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Young
f�tGJMNi~�|�JRdmc�_pj`JR|XJMd V[F ^]F V� FGFHFHFGFIFHFGFHFGFHFHFHFHFHFGFHFGFHFIFGFHFHFGFHFIFGFHFGFHFHFGFIFHFGFHF�L(vizIJRJM��NGd�j`Q� FGFHFHFGFIFHFGFHFGFHFHFHFHFHFGFHFGFHFIFGFHF�zGj`e%~�jpj`k2lPJRe}_pj`U	NiS;L#JMj`|XJMdPk�L:c�k�q�vojp~� FGFHFHFGFHFIFGFHFGFHFHFGFIFHFGFHFGFHFGtGJRaIdPjpj`Nik�zIU�j`z}L:c�JML(q�U�j`Q5e%L#y�j`|XJRd�j2U�v�dmJm~�U�c�zHj`e�jpjYcXq n� FHFHFGFHFIFGFHFGFHFHFGFIFHFGFHFGFHFIFGFHF�~�y�e�_pjpj`JRwD��S;dmc�NiJRNiL(y�U�j`�+S�k�e�jpjYcXq�k�zIU�~�v�k n�F VZ FHFHFGFHFIFGFHFGFHFHFGFIFHFGFHFGFHFIFGFHFHFGFHFGFIFHFGFHFHFGF]k�JRU�j`Q5tiU�j`Q�|XdPU�aHj2tGJML(vGzHU	j`�+y n�F nV�\ FGFHFHFGFIFHFGFHFGFHFHFHFHFHFGFHFGFHFIFGFHFHFGFHFIFGFHFGFHFHFGFIFHF�_`q�OP�uk�S�dHk�L(JM��yV�\ FGFHFHFGFIFHFGFHFGFHFHFHFHFHFGFHFGFHFIFGFHFHFGFHFIFGFHFGFHFHFGFIFHFGFHF�L(v�k�zIJRJM��NGd�j`QV<n FGFHFHFGFIFHFGFHFGFHFHFHFHFHFGFHFGFHFIFGFHFHFGFHFIFGFHFGFHFhzHj`Q	|�j`dHzHj`Jm~Dj`|XJIzHj`U�~�v�kV�E FHFGFIFHFGFHFHFGFHFIFGFHFGFHFHFHFHFHFGFHFGFHFIFGFHFHFGFHFGFIFHFGFHFHFGFHF;��j`L�JRy�|XyhJ n�F n�F VV s FHFHFGFHFIFGFHFGFHFHFGFIFHFGFHFGFHFIFGFHFHFGFHFGFIFHFGFHFHFGFHFIFGFHFGF�S�dmz�L:c�L(vizIJRJM��NGd�j`Q n�F EV�^ FGFHFHFGFIFHFGFHFGFHFHFHFHFHFGFHFGFHFIFGFHFHFGFHFIFGFHFGFHFHFGFIFHF 〈XP 〉 U�jYaIU	Q	j`e%kV�^ FHFHFGFHFIFGFHFGFHFHFGFIFHFGFHFGFHFIFGFHFHFGFHFGFIFHFGFHFHFGFHF ~�y�e�~Dq�q���zHj`JMS;�+L#zHj`d�j`U�zHQ n�F sV � FHFGFIFHFGFHFHFGFHFIFGFHFGFHFHFHFHFHFGFHFGFHFIFGFHFHFGFHFGFIFHFGF�k�v�U	~Dq�L(e%JR��dmaHj`Q n�F s F VV � FHFGFuW¡k�v�U�~�q��!f�L(e%JR��dmaHj`Q	k�q�k�dMaINrk�JMv�U	dPe!k�U	q2j`L(w
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F tiJRL(v�wutGJMv�k�dPzIq�tiJRNiJRNiL(y»F n

F k�dPJRU	Ngj�tiJRNiJRNiL(y�L:c�zHj`JRL(e�jp~�tik�j`L(L(k�zHj`S�Q�j`zIk
F tGJMJbaIU	Ni|XJM~�tiJbwDU	S���k�JRv�U	dPeKF tiJRL(NiJROPJMQTtGJML�~�viL:c�k�JR��OPJbaId�jpj`NF E

Å�Æ]Ç	ÈDÉ.Ê�Ë�Ë�Ì6Í�Î[ËoË�Ï�Ð�Ë�Ñ�ÌÃÒ�Ó�ÏgÔ�Ì6Ô[ÕHÖi×oÌÃÒ�Õ�Ï�Ö Æ<Ø�Æ
WYV �]� �;f�Ù;U	k�JMj`|XJRd

lPU�aINiL(e�tGJRaIL(Q	d!zHq�JMj`|Xq�z�wDzIq2�5S�v�j`Q (
λ = 103anstron

) L�j`v�|�lPk�U�aIL�j`e%��j`e�k�e%U	d%U	j`eÚF VtGJMdPj
tiJRd�j`U�aINGL(e�k�JML(S�q�NiU;c�£R��|ÛzHj`U	JM~�zG£6cXJ6z�wDzIq�L:wDL.k�dPJMU�N�zHj`U	JM~DzI�§k�JMj`L(zÜk�aIJRL(Q	kÝF nF tGJRaIL(Q	d

U	j`e%k�zIq2��S;LTzIJML(d�j`JR��U�j`Q�j`U	QxtiJRd�j`U�aINGL�e!k�tiU	Omk�zIq2��S�F E
zHj`U	JM~DzI��k�JMj`L�z}tGJMdPj`U�aINiL(e%k�L(c�k�JMv�U	dme%kÝF s

U�cXe2w
E = hυ

k�JRv�U�dPe�cXJGNiJRNiL(y�L:wDL�F tiJRNiJRNiL(y�L:cÞ��|�j`e«e%JRk�k�dPJMU�NikÜ_`JMJba�cXdPJRe�L:c0_pj`JRS�U~�q2q�k§�
h = 6.63× 10−34(joul × sec) k�q�v�jp~DL�F _`q�OiL�j`Q�w�k�JRv�U	dPe�e%j`k h L:c»~�q2q�kW

L = mvr
f�zIJMzIJMjpj`OGS;dPzrL:c�e%j`k

h
L(cJM~�w�_pj`U�aINiL(e%L k�cXj`U�~	c0k�JMv�U	dPe!k�zIe�zIU	e%zIq�c

w
k�~Dj`�+S5zIJMJR��Nid�j`QTcXJ�z�wDzIq�L:wDL

1
2mv

2 = hυ − w JROPeKF U	U	y�z�cXk�L
Å�Æ]Ç�ß	È2ÐXÊ�Ô�Ì�Õ%àGÔAÒ§ÌÃÒ�Õ�Ï Æ<Øbß

tiv�j
θ
zIJmj`OP�uzHU�OPQ	zIq�k�dPJMU�Nik�U�q!j`y���zIS;voj`Q

x
zIdPJRU	N}U�cXe!w�F

λ = 1
WYV � Z<^�_`v�aIdPU�f�q%£be§k�dPJRU	N�á

X
zIdPJRU	N

λ
′ − λ =

(

h

mec

)

(1− cos θ)

Wâ_pj`U�aINGL(e%k�zI|Xq
me
f�F _pj`U�aINiL(e%k�L(c�_pjYaIQ	q2j`N«L�vi¢;U�j`e§e%U	NGd ( h

mec

)

= 0.024A
U�cge!w

U�|XyxNGJMNGL�y�F ~DU�e%JML(JR�TU�jp~	w�j`q�wTU	OPQ	zIq2j�_pj`U�aINGL�e!�TS�v�j`Q k�|Xq�U	|Xy5NiJRNiL(y�k�Wâ_pjYaIQ	q2j`N�f�U	��|XkzHjYcXv�dPzIk�JMdmQ	L#k�|Xq
zHjYcXv�dPzIk�kKã¡V6U	j`JMe

E = hυ

P =
hυ

c

3



zHjYcXv�dPzIk�U	yhe%L
E

′

= hυ
′

P
′

=
hυ

′

c zGjYcgv�dmzHk�k�U	yhe%L�_pj`U�aINiL(e%k�L(cXj
Ee = mc2

P
k�JMv�U	dmeKU	j`q2Jbc�JROPe

hυ +mc2 = hv
′

+
√

m2c2 + P2c2

S;dPzrU�j`q�JRc
~P = ~P

′

+ ~P
_YwDL

~P2 =
(

~p− ~p′
)2

= ~p2 + ~p
′2 − 2~p~p

=

(

hv

c

)2

+

(

hv
′

c

)2

− 2

(

hv

c

)

(

hv
′

c

)

cos θ

~P2c2 =
(

hv − hv′
)2

+ 2 (hv)
(

hv
′
)

(1− cos θ) (1)

k�JRv�U	dPe�U�j`q�JRc
m2c4 + P2c2 =

(

hυ − hυ′
)2

+m2c4 + 2
(

hυ − hυ′
)

mc2 (2)

e%�Dj`J�zHj`e�jpjYcXk�JMdMcXq
(1) , (2)⇒ mc2

(

v − v′
)

= hvv
′

(1− cos θ)

1

v
′ −

1

v
=

h

mc2
(1− cos θ)

⇒ λ
′ − λ =

h

mc2
(1− cos θ)

ä Ë�Ó2å;æ ä Ë�Ò2Ë�Ò�Ó�ç Æ<ØRè
é�êRëDìhí+îxïhð+ñ�î�ï ò�ó¡ôAóRò

tiJRU�~Dj`|Xq�zGj`L�j`NGL;j`q%õ�tiJRq!jYaIeÞj`�DcÝcXJR�+v���zIS�v�j`Q
λ
L�v4¢�U�j`e�W¡q!£ReXf

X
zIdPJRU	NÞL:cÛU�j`OPJRQ0WYV�Z<V[E;f�v�U���U�j`OPJRQcXU	Q�köF zIU	��voj`q�e%JRk�c�zIq�Jmj`|Xq

θ
zHJMj`OP�Kk�U	OPy�k«cXJ�F

a
JRwDdPe�Niy�U	q�L(S��KtiJRL(JM��Niq«tiJRU�jYcXJRq��zGj`�Dw�cXk�U�OPy�k�_`JR�uk�OPQ	k

2a sin θ = nλ

j`e
sin θ = n

(

λ

2a

)
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v�U���U�j`OPJRQxã¤n�U�j`JMe

êR÷�ø�ù�ù�î�ú�ù�ðhêMú ò�ó¡ôAó¡û
JML�j`U	�hlPk2~xL�vg¢;U�j`e�cXJ

P
S�dPzrL(S;��NiJRNiL(y�L�WYV�Z:n�E;f�JML�j`U	�hlPk2~

λ =
h

p

_YwDL
E = hυ = pc, λ = c

υ

_pjYaHj`Q	LTk�q�v�jp~DL

p =
hυ

c
=
h

λ

a
S	jp~�J�tiJRU�jYcXJRq�_`JR��NGy�U	q ü ñDù�ë�ð.ú6êMýhþ[ð�ÿDêMø�ù ü ÷Iî�í	ì ü ù���ê������Mò	�{û�
� ü ð ü þ[ù��bù�ë�êMù�ñ

sin θ = n

(

λ

2a

)

NiJRQ	|Xq�_YaIN
λ
¢�JMU���j`k�cXq�zHj`e%U	LTL(JR��cX�

V (volt)
L(e%JM��dMaHj`Q	��Ù;e�j`q�_pj`U;aINiL(e í	êRþ ü é

E = eV = 1.6× 10−19 [coul] · V [Joul]

p =
√

2mE

λ =
h√
2me

=
6.6× 10−34

√
2 · 0.9× 10−30 · 1.6× 10−19

=
12.3√
V

A

⇒ V ' (12.3)
2
[Joule]

