (−1)

[

−1 0
0 1

]

+ (−1)

[

−1 2
0 −1

]

= 4 − 1 − 1 = 2.2 .ziteqd daeyzd idefe .23 · 2 = 16-l deey D000 ly hppinxhd okl
4



libxz 4dvixhnd ly dhppinxhd z` ayg












3 −1 0 −1 0
−1 1 0 −1 0
0 0 2 0 −1
−2 0 0 6 0
0 0 −1 0 1











-na denre dxey ly dwignn zlawzny Dr `id z`fd dvixhndy gipp :oeirxz` aygp f`e dqipk zbx zvixhn z` xfgyp .znieqn dqipk zbx dvixh.mi`znd sxba miyxetd mivrd xtqnmixtqnd mekq ik dpgada ynzyp .0-d denrd z`e 0-d dxeyd z` xfgypik epze` zpiiprn `l 0-d denrd .0-l deey dqipk zbx zvixhn ly denr lkaeplaiw .ura szzydl zeleki `l ode urd yxeyl zeqpkpy zezyw zpiivn `id:dvixhn
D =

















0 0 0 −1 −4 0

0 3 −1 0 −1 0
0 −1 1 0 −1 0
0 0 0 2 0 −1
0 −2 0 0 6 0
0 0 0 −1 0 1















:`ed mi`znd sxbd if`
0

3

51 2

4

:ala d`ad dxevdn md miigid miixyt`d mivrdy hehxydn ze`xl ozip
5



0

3

51 2

4

.4 `ed 4-l 0-n zyw xegal zeiexyt`d xtqn •.2 `ed 1-l 4-n zyw xegal zeiexyt`d xtqn •.igi ote`a zerawp ura zezywd x`y lk •`ed 0 yxey mr miyxetd mivrd xtqn k"dq okl
4 · 2 = 8

2 .dpezpd dvixhnd zhppinxh mb edfe
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 .1-2 שבהם לא משתתפת הקשת {n,…,1,2}מצא את מספר העצים הפורשים על הצמתים 
 
 
 : )קירכהוף (1תרון פ
 

 .(1,2)את מטריצת דרגת הכניסה של הגרף השלם ללא הקשת  נבנה
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||, פי משפט קירכהוףל
1
D  הוא מספר העצים הלא מכוונים הפורשיםn  צמתים ללא הקשת

 :נחשב את זה. (1,2)
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nn 

 
 
 
 : ) הכי אלגנטי–מטעמי סימטריה  (2תרון פ
 

מהתרגול אנחנו (צמתים  nמכוון פשוט עם -קבוצת כל הקשתות האפשריות בגרף לא Eתהי 

-יודעים ש
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n
E  .( לכלEe∈  נסמן ב

e
C שים עם הקשת ראת מספר העצים הפו e  . מטעמי

מתקיים  ∋Eeלכל , סימטריה
e
CC )2,1()2,1(ולכן , )2,1(=

2
C

n
CEC

Ee

e 







==∑

∈

.   

 .חשב בדרך נוספת את אגף שמאלנ



)1(: ענהט
2 −= −

∈
∑ nnC

n

Ee

e
 

),(יהא : וכחהה EVT Eeלכל קשת . צמתים nעץ שפורש  =′ ′∈ ,T  הוא עץ פורש עם הקשתe 

 ל 1ולכן תורם 
e
C . 1כיוון ש|| −=′ nE ,T  1תורם−n ם ולסכ∑

∈Ee
e
C ⇐  כל עץ פורש תורם

1−n  לסכום∑
∈Ee

e
C ⇐ )1(

2 −= −

∈
∑ nnC

n

Ee

e
. 

)1(יבלנו ש ק
2

2

)2,1( −=






 −
nnC

n
n , 3ומזה נובע ש

)2,1( 2 −= n
nC. 

 

n−2יש , פי משפט קייליל
n  עצים שפורשיםn לכן מספר העצים הפורשים שבהם הקשת , צמתים

332משתתפת הוא   (1,2) )2(2 −−− −=− nnn
nnnn. 