JROPe
m = 10−15 [kg] , v = 10−3

[

m
s

] Ni��e�U	JRv�U�v��	� é�êRë	í+î � ïhðhþ[ù�ñ

λ =
h

mv
=

6.6× 10−34

10−15 × 10−3
m

= 6.6× 10−6A

^



ä Ë�Ó�Ñ�ÌÃÒ2Õ�� ä ËoÔ�Ô:Ò��YÑ�ÖGÔ���Ó!Í ä Ô[ÌºÏ�Ö�Ó���Ô�à����IÑ2Ô[Õ%Ñ�����Ñ�Ê�Ô[Ë �%Ë�Î Æ<Ø"!
JR�hj`JRy�k5_`S;aIq�k�F _pj`|XQ	q2jYa�L:c§£btiJRNgj`q�JM��kTzIv�j`S�£+L�~Dj`quJRQ	Lº� tiJRd�j`U�aINGL(e�j`��cXJRc�JRL(U�aIJRd�áhtgjYaIeÝJR|XL(Nik�L�~Dj`q2kF tgjYaIe%k�L:wuL�S�tGJMS;�hj`NGq�tiJRd�j`U�aINGL�e!k�F tgjYaIe!k�yha�c�L:wuL�S�y�j`U�q
U�j`OPJRQÃtiJbcXQ	y�q2j�W

He
_`JRS�U	v]f

+2e
zIJR�hj`JRy5_pj`S;a

α
NiJRNiL(yTtie�tijYaIe%kuzIe.tiJROPJMv�Q	qÝV[ZAV]Vº_p~�|XU	q%¼hU�v�JRJRvGJMj`|XJMdmkF zHj`JRk�L#L�jYwDJHe!L#JM|XL(NGk�L�~Dj`q2k�Ome§k�U�j`y�e§U�j`OPJRQTcXJ�tieKF k�U�j`y�e

_`JRS�U	v�k�zHeKtiJRQ	JRNiq�tGJMdPj`U�aINiL(e%k�j�JM�+j`JMyhk�_`S;aIq�k�L:w�tHcgc�_`JMS;U	vGcXJ _pj`U	zIQ

zHj`JMS;�

k�JMv�U	dPeK~���e%q!j2_`U�j`N«Ù;e%j`q�_`S;aIqÛF V
tiJRL�U;aINiQ	|�tiJMjpj`N}Jmj`L(JRv�F n

1

λ
= R

(

1

n1
+

1

n2

)

v�U	�+~�JMUTS�j`�+N
R ' 10−3A−1 U�cge!wk�dmJMU	N}L:c�zHj`U�~�|�cXJ%U�cge!w

U	q2L(��zIU�~�|
n1 = 2

W¡eXf
_`q2JRL zIU�~�|

n1 = 1
W¡�!f

_YcgQ5zIU�~�|
n1 = 3

W¡v{f
ü ïhù�ý�í	ú»ÿDùP÷2ì�ï�í	ñDù�ð ò�ó$#:óRò

zHj`y�dPk
% F

~ = h
2π

L(c�k�q2L:c�k�L;j`Q;w�e�j`k�JRzHJMjpj`OPk�S;dPzIk�j`�Dc�JRL(v�S;q�L�j`L(|Xq2��S;di_pj`U�aINGL(e%kÝF V

(n = 1, 2, 3, ..) mvr = n

(

h

2π

)

W¡JRU	d�j`JR�	aI|�����qif�F j`zI��e%k�zHj`U	q�LTk�dPJMU�NraIL;j`Qxj`dPJReK_pj`U�aINiL(e
j`e«k�aIJML(Q	�.e!aI��zHq�k�JRv�U	dPe%k�JMj`dPJbc�jHU�y�e%L�~�y�e«JRU�cXQ	e}L�j`L(|Xq�q«Ù�j`Q	NGLxL�jYwDJX_pj`U�aINGL(e%kÝF nF k�dPJRU	N}L:c�k�S;JML(�

tiJRJRNiq�JROmwDU	q�y�jYw���JM��|«S�dmc��	j`v L�~Dj`q2k
e2

r2
=

mv2

r
(3)

E = −e
2

r
+

1

2
mv2 (4)

E2 −E1 = hν (5)

&$' (*),+.-0/1' 243�56'$'$78-95$)3:/<;
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JROPe

(3)→ e2

v
= mvr

e2

v
= n

(

h

2π

)

⇒ v =
2πe

h

(

1

n

)

r =
e2

mv2
=

h2

4π2me2
n2

⇒ E =
−4π2me4

h2

1

n2
+

2π2me4

h2

1

n2
= −2π2me4

h2

1

n2

R =
2π2me4

h3c
' 10−3A

2π2me4

h2 ' 13.2ev
U�cge!w

Ò�Ë�Ò�Ó�ç6Ö��XÔ[å�ÖGÎ=�6Ö�Ó!Í>��Ô[Ë�Ó�ÏgÔ?� Æ<ØbÉ
�
Young

��ÿ�ê�î;ñDëuêRø�ú@�bù�êRë�êMøò�ó$A:óRò
lPk��hj

I ∼ |E|2 k�q���S�k§S�JRv�q�c»k�~	c�L:wDLuOme«~Dyhe�Ù�JMU�y�tiJRq2|�j`y�U�cge!w«F tiJR��JRU	y�JMdMcÞ¢;U�~.U	�hj`S�cÞL�v6_pj`zIdB
I ∼ |E1 +E2|2 zHjYwD�+e%z_YwDL�jIW¡zGj`JRU	e%JRdPJRL#zHj`e�jpjYcXqKtik�tGJML(vHL:c�y�£R~DqGf

E = E1 +E2
L(��NidItiJRy�j`zIQxtGJMNi~�|�JRdmc�U�j`��S

I ∼ |E|2 = |E1 +E2|2 = |E1|2 + |E2|2 + 2< (E1E
∗
2 )

tiJRNg~�|Xk5~�y�e�¢;U	~ÃtGJM|XdMwDdmc�tiJRd�j`U�aINGL(e%k�zHe�tGJm~D~Dj`q�j`dmJMJRk5j`L�JRe�F tGJMNGJMNGL�yµtiv�j�tiJRd�jYaHj`Q�U�j`��Sºk�U�j`N�U	�h~�kF zIJMNGJMNGL(y�k�k�zIU�j`��LTzIU	O�j`y�k�e!�Dj`zHk�k�zIJRJMk
W¡zIJM|Xe!L�N�zIJRaIdPv�q!l�j`U�aINiL(euk�dPJRU	N�L:c�k�q2v�jp~��4JMv�j`L(dPe

E
U�cge!w�f+W¡L(v�zIJMJR��Nid�j`Q�f

ψ (x, t)
U�Jm~�v�d í	þIé�êMê�C�î;ø�ù��

W¡k�dPJRU	NG��k�q2�Dj`S;LTzHJRv�j`L(dPeXf�zHj`U	�+zI|Xk�k
P = |ψ|2 U	JM~�v�d
k�NiJbaIq2zIJRU	e

lP�+zI|XkHf�¢�|Xq2�4_pj`U�aINGL(e%k�tgj`NiJRq�LXzGj`U��+zI|Xk�k |ψ1|2 U�cXe!w ψ1 (x, t)
y�j`zIQÃ~�y�e�Ni~D|�U�j`�+S«F VW¡tgj`JR|�����q�L#zHj`U

zIe�e�j`��q�L�zHj`U	��zI|Xk�k2j
ψ = ψ1 + ψ2

OmeöF L(vÃzHJRJR��Nid�j`Q�k�OMcÛU	y�e%q�tiJRNg~�|�JRdmcÛU	j`�+S«F n
|ψ1 + ψ2|2 tGJMNGJMNGL�yhk

k�dPNi|Xq
F zGj`U��+zI|Xk�U	e%zIq�L(v�k�c�_`�+j`q2��F zIJRL(vik�d�jYwDzrcXJ%NGJMNGL(y�LrF V
F
P = |ψ|2 e%JRk�zHj`U	��zI|Xk�k ← ψ (x, t)

L(v�k�zIJMJR��NidPj`Q�F n
F zHj`JMe%~�j2e%L�j2zHj`JMzHj`U	��zI|Xk�NiU5_`k�NGJMNGL�yhL zHj`JRaIdPjpj`N�zHj`JRQ	��zF E

F k�q���Sxk�~�JM~Dq�k�q�zIS�Q�c�j`q�k�~�Jm~�q�k�L:c�k�e%�Dj`zIk�F s
F
ψ2
j`e
ψ1
tGJM����q�k�~�y�e§zHeKk�U	y���k�~�JM~Dq�kÛF ^

DFEHG IHJ�G D�J�J�KML -N),O�+.-QP
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F
∆x ·∆px > h

_pj`U	NiJRS�k�L;jp~�v�� é�ù�ì�ñ�ù�ù�ïM�MêmìR�bù ü îS�íxêRù�ë�êMø�ï�í�úÞïhðhþ[ù�ñ
n ∈ Z; sin θn = nλ

a

JMOPeKF zHjYwD��e%zIk���tij`q2JR|XNiq�_`zHj`dPk
a sin θ = nλ

k�OPe%Q	k�cgU	Q	k�L(S�L:wDzH|Xdtij`q2JR|XNiq�JMdmc�_`JR�xcXU	Q�k�k
∆xmax ≈ d sin θn − d sin θn−1

∆xmax ≈ d

(

λ

a

)

F zHj`e�~Djpj`k§JReK_pj`U	NiJRSTQD£bS	j a
2

k�JR�Dj`L�j`OPUx¢;JRU	�utGJMNi~D|Xk�~�y�e§zIe§~Djp~Dq�LTJM~�wxJROPe

∆px ≥ 2h

a

_YwDL
P = h

λ

U�cXe2w�zIJmjpj`OP��zHj`e�~DjpjblPJRer_`zHj`d ∆px

P
= ∆θ

tie�j

∆θ >
2h

a
· λ
h

=
2λ

a _YwDL
∆x > 2

λ

a
d > ∆xmax

748=T�9;B�B�¾9U C�Â6BDC¥½0V 8<½XW5Â6B;ÀZY#½\[�B,]�8:9;B}Â_^�9�8a`µÂbV CxB1YTB�BVcW d

�Iç�Ï»Ê�Ô�Ô[Ëoæ��feGÎ�Í Ò�Ë]Ò�Ó%çÝÑ2Ô��geÜÖiÏgÔ�Ô�Í�à�Öc��Ñh�%å�Ö ß�Ø�Æ
p2

2m

zIJbaIdPJMNGk�k�JRv�U	dPe%k
V (x)

zHJRL(e%JR��dmaHj`Qxk�JRv�U	dPe
E = P 2

2m + V (x)
zIL(L�jYwDk�k�JRv�U	dPe%k

k�e�jpjYcXq�k
i~
∂ψ

∂t
(x, t) = − ~2

2m

∂2ψ

∂x2
+ V (x)ψ

zHJM~�q2q�zIL(zIk�k�e�jpjYcXq�k
i~
∂ψ

∂t
(x, t) = − ~2

2m
∇2ψ + V (x)ψ

(

∆ = ∇2
)

⇒ = − ~2

2m
∆ψ + V (x)ψ

U�j`��S}U�jYwDOPL#k�aIJbc
E =

P 2

2m
+ V

ψ = ei(kx−wt)
y�NiJRd�j

p = ~k =
h

λ
E = ~ω = hν

8



y�zIQ	d
∂ψ

∂t
= − i

h
Eψ

i~
∂ψ

∂t
= Eψ

∂ψ

∂x
=

i

~
pψ

∂2ψ

∂x2
= −p

2

~2
ψ

− ~2

2m

∂2ψ

∂x2
=

p2

2m
ψ

j`dPL(�+JRNrw+£Rk�|

Eψ =

(

p2

2m
+ V

)

ψ

i k�U	S�k
L(vizIJRJM��NGd�j`Q�JP£bS5L:cXq�L#U	e%j`zHq�JbaId�jpj`N}����q�cXJIF �DaIJMk�U�~�voj`q�L�j`L(|Xq�_`JReKNGJMNGL(y�LrF V

ψ (x, t) =
∑

a caψa
ã JRL�U;aINiQ	|�Ngj`U	Q�F n

W¡tiJR�+��q�k�~�y�e!LTk�|XJRU	NrcXJ!OPe�tiJM~�~Dj`q�U�cge!w�f2k�|XJRU	Nik.aIQ�cXqÛF E
ÖHË�Ñ2Ô[Õ ä Ñ�Ô[Õ���Î]Ñ�Ì6Ô ä Ë�Ó!åj��Ñ2Ô��gç ß�Øbß

F ��y�U	q�k�L:wD��NiJRNiL(y�e�j`��q�LTJmjYwDJR|�j`zHj`eKcXJ%JbwuJRzIJMJRS���k�O |ψ|2 = 1
j`dPL(��JMN

ei(kx−wt)
U�j`��StiJRL(vizIL(JM��y�k�dP��dIL(JM��v�k�LµJm~	wuF �+yhU	q2k�L(w�j2tiJRdPq2Omk�L:wuJRdPQ�L(STc�j`U	Q
ψ

f (x) =

∫ ∞

−∞
g (k) eikxdk

g (k) =
U�j`�+S5k�q2v�jp~�LxF tiJRd�jYc

k
lPLTzHj`L�j`NGcXq§_`zHj`d

f (x)
L(c�k�JMU�j`QxtiU�j`Q�|XdPU�a F [f (x)] (k) = g (k)

U�cXe2w
f (x) = eik0x

Ome
δ (x− x0)

zIJMU�j`NGq2k�k�JR��NidPj`Q	L U�j`��S�dGF
∆k = 2√

α

�+y�j`U	k�zIe§U�Jm~�v�dIJMOPe
g (k) = e−α(k−k0)2 |�j`e%vX_pj`q�S�Q k�q�vojp~

f (x) =

∫ ∞

−∞
e−α(k−k0)2eikxdk

=

∫ ∞

−∞
e−α(k−k0)2+ikxdk

(

k = k0 + k
′
)

⇒ = eik0x
∫ ∞

−∞
e−αk

′2

eik
′
xdk

′

= eik0x
∫ ∞

−∞
dk

′

e
−α

“

k
′− ix

2α

”2

e−
x2

4α

= e−
x2

2α
+ik0x

(
√

π

α

)

k�JRU�j`Q5tiU�j`Q	|XdmU�a�L:c�k�OmOPk�k�zIy�|�j`dP��cXq�z�cXk�L5_`zHJRd�k�JMk�_`JMQ�j`L(y�L

F [f (ax+ b)] (ω) =
1

|a|e
ibωF (x)

(ω

a

)

9



OPe
(g (k))

2 → ∆k = 2√
2α

L:c���y�j`U

|f (x)| = |ψ|2 = |E|2 =
π

α
e−

x2

2α → ∆x = 2
√

2α

j`dmL���JRN
∆k∆x = 4

U�cXe!w
p = ~k

⇒ ∆p = ~∆k

∆p∆x ∼ ~

k�OPe%Q�k�zHj`U	JMk�q2j
ei(kω−ωt)

tiJMj`|Xq�L�v �Rðk��ý�ï*S�øXï+í	êMýMl

vp =
ω

k

_`q2Om�uk�S�dHe%JRk�¢;JReKk�e!U	d�j2k�L(JR�+y�U�j`��JRd

f (x, t) =

∫ ∞

−∞
dkg (k) ei(kx−ω(k)t)

~ω = ~
2k2

2m

JRcXQ	j`y�NGJMNGL�y�U�j`��S�k�q2v�jp~�L
w (k)

L

w (k) = w (k0) + (k − k0)

(

dω

dk

)

k0

+
1

2
(k − k0)

2

(

d2ω

dk2

)

k0

f (x, t) =

∫ ∞

−∞
dk

′

e−αk
′2

e
i

»

(k−k0)x−
„

w(k0)+(k−k0)( dω
dk )

k0
+ 1

2 (k−k0)2
“

d2ω

dk2

”

k0

«

t

–

Ome
2β =

(

d2w
dk2

)

k0

tiv�j (dw
dk

)

k0
= vg

U�cXe!w

|f (x, t)|2 =

√

π2

α2 + β2t2
e
−α(x−vgt)2

2(α2+βt2)

í�þ]ï�é�êMê�C�î;ø�ù��
P = |ψ|2 á t _`q2Om�hj x tgj`NGq2�xNiJRNiL(y�e�j`��q2Lnm�zHj`U	��zI|Xk�k zHj`Q	JRQ	�

P
q�zHj`JMU;aIdPq2L(e§zGjYcgJMU�~

S�j`�+JRU	��zHj`JRL�JR��U	v�aIdPJMe�_`k
ψ (x, t)

k�JR��Nid�j`Q�k�aIU	Q	��_YwDL ∫∞
−∞ Pdx = 1

k�JM��OmJML(q�U�j`d5F V
∫

|ψ|2 dx < ∞

W
ψ ∈ `2 ��U	�+jp~�q�c�JMLµk�q!~�d[f ψ ∈ L2 zHj`e%U	NGdij`L(e!w�zHj`JR��Nid�j`Q

F _`q�OP��k�dPz�cXq�k�dPJRe}W¡�+yhU	q2k�L(wD�2f�zIJML(L:wDk�zHj`U	�+zI|Xk�k�c�k�y�JbaI�+q�U	v�dPJm~�U�c�zIe�jYcXq�F n
K�G I�IHG D�J�J�KoL -N),O�+.-Qp
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tiJRJbcXq2q
V
y�JRdPd�W¡eXf

i~
∂ψ

∂t
= − ~2

2m

d2ψ

dx2
+ V ψ

−i~∂ψ
∗

∂t
= − ~2

2m

d2ψ∗

dx2
+ V ψ∗

⇒ i~ψ∗∂ψ

∂t
= − ~2

2m
ψ∗ d

2ψ

dx2
+ V ψψ∗

−i~ψ∂ψ
∗

∂t
= − ~2

2m

d2ψ∗

dx2
ψ + V ψ∗ψ

i~

(

ψ∗ ∂ψ

∂t
+ ψ

∂ψ∗

∂t

)

= − ~2

2m

(

d2ψ∗

dx2
ψ − ψ∗ d

2ψ

dx2

)

+ V ψ∗ψ − V ψ∗ψ

i~
∂ |ψ|2
∂t

= − ~2

2m

∂

∂x

(

dψ∗

dx
ψ − ψ∗ dψ

dx

)

zHj`U	��zI|Xk�tiU	OIk�U�~�v�k
J =

~

2im

(

dψ∗

dx
ψ − ψ∗ dψ

dx

)

JROPe
∂

∂t
P +

∂

∂x
J = 0

tGJMJMjYwDJM|Xk�zHj`Q	JM��UxzIe�jpjYcXqKj`dPL(�+JRNGc�k�e�jpjYcXq�L�e%U	NGJMdWpnAf�k�y�dPk�k�zIe�Nijp~��+d

0 =

∫ ∞

−∞

(

∂

∂t
P +

∂

∂x
J

)

dx =
d

dt

∫ ∞

−∞
P (x, t) dx+ (J) |∞−∞

(

J |∞−∞ = 0
)

⇒ d

dt
P (x, t) = 0

P (x, t) = const

[−a, a] S�aIN«Ngjp~���d k�q2v�jp~
d

dt

∫ a

−a
P (x, t) dx = J (−a, t)− J (a, t) 6= 0

OPe�zHJM~�q2q�E�k�JRS���� k�U	S;k
∂P

∂t
(~r, t) + ~∇ · ~J = 0

~J =
~

2im

(

ψ∗~∇ψ − ψ~∇ψ∗ (~r, t)
)

V
yhQ	dGU	j`�+S k�U	S;k

d

dt

∫

V

P (~r, t) d3V = −
∫

V

~∇ · ~Jd3V = −
∫

σ

Jndσn

11



W
P
L:c�zHj`Q	JR��U�_`JRe�zIU	y�eXf�k�Q�JM��U

ψ
F E

F ∂
∂t
ψ
zIy�e�tGS�Q

t
�+j ∂

∂x2ψ
tiJRJMq�S�Q

x
lP��k�U	JMOmvuF s

Ome«W ∫∞
−∞ |ψ|

2
=∞ j`OHk�q2v�jp~���tidmq!j`eXf

ψ = ei(kx−ωt)
k�q�v�jp~

∂ψ

∂x
= ikψ

∂ψ∗

∂x
= −ikψ∗

J =
~

2im

(

ik |ψ|2 + ik |ψ|2
)

=
~k

m
|ψ|2

(

|ψ|2 = 1
)

⇒ =
p

m
= v

F tiU�OGk�JRk�Jbc�Jm~	wxzI��wDU�j`q�zHj`JRk�L zH��JRJMy
ψ

k�U	S;k
é�ù���ë�ù�øgé�ù�êMñDù�ë�êIé�ù ü ñDþ]ï

£bS��Dj`q�q%£Gá�zIJRQ	��z}¢�U	S k�U�~�v�kW
x
j`eXf 〈x〉 Jm£RS�_`q2j`|XJ x L:c�S;�Dj`q2q ψ (x, t)

〈x〉 =

∫ ∞

−∞
x |ψ (x, t)|2 dx

f (x)
e�j`k�c�NGJMNGL�y�L:c�k�dPjYwDz

〈f (x)〉 =

∫ ∞

−∞
f (x)P (x, t) dt

〈p〉 L:c�S��Dj`q�q p S�dPz§cXJ%NiJRNiL(y�L k�U�~�v�k

P = |ψ|2 ; 〈p〉 =

∫

pP (x, t) dx

F
p = ~

i
∂
∂x

U�cXe!wã tGJMU��+|Xk
U	v�dPJM~�U�c�zHe%jYcXq2q�F V

i~
∂ψ

∂t
= − ~

2m

∂2 (ψ)

∂x2
+ V ψ

E =
p2

2m
+ V

⇒ p2 = −~
∂2

∂x2

= = i~
∂

∂x

12



JR|Xe%L(Nik�k�S	j`dPzIk�Ngj`yÞF n

m
dx

dt
= p

〈p〉 = m
d 〈x〉
dt U	v�dPJM~DU;c�zIe�jpjYcXq�L�U�j`��S�q

i~
∂ψ

∂t
= − ~

2

2m

∂2ψ

∂x2
+ V ψ

m
∂ψ

∂t
= − ~

2i

∂2ψ

∂x2
+
m

i~
V ψ (6)

m
d 〈x〉
dt

= m
d

dt

∫ ∞

−∞
ψ∗xψdx

= m

∫ ∞

−∞
ψ∗xψdx

= m

∫ ∞

−∞

(

∂ψ∗

∂t
xψ + ψ∗x

∂ψ

∂t

)

dx (7)

L(�+NGd�j�W¡��fplP��W � f�zHeK��JM��d

=
~

2i

∫ ∞

−∞

[(

∂2ψ∗

∂x2
− m

i~
V ψ∗

)

xψ + ψ∗x

(

−∂
2ψ

∂x2
+
m

i~
V ψ

)]

dx

=
~

2i

∫ ∞

−∞

[

∂2ψ∗

∂x2
xψ − ψ∗x

∂2ψ

∂x2

]

dx

=
~

2i

∫ ∞

−∞

[

∂

∂x

(

∂ψ∗

∂x
xψ − ψ∗x

∂ψ

∂x

)

− ∂ψ∗

∂x
ψ + ψ∗ ∂ψ

∂x

]

dx

∫ ∞

−∞

∂

∂x

(

∂ψ∗

∂x
xψ − ψ∗x

∂ψ

∂x

)

= 0⇒ =
~

2i

∫ ∞

−∞

[

−∂ψ
∗

∂x
ψ + ψ∗ ∂ψ

∂x

]

dx

= − ~

2i

∫ ∞

−∞

∂

∂x
(ψ∗ψ) dx+

~

2i

∫ ∞

−∞
2ψ∗ ∂ψ

∂x
dx

〈p〉 =

∫ ∞

−∞
ψ∗
(

~

i

∂

∂x

)

ψdx

zHj`U	S;k
F k�d�jYc�k�e%�Dj`z}L(��Nid�S���q�e%��j`zHj`e�tGJRcgdHe!L#tie§_YwDL U�jYaIU�Q�j`e�e�j`k

p
F V

ψ (x, t)
zHj`JM��NGd�j`Q	k���y�U	qrq�U�jYaIU�Q�j`e

p = ~

i
∂
∂x

F n
JRU	e%JRdPJRL U�jYaIU�Q�j`e

p = ~

i
∂
∂x

F E
〈p〉 ∈ R

tiJRJbcXq2q�j`L(c�zIJMQ���zHk�JbwDU	S�j2JbaIJMq�U	k�U	jYaIU	Q�j`e
p = ~

i
∂
∂x

F s
s;ùPí�êHl.ë8l�ê ûAó¡ûAóRò

zHj`JMk�LTU�~�v�j`q��	j`L(JRy�|Xy�J k�U�~�v�k
[A,B] = AB −BA

[A,B] = − [B,A]
tiJRJMNGzHq��	j`L(JRy�|Xy�JRL k�U�S�k

EHG I�IHG D�J�J�KoL -N),O�+.-Qt

V�E



�	j`L(JMy.|Xy�J%tGJMq�JRJMNGq�tgj`NGJMq�k�j�S;dPzIkÝ�	j`L(JRy�k�|Xy�J
[p, x] =

~

i

zGj`y+w�j`k
|Xy�JRk�zIeKNgjp~��+d5F V

[p, x]ψ (x, t) =

[

~

i

∂

∂x
, x

]

ψ (x, t)

=
~

i

∂

∂x
(xψ (x, t))− x~

i

∂

∂x
ψ (x, t)

=
~

i

∂x

∂x
ψ (x, t) =

~

i
ψ (x, t)

zHj`JbaIJMq�U	k�Ngjp~��+d5F n
〈p〉 − 〈p〉∗ =

∫ ∞

−∞
ψ∗ ~

i

∂ψ

∂x
dx+

∫ ∞

−∞
ψ

~

i

∂ψ∗

∂x
dx

=

∫ ∞

−∞

~

i

∂ |ψ|2
∂x

dx

=
h

i

[

|ψ (x)|2
]∞

−∞

=
(

|ψ (∞)|2 − |ψ (−∞)|2
)

= 0

eiÎ=�ÞÓ!Í Ó!åj�XË�Ë.u�Ò2Î�Ô[Õ ß�ØRè
zHj`U�~�v�k

F S;dPzIk�L(c�L(vizIJRJM��NGd�j`Q�w
φ (p, t)

_`q2|Xd�F V
p
~Djp~�q2LTzHj`U	��zI|Xk�k |φ (p, t)|2 F n

ψ (x)
L:c�k�JRJMU�j`Q�tGU�j`Q	|XdPU�a�e�j`k

φ (p)
k�U�~�v�k

ψ (x) =
1√
2π

∫ ∞

−∞
g (k) eikxdk

(

k =
p

~

)

⇒ =
1√
2π~

∫ ∞

−∞
φ (p) e

i
~
pxdp

φ (p) =
1√
2π

∫ ∞

−∞
f (k) e−ipkdk

=
1√
2π~

∫ ∞

−∞
ψ (x) e−

i
~
pxdx

L(JMv�U	z
φ (p) =

1√
2π~

∫ ∞

−∞

1√
2π~

∫ ∞

−∞
φ (p) e

i
~
p
′
xdpe−

i
~
pxdx

=
1

2π~

∫ ∞

−∞
φ (p)

∫ ∞

−∞
e

i
~

“

p−p′
”

x
dxdp

=
1

2π~

∫ ∞

−∞
φ (p) 2π~δ

(

p
′ − p

)

dp = φ (p)

V s



p
~Djp~�q2LTzHj`U	��zI|Xk�k |φ (p)|2 c�y�Jbw�j`d k�yhw�j`k

∫∞
−∞ |φ (p)|2 = 1

c�k�e%U�dxF V
∫

φ∗ (p)φ (p) dp =

∫ ∞

−∞
φ∗

dp√
2π~

∫ ∞

−∞
dxψ (x) e−

i
~
px

=

∫ ∞

−∞
dxψ (x)

1√
2π~

∫ ∞

−∞
φ∗e−

i
~
pxdp

=

∫ ∞

−∞
ψ (x)ψ∗ (x) dx = 1

〈p〉 =
∫∞
−∞ dpφ∗ (p) pφ (p)

k�e%U	dHU	q2j`L(w 〈p〉 S;�Dj`q2q�Nijp~D��d5F n

〈p〉 =

∫ ∞

−∞
dxψ∗ ~

i

∂ψ

∂x

=

∫ ∞

−∞
dxψ∗ ~

i

∂

∂x

(

1√
2π~

∫ ∞

−∞
φe

i
~
pxdp

)

=

∫ ∞

−∞
dpφ (p) p

(

1√
2π~

∫ ∞

−∞
dxψ∗e

i
~
px

)

=

∫ ∞

−∞
dpφ (p) pφ∗ (p)

_`q2JR|�JM~	w�~�S
ψ (x)

��y�U	q����
p
L#k�k�OIU�jYaIU	Q�j`e§e�j`k

x
�
φ (p)

��y�U	q�� k�U	S;k

x = i~
∂

∂p
= −~

i

∂

∂p

〈XP 〉 ü ùP÷ ü �	ù�ì�ï
k�U	S�k

F zHj`JbaIJMq�U	k
X,P

JbwxJRaIJRq2U�k�e%L 〈XP 〉 U�jYaIU�Q�j`eÚF V
〈XP + PX〉 k�JR��OPJRU�aIq�JM|«Jm£RS�zHj`JRaIJRq2U�k�L(�+NGLT_`zIJMd�F n

�Iç�Ïc��àiàv�w�XÔ�Ëxev�HÓf�XÔ]Î�Ô]Ñ��gÕ ß�Ø"!
U	v�dPJM~�U�c�zHe%jpjYcXq

i~
∂ψ (x, t)

∂t
= − ~2

2m

∂2ψ

∂x2
+ V ψ

=
p2

2m
ψ + vψ

=

(

p2

2m
+ v

)

ψ

_`JRJML�jYaIL(JMq�k�e%j`k
H = p2

2m + v
U�cXe!w

V (x)
_`q�OP�utGJMJMj`L(zrtidPJRe!c�y�JRdPd ¢�JML(k�zIk

i~
∂ψ (x, t)

∂t
= − ~2

2m

∂2ψ (x, t)

∂x2
+ V (x)ψ (x, t)

15



ψ (x, t) = T (t) u (x)
k�U�j`��k�qK_pj`U	zIQ5e�j`��q2LTk�|XdPd

i~
∂T (t)

∂t
u (x) = − ~2

2m

∂2u (x)

∂x2
T (t) + V (x)T (t)u (x)

i~
∂T (t)
∂t

T (t)
= − ~2

2m

∂2u(x)
∂x2

u (x)
+ V (x)

zHj`e�jpjYcXqKJRdmc�j`dmL���JRNrJMOme«W¡k�JRv�U	dPe%kHf
E
e%L#e!U	Nidmc�S	j`��NiLµtiJMjpjYc�k�e�jpjYcgq2k�U	JR�+STJRdmc�k�dPNi|Xq

dT

dy
= − iE

~
T

T = e−
i
h
Et

U�cXe!w�F _`q2Om��k�Jmj`L(z}e%L#zHj`U	��zI|Xk�k�JMU	dPj`JM�	aI|«����q2��F zIJRU	d�j`JR�	aI|�k�JR��Nid�j`Q�zIe%O

− ~2

2m

∂2u

∂x2
+ V (x) u (x) = Eu (x)

(

p2

2m
+ v

)

u (x) = Eu (x)

F _`q�OP��k�JMj`L�z�JMzIL(��U	v�dPJM~�U�c�zIe�jpjYcgq§j`dmL���JRN
W¡tGJRaIU�Ni|XJM~xtik�k�JMv�U	dPe!k�JbwDU	S�U	q!j`L:w�f�z�a�aId�jpjpj`Niq�e%JRk�k�JRv�U�dPe%k�_`e2w�c�zHj`e%U	L�_`zIJRd k�U	S�k

zHj`e%q�v�jp~
k�v�U�~�q�L�e!JM��dmaHj`Q�F V

JMQ�j`|�U�j`�0F n
JRQ�j`|�tgj`|Xy�q�F E

δ
zIJMJR��Nid�j`Q�L:c�tiJRL�e!JM��dmaHj`Q�F s
tGJMJRU�j`OPy�q�tiJRL�e!JM��dmaHj`Q�F ^

F k���JRQ	NGk�q�NGJMQ�|Xq�¢�j`U�e�L(v�k�¢;U�j`e§j`�Dc�����q2L tiJR�+U�j`NGq�tGk�j`L(L�k�tGJMU��h~�L zHj`d�j`U�zHQ�k
ïhþ ü ñDð�í�ì�ê�ChøP÷�ù�� ûAó$#:óRò

L(L(v���JRQ�j`|0L(e%JR��dmaHj`Q�U�j`��S.F
x = 0

��W¡�;JM��U�Lx¢;j`Q	k�d[f!NGJML(y�d�jHWYV�U�j`JReXf!tGJMdPjYcXk�tiJRU�j`OPe%��tGJMU	zHj`Q k�aIJbc

k�v�U�~�q�L(e%JR��dmaHj`Q�ã¡V6k�L(�Da

U	v�dPJM~�U�c�zHe%jpjYcXq
du

dx
= u

′

16



U�j`zIQ	d
u

′′

+
2m

~2
(E − V (x))u = 0 (8)

2mE

~2
= k2 > 0

2m (E − V0)

~2
= q2 > 0

j`dPL:c�k�e�jpjYcXq�kKJM~�JM�5JRdmc
u

′′

1 + k2u1 = 0

u
′′

1 + q2u1 = 0

JROPe
u1 (x) = eikx +Re−ikx

u2 (x) = Teiqx

tiJRS	j`��N
T − Transmition,R−Reflection U�cXe2w

F U�j`OPy�JIj`k�cXq�c0_YwDzIJ%e!L#JRw
e−iqk

��JMj`L(z}e%L
u2

k�U	S�k
_Yw�j`q�w

ψ = T (t)u (x) = e−
i
~
Eteiqx

L(L(v���zIe%O
x
_pjpj`JRwD��L(vgj`dmL���JRN zIU�jYwDOmz

u1 (x = 0) = u2 (x = 0)

u
′

1 (x = 0) = u
′

2 (x = 0)

k − kR = qT

K (1−R) = qT

1 +R = T

⇒ R =
k − q
k + q

T =
2k

k + q

zHj`U	��zH|Xk�tiU	OI�DcXy�d
~J =

~

2im

(

u∗
∂u

∂x
− u∂u

∗

∂x

)

J1 =
~k

m

[(

12
)

−R2
]

J2 =
~k

m
T 2

JR
� |XdmwDdPk�zHj`U	��zI|Xk�k§tGU	O

JI
� U	�+S;q§zHj`U	��zI|Xk

PT
� k�U�OPy�k�zHj`U	�+zI|Xk

PR
U�Jm~�v�dF U	�+j`S�k�zHj`U	��zH|Xk�tiU	O

JT
F U	OPy�j`q�k�zHj`U	��zH|Xk�k�tGU	O

JI =
~k

m

JR =
~k

m
R2

JT =
~q

m
T 2

17



PR =
JR

JI
= R2

(

k − q
k + q

)2

PT =
JT

JI
=
q

k
T 2 =

4kq

(k + q)
2

PR + PT = 1

zHj`U	S;k
T (t) =

U	v�dPJM~DU;cÜzIe�jpjYcgk}L(c�_pj`U	zIQ	L�Ome
ψ (x, t) = T (t) u (x)

tiJRdPz�cXqrzH~�U	Q	kzy�U	j`�+S«F V
k�JRv�U�dPe%�uk�JMj`L(z«_`q2OP�xk�Jmj`L(z}JRzHL(�uc�£Rq�F £RJRU	d�j`JR�	aI|�£Há�tGJmj`|Xq

E
L�S;��_pj`U	zIQ

e−
i
~
Et

U	v�d�~�JMU�c�zHj`e�jpjYcXq�c»¢(w�W¤£Rk�JRv�U	dPeI£%U�jYaIU	Q	j`eXf
H = − ~

2

2m
d2

dx2 + V (x) = p2

2m + V (x)
F n

H (uE (x)) = EuE (x)

�Yïhþ ü ñDðhý���í�ì�ê�ChøP÷�ù��Dïhð�ïhøP÷Iî5ïhêMþ ü ø�ì�ï ü ð+ùPí4{
E < V

ü ù�ý*S.ïhþ ü ñDð ûAó$#:ó¡û
k�v�U�~�k�JMU�y�e�j2U�q�cXdHL:wDk�k�v�U�~�q2k�JRdPQ	L:c�NiL(y�k

u
′′

+ q2u = 0

q2 =
2m (E − V0)

~2
< 0

u = e|q|x + e−|q|x

W¡zHj`U	��zI|Xk�L�f2_pj`U	zIQxe%L#_YwDL;j�S	j`��JMU���JML(JR�+U�v�aIdmJMe�e%L
e|q|x

U�cXe!w
u = e−|q|x

F |XQ	e!zHq�tGU	OPk�zIJbcXq�q�k�JM��NGd�j`Q	L#Jbw
JT = 0

zHj`U	��zI|Xk�k�tGU	O

pR =

∣

∣

∣

∣

k − i |q|
k + i |q|

∣

∣

∣

∣

2

= 1

S�ù�ý�îxï ü êMý�ú�í4S+ý}|�ù�ù�é�ý�í	ù�ù�ëhî;ð�é�ù�ì�ù�ù�ú�ð�í	ù�ð~S�ù�ý�îTí�ì�ê�ChøP÷�ù���ý ü þ[ø�êRñ�ú»é�ì�ù�ù�ú�ð
U	v�dPJM~�U�c�zHe%jpjYcXq

[

d2

dx2
+

2m

~2
(E − V )

]

u (x) = 0

L�jpj`|XNGq�zHe%jpjYcXq
(

d2

dx2
− ~2

c2
∂2

∂t2

)

ε (x, t) = 0

ε (x, t) = E (x) e−iωt
(

d2

dx2
− ~2

c2
ω2

)

E (x) = 0

18



L(e%JR��dmaHj`Q5U�j`�.ã E�U�j`JRe

� �Rü ù�ïhø�ð � �2ê��	ù�ë5ÿ�ù�ë8l�ð+ùGí�ì�ê�ChøP÷�ù�� ü ù�ý ûAó$#:ó¡ô
W¡E�U�j`JReXf�WhL�j`v�U	zI��U	zIQ	JRJ�f�L(e%JR��dmaHj`Q5U�j`�+�

T = e−2ika 2kq

2kq cos 2qa− i (q2 + k2) sin 2qa L(�+k�S�j`�+N
2ka

U�cXe!w
q =

√

2m (E + V0)

~

k =

√
2mE

~

JMQ�j`|�tgj`|Xyhq
K =

√
2mE

~

(q = ik)⇒ k =

√

2m (V0 −E)

~

|T |2 =
(2Kk)

2

2K2 cosh2 (2ka) + (K2 − k2) sinh2 (2ka)

�
Wentzed-Kramers-Brillin

�
WKB

ý+ù ü ê�î
OPe

ka� 1
U	j`�+S}tij`|Xy�q2k��+j`U	JRN

|T |2 ≈
(

4kK

K2 + k2

)2

e−4ka � 1

JMOPe}W¡L(U	v�aIdPJRe%L#_`q�JRU5tijYwD|gw�f�zIJRL(q2JR|XJMQ�dPJMeKj`zHj`e�v�U�~�d�j�j`k�cXL:w�tgj`|XyhqKyhNiJRd
|T |2 = |T1|2 |T2|2 |T3|2

ln |T |2 =
∑

i

ln |Ti|2 = −2k (xi) ∆xi

k (xi) =

√

2m (V (x)−E)

~

ln |T |2 = −2

~

∫

V (x)>E

dx
√

2m (V (x)−E)

|T |2 = e
− 2

~

R

V (x)>E
dx
√

2m(V (x)−E)

IF�FG I�IHG D�J�J�K���L -N),O�+.-N�

V[Z



WKB
ýhù ü ê�î;íué�ù�ì�ðhþ[ù�ñ

Fowlen−Nordheim JRL�q�cXy.k�~�c�zIL(S�Q	k�Jm£RSTz�wDzIq2q�tGJMd�j`U;aINiL(e�L(c�k�aIJML(Q�F V
|T |2 = e

2
~

R

a

0

√
2m(w−eεx)dx

= e
−4

√
2m

3~eε
w

3
2

cXJi_`JMS;U	v�k�q§e%�Dj`J
α
NGJMNGL(y�U�cXe!w�F L(e%JR��dmaHj`Q�U�j`����tGJM�Dc�j`JGtiJRd�j`U�aHj`JRdgJMdMc�j�tiJRd�jYaHj`U	Q�JMdMc

α � Ngj`U	Q�F nL(e%JR��dmaHj`Q	��k�~DJRU	J%cXJIL(e%JR��dmaHj`QuU	j`�+L�Ù;j`y�q�U	q!j`L:w�F NiJRNiL(y�LT_`JRS�U	v�k�_`JR��tiJM~�v�j`dPq�tiJRdPS;aIq�L:c�k�JRJRy�~e%JRk
WKB

JRQ	L#k�e%�Dj`zIk�F Ù�j`y�k�_`JM��L U�j`��k�_`JR�
tunneling

cXJ!U	q!j`L:w�F 1
r

JRQ	L

|T |2 = e−
2
~

R

b

R
dx
√

(V (x)−E)2m

= e−
2πz1z2e2

~v

1
2mv

2 = E � z1z2e
2

R

U�q!j`L:w
b� R

U;cXe!w
ÊoÔ]Ñ��XÕIÖ�Ó!Í��XÔ[Ë�Ó�Ó%æf�XÔ�Î]Ô�æ���ÔÃËoÕ!Ô���Î[Ë�Ï»Ë ��àiài×.�IçÛÑ2Ô�� ß�ØbÉ

V (x) =

{

0 −a < x < a

∞ |x| ≥ a
L(e%JR��dmaHj`Q5U�j`��_pj`zId
U	v�dPJM~�U�c�zHe%jpjYcXq

H =
P 2

2m
+ V = − ~2

2m

d2

dx2
+ V (x)

i~
∂ψ (x, t)

∂t
= Hψ (x, t)

tGJMdPz�cXq�zH~�U	Q	k
ψ (x, t) = T (t)u (x)

JROPe
HuE (x) = EuE (x)

T (t) = e−
i
~
Et

JRL(L:w�_pj`U	zIQ5OPe
ψ (x, t) =

∑

E

cEe
− i

~
EtuE (x)

F
E
U�j`��S�JMU	dPj`JM�	aI|Xk�tg~�Niq�k

e−
i
~
Et L#e%U	NGd�j

|x| ≥ a U�j`��LTÙ�j`y�q �Rù ü é��

− ~2

2m
u

′′

+ V (x) u = Eu

⇐⇒ u = 0

I�EHG I�IHG D�J�J�KML -N),O�+.-�
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E = V + T > 0
k�U�~�v�k�k�QD£bS5Ome

V = 0 −a < x < a
U�j`��k�¢�j`zI�

− ~

2m
u

′′

= Eu

u
′′

+
2mE

~2
u = 0

_pj`U	zIQ e!L
u = Aeqx+Be−qx

OPe
E > 0

L�L(v���_Yw�j`q�w�W¡zHj`Q	JM��UµL(�+NGL�Jm~	w�f
u (±a) = 0

k�Q�c�JMe%dmz�tieS�£bSTNiU cgJ!zIJMU�L;j`v�U�L(JM�+j`JRLµtGU�jYa�c«zIJMJRS���L:c«e%JMk�� e�U�£M~�q�j`e�y�£R~Dq�~Dq�L:c�JMq�Lµ�;|�j`d�U	��|XkGf�F JRU�cXQ	eW¡tiJRJRL�JRL:c�lPJMeW¡\�S�£bS5U	j`�+Shf
u = 0

JRL�e!Jmjpj`U�aIk�_pj`U	zIQ	k�e�j`k�_pjYcXe!U	k�_pj`U	zIQ	kzHj`d�j`U	zIQ	k�U	e!c

u = A sin

(√
2mE

~
x

)

+B cos

(√
2mE

~
x

)

WâF tik�JRdmc�zIe�Ngjp~���dH_YwDLT� tGJML(��NizIq�zHj`d�j`U	zIQ	k�JRdmc ±a �+JR��|�k�L:wDJRU�~�JMe!dPzI��y�£M~�q�JRU	JRNgj`q�L+f
tiJRJMv�j`O�lPJRe%k�zHj`d�j`U�zHQ�kÛF V

u (±a) = A sin (kx) = 0

ak = nπ

E1,n =
~2k2

2m
=

~2

2m

(π

a

)2

n2

=

(

~2π2

2ma2

)

n2

tGJMJRv�j`OPk�zHj`d�j`U�zHQ�kÛF n
u (±a) = B cos (kx) = 0

ak =

(

n− 1

2

)

π

E2,n =
~2π2

2ma2
(n− 1)2

W¡zIL�q�U�j`dPq�zHj`U	��zI|Xk�JMe%dmzHL tiJRe%zIq�cÃf�zHj`d�j`U	zIQ	k�q§~�y�e§L:wDLTL�j`q�U	dGJRe%dPzKcXJ k�U	S;k
∫ ∞

−∞
|u (x)| dx =

∫ a

−a
|u (x)| dx = 1

_YwDL�j

1 =

∫ ∞

−∞
A2 sin2 x

=

∫ a

−a
A2 1

2
x

=
A2

2
(2a) = A2a = 1

⇒ A = B =
1√
a
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tijYcXU	dHOPe
l = 2n

_`q2|XdIzHj`y�j`di¢;U�j`��L

E2,n =
~2π2

2ma2

(l − 1)
2

4

E1,n =
~2π2

2ma2

l2

4 w+£bk�|
l ∈ N;El =

~2π2

2ma2
l2 (E1 = E1,1, E2 = E2,1, ...)

F L(aI��zIq
u = 0

JML(e%JMjpj`U�aIk�_pj`U	zIQ	k�tiv�j
ü ù�ý�ï�é�ù�ø�ù ü éo�5í	úÞé�ù�ø�ù�{Dé

vo£ReKtik�zGj`dPjYc�zHj`JMv�U	dme%L#zHjYwDJMJbcXk�L(vgzHj`JR��Nid�j`Q�F V

∀n,m ∈ N;

∫ b

a

u∗numdx = δn,m

(

δ =

{

1 m = n

0 m 6= n

)

cn
tiJRq2~DNGq��+jYcXJMyÞF n

∫ a

−a
u∗m (x)ψ (x, t) dx =

∫ a

−a
u∗m (x)

∑

n

cne
− i

~
Entun (x) dx

= cme
− i

~
Emt

⇒ cm =

∫ a

−a u
∗
m (x)ψ (x, t) dx

e−
i
~
Emt

|cm|2 =

∣

∣

∣

∣

∫ a

−a
u∗m (x)ψ (x, t) dx

∣

∣

∣

∣

2

é�êRí�î;ê���ê���ï�é�ù�S�ð�ú�ð�ï
zIL(q2U�j`dmq

ψ (x, t)
F V

1 =

∫ a

−a
|ψ (x, t)|2 dx =

∫ a

−a

(

∑

n

c∗ne
i
~
Entu∗m (x)

)(

∑

l

cle
− i

~
Eltul (x)

)

dx

=

∫ a

−a

∑

n

|cn| |un|2 dx =
∑

n

|cn|

⇒
∑

n

|cn| = 1

k�JRv�U�dPe�L(c�zIJMQ	��zr¢;U	S«F n

〈H〉 =

∫

ψ∗Hψdx

U	v�dPJM~�U�c�zHe%jpjYcXq
H = − ~

2

2m
d2

dx2 + V (x)
k�JMv�U	dme%k�L:c�U	jYaIU	Q�j`e%k

Hun (x) = Enun (x)
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F S	£RS
En

zHj`JMq���S�zGj`JR��NidPj`Quj`e%U�NiJ
un
U�cge!wzIJMQ���zHk�¢�U	S�zIe§y�zIQ	d

〈H〉 =

∫ a

−a
dx

(

∑

n

c∗ne
i
~
Entu∗m (x)

)

H

(

∑

l

cle
− i

~
Eltul (x)

)

=

∫ a

−a
dx

(

∑

n

c∗ne
i
~
Entu∗m (x)

)(

∑

l

cle
− i

~
EltEnul (x)

)

=
∑

n

|cn|2En

⇒ 〈H〉 =
∑

n

|cn|2En

ψ (x, t)
�+��q��

En
k�JMv�U	dme§~Djp~�q�LTzGj`U��+zI|Xk�k�e%JRk |cn|2 k�U	S�k

F tiJRd�jYcXk
ψ
tik

un (x)
U	q2j`L:w�~Dj`|XJRk�JM����q�L#zI|XU�j`N«e%JMk�z�wDU	S�q�k�zIe§tGJm~D~Dj`q�U�cXe!w k�U	S;k

ä Ë�Ì6Î]Ô�ÔAÒ�Ö���Ñ2Ô=�gÓrË�Ì6à��Xàce�Ò!Ñ ß�Ø��
P 2 = 1 � OPe P : x 7→ −x zHj`JMv�j`OPk�U�jYaIU	Q�j`e

Pu (x) = λu (x)

u (x) = P 2 (x) = Pλu (x) = λPu (x) = λ2u (x)

⇒ λP = ±1

JML(U�aINGQ	|Xk�Nij`U	JRQ	k�aIQ�cgq
ψ (x) =

1

2
[ψ (x) + ψ (−x)]

+
1

2
[ψ (x)− ψ (−x)]

λ = 1
S�£RS;L#k�q2JRe%zIq�zIJMv�j`OPk�k�JR��NidPj`Q	k

u+ (x) = 1
2 [ψ (x) + ψ (−x)] U�cXe2w

λ = −1
S	£RS�LTk�q�JMe!zHq�zIJRv�j`O�lPJMe%k�k�JM��NGd�j`Q	k

u− (x) = 1
2 [ψ (x)− ψ (−x)]�	j`L(JRy�|XyhJ�tiJRJMNGzHq2j�F

P
L:c�zGj`JRq���SxzHj`JR��Nid�j`Q5tivi_`k§W

un (x)
f
H
L(c�zHj`JMq���S�k�zHj`JR��Nid�j`Q�k

[H,P ] = 0

PH = HP

zHj`JRv�j`OPk�U�jYaIU	Q	j`e§zIeKL�JRS�Q�d
ψ (x, t) , i~∂ψ

∂t
= Hψ

U�v�dmJm~�U�c�zIe�jpjYcXqKU�cXe!w
i~
∂

∂t
(Pψ (x, t)) = PHψ (x, t)

= (PH)ψ (x, t)

H (−x) = − ~2

2m

∂2

∂x2
+ V (−x)

V (x) = V (−x)⇒ = − ~2

2m

∂2

∂x2
+ V (x) = H (x)

⇒ i~
∂

∂t
(Pψ (x, t)) = HPψ (x, t)

zHj`JMU	e!JMdPJRL(k�q�F _pj`U	zIQ
Pψ (x, t)

U	q2j`L(w
(1± p)ψ = ψ (x)± ψ (−x)

F tiJRJMv�j`O�lPJRe�j�tGJMJRv�j`O�zHj`d�j`U	zIQ
D�D�G I�IHG D�J�J�KML -N),O�+.-Q�
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F zIU	q�cXd�zHj`JMv�j`OPk._YwDL
t
L:wD��zGj`JRv�j`O%k�zHj`e�k�L�cXJ

t = 0
U�j`��S zIq�Jmj`|Xq.zHj`JMv�j`O2cgJ2L(v�zIJMJR��NidPj`Q	LÃtie k�dPNG|Xq

zHj`U	S;k
H
U�jYaIU	Q	j`e�U�j`��S�OPe

H = p2

2m

JbcXQ�j`y.NiJRNiL(y»F V
u

′′

+
2mE

~2
u = 0

E =
~2k2

2m
> 0

F
k
L(c���JR��U5¢;U	S�L:w�L(��NiL k�L�jYwDJIk�JMv�U	dPe!k

W¡S;dPz�f
p
U	jYaIU	Q�j`e�U	j`�+S«F n

~

i

∂

∂x
= p⇒ p

(

eikx
)

= ~k, p
(

e−ikx
)

= −~k

F _pjpj`dPq�e!U	NidIS�dmzrJRwDU�S5JRdmc«cXJbc
cos (x) = eikx+e−ikx

2

j`q�w�k�Omwu�+��q��
_pjpj`dmq��+��q�k�e%U�NidIS�£bSxj`zHj`eKcXJ�zHj`JMq���S�zGj`JR��NidPj`Q.n�L:c��+��q�L k�U	S;k

k�JRv�U	dPe%��_pjpj`dG_`JRe�zHj`Jm~�q�q%l�~�y�L(e%JR��dmaHj`Q5zGj`JRS���L aIQ�cXq
E
k�zGj`e§tiS

uE (x)
zHj`d�j`U	zIQ�n k�yhw�j`k

u
′′

1 +
2m

~2
(−V +E)u1 = 0

u
′′

2 +
2m

~2
(V −E)u2 = 0

u
′′

1

u1
=

2m

~2
(V −E) =

u
′′

2

u2

u
′′

1u2 − u
′′

2u1 = 0

d

dx

(

u
′

1u2 − u
′

2u1

)

= 0

u
′

1u2 − u
′

2u1 = const
(

u1, u2
x→∞−−−−→ 0

)

⇒ = 0

u
′

1

u1
=

u
′

2

u2

⇒ lnu1 = lnu2 + ln c

u1 = cu2

F tiJRd�jYc�zHj`d�j`U	zIQue%L#_YwDL;j�zIJMU	e!JMdPJRL JMj`L(z}_YwDL�j
S�dPzIk�U	jYaIU	Q�j`e�L:c�zHj`JMq���SxzHj`JR��Nid�j`Q

~

i

∂up (x)

∂x
= pup (x)

p ∈ R;up (x) = ce
ipx

~

zGj`JRL(d�j`v�j`zIU�j`e
∫

dxu∗
p
′ (x) up (x) = |c|2

∫

dxe
i
~

“

p−p′
”

x

= 2π~ |c|2 δ
(

p− p′
)
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_YwDL�j
up = 1√

2π~
ei

p
~
x L(q2U�dPdGJROPe

∫

dxu∗p (x) up (x) = δ
(

p− p′
)

L:c
δ
(

p− p′
) Lµk�wDQ�k�U	NidPj`U	NrL:c

δn,m
� zHj`JRq2��S�zHj`JM��NGd�j`Q�L:c��;��U5zIq��Dj`S�L�STU�q!j`L:w�f

W¡NiU	JM~
zHj`U	��zH|Xk�k�zHj`Q	JRQ	�Ke%JRk |φ (p)|2 U;cXe!w φ (p)

tiJRq!~�Niq�k
ψ (x) =

∫

dpφ (p) e
i
~

px

√
2π~

y�j`zHJRQ�aIQ�cXq
p
~Djp~Dq�LlP�+zI|Xk�k |cn|2 F L(e%JR��dmaHj`Q	k�U�j`��� ψ (x, t) =

∑

n cne
− i

~
Entun (x)

tiJbaIU	NG|XJm~ºtGJRwDU�S6U�j`��S�fF JRaIU	NG|XJm~5�+��q�~�jp~�q�LTzHj`U
zHj`JMq���S�zHj`JM��NGd�j`Q

X
lPL#tij`Niq�k�U�jYaIU	Q	j`eÚF E

xωx0 (x) = x0ωx0 (x)

⇒ ωx0 (x) = δ (x− x0)

ψ (x) =

∫

dx0ψ (x0) δ (x− x0)

|ψ (x0)|2 U;cXe!w X U�jYaIU	Q�j`e0L:c�zHj`JRq2��S�zGj`JR��NidPj`Q�zGj`S;��q2e!�
ψ (x)

L:w§L:cÛy�j`zHJRQ�aIQ�cXq�j`dPL(��JMNF
x0
~Djp~�q�LTzGj`U��+zI|Xk�k�zHj`Q	JMQ��
î ü êRñ��bù�ðhêRëDý.ÿDê ü ùP÷�î;ù�ùGÿDêMýMl ü ð

|ψ〉 �:��_`q!j`|XJ U�jYaINgjpj
〈ϕ| zHJRU	L(Ni|�k�L�Q;wDq�L�JRS�Q�q�c L(d�j`JR��Nid�j`Q	k

zHj`U�~�v�k
OPe�F V

〈ϕ|ψ〉 = (〈ϕ| , |ψ〉)

〈ϕ|ψ〉∗ = 〈ψ|ϕ〉 Q�£Rq�k�L:c�zHj`JbaIJMq�U	kÝF n
〈ϕ|T |ψ〉 = (〈ϕ| , T |ψ〉) _`q�|Xd�F E

T † zIU�~�v�kÝF s
〈ϕ|T |ψ〉 = 〈ψ|T |ϕ〉∗

JRaIJRq2U�k�U�jYaIU	Q	j`eÚF ^
〈ψ|T |ϕ〉∗ = 〈ϕ|T |ψ〉

U�jYaIU	Q�j`e§L(c�zIJM��JRU�aIq�k�v���k�zIzIL�_`zIJMd�F �
Tmn = 〈un|T |un〉

DH�FG I�IHG D�J�J�KML -N),O�+.-�$�
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|aψ〉 = a |ψ〉 , 〈aϕ| = 〈ϕ| a∗ F �
〈Tψ| = 〈ψ|T † tiv�j |Tψ〉 = T |ψ〉 F �

(T1T2)
† = T

†
2T

†
1
F Z

{|un〉} lItiL:c�|XJR|X��F V�\
∑

n

|un〉 〈un| = 1

_YwDL
∑

n

|un〉 〈un|ψ〉 = |ψ〉

k�q2v�jp~�L
|ψ〉 =

∑

n

〈un|ψ〉 |un〉

|ϕ〉 =
∑

n
′

〈un′ |ϕ〉 |un′ 〉 ⇒ 〈ϕ| =
∑

n
′

〈ψ|un′ 〉 〈un′ |

〈ϕ|ψ〉 =
∑

n
′

〈ϕ|un〉 〈un|ψ〉 〈un|un〉

=

〈

ϕ|
∑

n

|un〉 〈un| |ψ
〉

⇒
∑

n

|un〉 〈un| = 1

|x〉 |XJR|X��k�zHj`q�L(c x̂
U�jYaIU	Q	j`e�L:c�tGJM��JbwDU	q2L k�U	S;k

∫ ∞

−∞
|x〉 〈x| dx = 1

_YwDL

〈ϕ|ψ〉 =

∫

〈ϕ|x〉 〈x|ψ〉 dx

=

∫

ϕ∗ (x)ψ (x) dx

U�cXe!w
|ψ〉 =

∫ ∞

−∞
〈x|ψ〉 |x〉 dx

�
A† = A

��êR÷�êRð ü ï ü ùP÷ ü �	ù�ì�í4S�ÿDêb÷��	ú6ð
F tiJRJbcXq2q�JRaIJRq2U�k�U�jYaIU	Q	j`e§L:c�S	£RS«F V
vo£ReKtik�tiJRd�jYc�S	£RS;L#tiJRq2JRe%zIq�k�S�£Rj F n

k�yhw�j`k
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A |ψ〉 = a |ψ〉 tGk�S�£Rj A† = A
yhJMdPd�F V

〈Aψ|ψ〉 = 〈ψ|A|ψ〉 = 〈ψ|a|ψ〉
〈aψ|ψ〉 = a∗ 〈ψ|ψ〉 = 〈ψ|ψ〉 a
⇒ a = a∗

vo£ReKtik�tiJRd�jYc�S	£RS;L#tiJRq2JRe%zIq�k�S�£Rj F n
〈ϕ|A|ψ〉 = 〈η|aψ〉 = 〈ϕ|ψ〉 a

= 〈Aϕ|ψ〉 = b 〈ϕ|ψ〉
⇒ ab 〈ϕ|ψ〉 = 0

⇒ 〈ϕ|ψ〉 = 0

W¡S�£RS;LTS�£Rj2JRdmc�cgJ�f�~�y�eKJMq���S�U�jYaINgjpj`q�U	zHj`J%cXJ
a
tGJmj`|Xq�JMq���S�¢;U	S;L:c�y�JRdPd _pjpj`d

A |ψ1〉 = a |ψ1〉
A |ψ2〉 = a |ψ2〉 v�£be§|XJR|X�uU���JMJRdIOPe

A (α1 |ψ1〉+ α2 |ψ2〉) = a (α1 |ψ1〉+ α2 |ψ2〉)F
a
S�£bS�k�L:c�S�£Mj�Jm£RSTcXU	Q	dmk��+yhU	q2k�zIv�U	~�j`e§JRU	��v�L�e�JMj`�+JRU�U�~�v�j`JI_pjpj`JMdPk�zIv�U	~
F tGJM����q�k���y�U	q�L#|XJM|X�utiJMjpj`k�q�S	£Mj2F ~DJM~�q�L�~�j`viL(wuv���JMJRq�JbaIJMq�U	k.U�jYaIU	Q�j`e k�U	S�k

ÿDêRê���ùPí	ê�l � ÿDêRñ�êRñDð � ÿDê ü ùP÷ ü �	ù�ì
W¡L(Q�wD�TtiJRQ	L(y�zIqGf�F tGJm~�JM~�q�tik

[A,B] = AB−BA = 0
�	j`L(JMyhk�|Xy�J�zIe�tGJMq�JMNGq�cKtGJMU�jYaIU�Q�j`e k�U	~Dv�k

W¡L(Q�wD��tiJRQ	L(y�zIqGf2F tGJMJRQ�j`L(JMy�tGk ⇐⇒ tiJRQ	zHjYcXq�tiJRJRq2��STtGJM����q2k.tiJM~�Jm~�q�tGJMU	jYaIU	Q�j`e�JRdmcXL aIQ�cgq
k�yhw�j`k

[A,B]
JMOmeKtGJMQ�zGjYcgqKtGJMJRq���STtiJR�+��q�tieKL�£b��F V_pj`zIdPk�U	q2j`L:w

A |ψa〉 = a |ψa〉
B |ψa〉 = b |ψa〉

⇒ BA |ψa〉 = Ba |ψa〉
= aB |ψa〉
= ab |ψa〉

⇒ AB |ψa〉 = Ab |ψa〉
= bA |ψa〉
= ab |ψa〉 _YwDL

∀ψ; (AB −BA) |ψ〉 = 0

⇒ (AB −BA) = O
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F tGJMQ�zGjYcgq�tiJR�+��q�k�L;£R�u_pjpj`JMdG_`JRe!c
[A,B] = 0

y�JMdmd�F nU	yh�+d
A |ψa〉 = a |ψa〉

OPe
A (B |ψa〉) = BA |ψa〉 = Ba |ψa〉

= a (B |ψa〉)
_pjpj`JRd�cXJ%tie ⇒ B |ψa〉 = b |ψa〉 _pjpj`JRdH_`JMe�tie�OPe

A
∣

∣ψ1
a

〉

= a
∣

∣ψ1
a

〉

F y�Jbw�j`di_`Q	j`e�j`zHj`e%�+j
U�cXQ�e�tiJRd�jpj`dPq�tidPJRe«tie |ψa〉 W¡JRq2��S�����qifIS�£bq A cXJbc�yhJMdPd ÿDêRñ�êRñDð�ÿ�ê ü ùP÷ ü �	ù�ì�í�ú�ïhð+í	úÚéo{ ü S�ðF zHJRL(NiJROPJRQ	k�z�wDU	S;q2k�zIe |ψa〉 Jm£RS�U	e!zHL��JR|�j`dXtiJRd�jpj`JRdXL:cÜU	~D|»L:wDLxw+£bk�| F

[B,A] = 0
��|�j`dXU	jYaIU	Q�j`e�tiJRJMNij |ψa〉 ��|�j`dXU	jYaIU	Q�j`e}cXJX_pjpj`JRdgcXJitGeF tGJMJRQ�j`L(JRy.tGJMU	jYaIU	Q�j`e

748=T�9�B�BD¾�U C�Â�BDC ½XV 8{½0W5Â6B�ÀZ[�B,]�8:9 �

ÿDêMø�ù�ð+êMë
NiU	JM~xL:c����P_pj`q2JR|XkÝF V
U	jYaINgjpj |ψ〉 ∈ F

JbaIJMq�U	k.e�j`k
F
��y�U	q���JRU	e%JRdPJML4U�jYaIU	Q	j`e

A
F n

F
��y�U	q�L |XJR|X��tiJMjpj`k�qrW¡tiJRq2��STtGJM����qif�S	£RqÛF E

ÅF��Ô�àiÔ[Ë �iÒ!Ï�Ð ä Ë�Ì6Î]Ô�ÔAÒ�Ö@��Ñ2Ô=�ÞÓ!Í���Ô[Ë�ÓGÒ�Ë �<Ë�ÕHÖ��XÔ]ç�Î<Ö èDØ�Æ
tGJML(q�U�j`dPq |ψ〉 , |a〉 tiJR�+��q�k�L:w�F |ψ〉 ∈ F

U�jYaINijpjIá�zIJRL(NiJROPJMQTz�wDU	S;q��+��q�F V
1 = 〈a|a〉 = 〈ψ|ψ〉

A
� JbaIJRq2U	k�U�jYaIU	Q�j`eKJm£RS5_`zIJMdG£M~�JM~�q%£%JRL�NGJMOmJMQTL�~Dj`v�F n

� k�JM��OmaIdPjpj`N���F
A
L:c

a
S�£RS�NGUx_`k

A
zH~DJM~�q2LTzHj`JRU�cXQ	e!k�zGj`e!�Dj`zHk�F E

A |a〉 = a |a〉

|〈a|ψ〉|2 _pjpj`JRdG_`JMe�U�cge!w a ����q�~Djp~Dq�LTzHj`U	��zH|Xk�k |ψ〉 ����q2� A tiJM~�~Dj`q�U;cXe!w0F s
∑n
j=1 |〈aj |ψ〉|

2 tGJm~D~Dj`q
n
U	~D|Xq�_pjpj`JRd�cXJ%U�cge!w

|ψ〉 → |a〉 L#|XU	j`N}�+��q�k a �+��q�k�zIe |ψ〉 ��tiJM~D~Dj`q�U�cXe!w�F ^
D���G I�IHG D�J�J�KML -N),O�+.-���

n �



|ψ〉 L#_`q2OP�xzHj`y�zIQ	zIk�lHU	v�dPJm~�U�c�zIe�jpjYcXq�F �

i~
d |ψ〉
dt

= H |ψ〉

W¡k�JRv�U	dPe%L JM|XL(Nik�JmjYaIJR��kGf�_`e!JMd�jYaIL(JRq2k
H
U�cge!w

H (r, P ) =
P 2

2m
+ V (r)

=

(

− ~

2m
∇2 + V (r)

)

W¡tGJMU	jYaIU	Q�j`eKL(c�f���j`L�JRy.|Xy�J%tiJRJRNizIqÝF �

− [x, P ] = PX −XP = −i~ = [P, x] =
~

i

F zHj`e�~DjblPJRe}_pj`U	NiS ⇐ tGJMQ�j`L(JRy�JMzIL(��tiJRU�jYaIU	Q�j`e
F |ψ1〉 , |ψ2〉 W¡S	£RqGfGzHj`JRU�cXQ	e�JMdmcÜcXJxF |〈ψx|ψs〉|2 x ��NGJMNGL(y§~Djp~�q�L.zHj`U	��zI|Xk ÿ�ê�î;ñDë�êMø�úÛêRù�ë�êMø�ïhðhþ[ù�ñzHj`q2L:cXk�QD£bS

|ψ1〉 〈ψ1|+ |ψ2〉 〈ψ2| = 1

U�jYaIQ�j`e%k�zIe§¢;JRL(cgdiF U�jYaIU�Q�j`erj`dPL(��JMN
|〈ψx|1|ψs〉|2 = |〈ψx|ψ1〉 〈ψ2|ψs〉+ 〈ψx|ψ2〉 〈ψ2|ψs〉|2

F S	£Rq�k�qK~�y�e%LT|�j`U�NiJ%����q2k�F tiJRNiJRNiL(y�k�j`U	�+S�tGk�q�c�tiJRNg~�|Xk�zIe§~�jp~�q�dGtGe
ÖHË.uHË��AÔ[Õ%Ñ�Õ%Ô?� èDØbß

e!JMk
Pa (ψ) = |〈a|ψ〉|2

= |α1 〈a|ψ1〉+ α2 〈a|ψ2〉|2

= α2
1 〈a|ψ1〉2 + α2

2 〈a|ψ2〉2 + 2Reα1α1 〈a|ψ1〉 〈a|ψ2〉∗

��JRwDU#cXJ%� zIJMU�e%JMdmJML4zIq�wDzI|Xq�e%LµzHj`U	�+zI|Xk�k§W¡k�~�JM~Dq�e%L(L tiJR����q�U	Q	|Xq�L:cÃf�zGjYwD��e%zIk�L:c�����q2�xU	q!j`L:wzHjYwD��e%zIk
2Reα1α1 〈a|ψ1〉 〈a|ψ2〉∗

Ê�àg�a��Ë�Ô�Ó��ÞË?�iÓ��
H

èDØRè
OPeKtiJRdPz�cXq�zH~�U	Q	k�k�S�����LT_`zIJRdGF _`q�OP�ucgU�j`Q	q���Jmj`L(zrJRzIL��

H
JMk�J

H |En〉 = En |En〉
JRL�L:wT����q�c�j`U	Q�Lµ_`zIJRd2Ome |ψ (t)〉 ∈ F

��y�U	q�L�|XJM|X�Dc�U�y�e%q�U	q2j`L(w�F _`q2Om�TtiJRJmj`L(z�JRzIL(�5tGJM����q |En〉 U	q!j`L:wJP£bS
|ψ (t)〉 =

∑

cn (t) |En〉
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U�v�dmJm~�U�c�zIe�jpjYcXq��.��JR��d

i~
d |ψ (t)〉
dt

=
∑

i~
dcn (t)

dt
|En〉

H |ψ〉 =
∑

cn (t)H |En〉

_YwDL
∑

i~
dcn (t)

dt
|En〉 =

∑

cn (t)H |En〉

Wâ_pj`q�JR|�L(Q�w�lIS�£bS
Em = H

JRwxU	JbwDOPd[f%Wâ_`q�OP�uJMj`L(zre%L�f 〈En| L(Sx¢;JRL:cXd

i~
d 〈Em|ψ (t)〉

dt
= i~

dcm (t)

dt
=
∑

cn (t) 〈Em|H |En〉 = Emcm (t)

i~
dcm (t)

dt
= Emcm (t)

⇒ cn = ce−
i
~
Emt

��Ô]Ï���Ô�Ô<Öi×�Ë�Ï0Ê�Ô]Ñ�Ò�e èDØ"!
zH~�Jm~�q���zGj`e%~�j�_`JRerF tGJMQ�zGjYcgq§S	£Rq�L:c�|XJR|X��tiJRJMN ⇐ tGJMQ	j`L�JRy�tGJMU	jYaIU	Q�j`eKU	q!j`L:w

[A,B] = 0
y�JMdmd •
a, b

Jm£RSTzHj`e�~DjpjblPJMe�U	Jm~�v�d
[A,B] 6= 0

JMk�J •
∆A =

√

〈ψ| (A− 〈ψ|A |ψ〉)2 |ψ〉
Wâ_`Niz§zIJRaI|ÃfJROPe

∆A∆B =
1

2
|〈ψ| [A,B] |ψ〉|

tiJbaIJRq2U	k
A,B

U;cXe!w
ïMlo{	ù�ï

U�Jm~�v�d
λ ∈ R; |ψ〉 = (A+ iλB) |ψ〉

JROPe
0 ≤ 〈ψ|ψ〉

= 〈ψ| (A− iλB) (A+ iλB) |ψ〉
= 〈ψ|A2 + iλ [A,B] + λ2B2 |ψ〉

〈

A2
〉

+ iλ 〈[A,B]〉+ λ2
〈

B2
〉

≥ 0

JbaIJRq2U	k�U�jYaIU	Q�j`eKU�j`��S
〈ψ|A2 |ψ〉 = 〈ψ|A · A |ψ〉

≥ 0
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JROPe
〈

A2
〉

≥ 0
〈

B2
〉

≥ 0

〈[A,B]〉 = 〈ψ| [A,B] |ψ〉
= 〈ψ|BA−AB |ψ〉
= 〈ψ|BA |ψ〉 − 〈ψ|AB |ψ〉
= 〈ψ|BA |ψ〉 − 〈ψ|BA |ψ〉∗ = 2Im (〈ψ|BA |ψ〉)

zIJMS�j`�+JRU�tgj`dPJRL�j`QxL:c�k�aIdmdPJMq�U	NG|XJm~�k.zHeKNgjp~���d
(iλ 〈[A,B]〉)2 − 4 〈ψ|A |ψ〉λ 〈ψ|B |ψ〉 ≤ 0

�+JR��dI_YwDL�j!�	j`L(JRy�|Xy�J!tiJRq2JRJMNGq�e%L:c�tiJbaIJMq�U	k
A,B

L:wDL�_pjYwDd
A → A

′

= A− 〈ψ|A |ψ〉
B → B

′

= B − 〈ψ|B |ψ〉

λ = 1
�+JR��dIJMOmeKk�aIdPdmJMq�U	Ni|�~��x�+JR��d

(i 〈[A,B]〉)2 − 4 〈ψ|A′ |ψ〉 〈ψ|B′ |ψ〉 ≤ 0

⇒
〈

A
′
〉〈

B
′
〉

≥ 1

4
(i 〈[A,B]〉)2

∆A∆B ≥ 1

2
|〈[A,B]〉|

�

U	U	j`v
[x, P ] = ~

i

tiJbaId�jpj`Nik�zIU�j`z}L:c�k�q!j`JR|XNie!k�U�j`��S k�dPNi|Xq

∆x∆P ≥ ~

2

�%Ë ��à»Ë�ÓHÒ2Ë �<Ë�Õ}Ó���Ô[åxÓ!Í�evuiÔ�àià�Ó!Í Êoàv�a����Ô]çb�XÕ��ºÖ èDØbÉ
_`q2OP�uS��Dj`q�q2k�zIU	Omv�dmL#JmjYaIJR�R� % e%��q�d

d

dt
〈ψ (t) |A|ψ (t)〉 =

〈

d

dt
ψ (t) |A|ψ (t)

〉

+

〈

ψ (t) | d
dt
A|ψ (t)

〉

+

〈

ψ (t) |A| d
dt
ψ (t)

〉

(9)

U	v�dPJM~DU;c�zIe�jpjYcXq�QD£bS
d

dt
|ψ〉 =

1

i~
H |ψ〉

〈

d

dt
ψ

∣

∣

∣

∣

= − 1

i~
〈ψ|H

k�e�jpjYcXq���k�U�OPy���JR��d
(9)⇒ d

dt
〈ψ (t) |A|ψ (t)〉 =

d

dt

〈

ψ (t) | d
dt
A|ψ (t)

〉

+
1

i~
〈ψ (t) | [A,H ] |ψ (t)〉

D�G I	D�G D�J�J�KoL -N),O�+.-��;
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zHj`dPNi|Xq
[A,H ] = 0

��j`L(JMy.|Xy�J%tGJMJRNiq
A
U�j`��STU�cXe!w�F V

⇒ d

dt
〈ψ|A|ψ〉 = 0

A
L:c�JRq���ST�+��q�U	j`�+STaIU	Q	�uS	j`��N�lG�+��q�L(wD�

A
L(c�zIJMQ���zHk�¢;U	S5_YwDL

A |a〉 = a |a〉

〈a|A|a〉 = a

[H,P ] = 0 ∞ U	j`�+��zHj`JRv�j`OPk
P

k�q2v�jp~
S	j`��N�á%f`F

a,E
Jm£RS.tiJR����q2krzIe0_`JRJRQ	e%L�U�cXQ�e F

H
lPL�j

A
lPL�tiJRQ	zHjYcXq�S�£Rq |a,E〉 cXJ�OPe [A,H ] = 0

F nW¡k�S�j`dPz
Ë��!ÓHÒrÊ�Õ%Ô]Ï���Ô�àiæ ä Ëoå	ÖGÎ=��à

P
×�Ô

x
Ó!Í>�XË�Õ�u��ÞËoæ%Ñ�e èDØ��

JRwuk�e!U	d
d 〈x〉
dt

=
〈P 〉
m U	v�dPJm~�U�c�zIe�jpjYcXq�q

d

dt
〈p〉 =

1

i~
〈[P,H ]〉

L(��e
[

x, P 2
]

= xp2 − p2x = [x, p] p+ p [x, p] = 2i~p

[

P, xn+1
]

= [p, xxn] = [p, x]xn + x [p, xn] =
~

i
nxn +

~

i
xn

=
~

i
(n+ 1)xn

tiv�j
d

dt
〈x〉 =

1

i~
〈[x,H ]〉 (10)

U�cXe!w
H =

P 2

2m
+ V (x)

[x,H ] =

[

x,
P 2

2m
+ V (x)

]

=

[

x,
P 2

2m

]

+ [x, v (x)]

=
1

2m
2i~p+ 0

=
~ip

m

32



(10)⇒ d

dt
〈x〉 =

1

i~

〈

~ip

m

〉

=
〈p〉
mtij`NiJRq2�xS��Dj`q�q2LTS;dPzIk�S��Dj`q�q�c�_`JM�xU�cXN}cXJ�j`dmL���JRN}U	q!j`L:w

d

dt
〈p〉 =

1

i~
〈[P,H ]〉

=
1

i~

〈[

P,
P 2

2m
+ V (x)

]〉

=
1

i~

〈[

P,
P 2

2m

]

+ [P, V (x)]

〉

=
1

i~
〈0 + [P, V (x)]〉

= −
〈

d (V (x))

dx

〉

L(e%JR��dmaHj`Q	k�zIU	OPv�dIS��Dj`q�q�LTS�dPzIk�S;�Dj`q2q�_`JR��U�cXN«j`dmL���JRN}U	q!j`L:w_pjYaHj`JRdHL:c�JMdMcXk�Nij`y�k�zIe§aIS;q�wuj`dPL(�+JRN}tivGJMOme

⇒ m
d2 〈x〉
dt2

=

〈

d (V (x))

dx

〉

6= dV (〈x〉)
d 〈x〉

å;Ñ��GÎ��{Ë�Ï0Ó%Í ÖHåu�ÖXÖ èDØ��
JRzHL(�

H
y�JRdPd�_`q�OP� tGJMJMj`L(z�JRzIL��

H,P,X
tiJRU�jYaIU	Q	j`e�F _`q2OP�µtiJRJmj`L(z |ψ (t)〉 U�v�dmJm~�U�cKzIv���k�j`d�~�q�L k�q!~�NGk

t
lP��JMj`L�z

|ψ (t)〉 = e−
i
~
H(t−t0) |ψ (t0)〉

JROPe
U (t− t0) = e−

i
~
H(t−t0)

F JbaIJMq�U	k
H
U�j`��S�JMU�aIJRd�j`J2U�jYaIU	Q�j`e
H
L:c�S�£Rq |ψ (t0)〉 y�JRdPd

H |En〉 = En |En〉

|ψ (t0)〉 = e−
i
~
H(t−t0) |En〉

v�U	��dPOPJRe�L(c�k�v���k�k
|ψS〉 = |ψ (t)〉

= U (t− t0) |ψ (t0)〉
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F k�v���k���tiJRJMj`L�z§JMzIL(��zIJMQ���zrJRwDU�S;c�k�cgJMU�~5cXJgW¡v�U	�+dmOPJMe�zIv���k��!f�tGJMU	jYaIU	Q�j`e
〈ψS |AS |ψS〉 = 〈ψH |AH |ψH〉

L(��e
〈ψS |AS |ψS〉 = ψ

†
HU

†ASUψH

⇒ AH = U †ASU

= e
i
~
H(t−t0)ASe

− i
~
H(t−t0)

JbwuzHj`e%U	L�_`zIJRdIOPe
dXH

dt
=

PH

m
dPH

dT
= −dV (xH )

dXH

dAH

dt
=

i

~
e

i
~
H(t−t0)HASe

− i
~
H(t−t0) − i

~
e

i
~
H(t−t0)ASHe

− i
~
H(t−t0)

⇒ d

dt
AH =

i

~
[H,AH ]

⇒ dAH

dt
=

1

i~
[AH , H ]

U�v�dmJm~�U�c�zIv���k�U�j`��S5zHj`S�~�jpj`k2lPJRe}_pj`U	NiJRSTJbw�tivH��L�� B tiJbcXd
〈

d

dt
AS

〉

=
1

i~
〈[AS , H ]〉

Ê�àg�a����Ô]Ï���Ô�Ô<Öi×�Ë�Ï0Ê�Ô]Ñ�Ò�e èDØ��
F _`q2OP�5cXU�j`Q	q���Jmj`L(zrJRzIL(�

(H,P,X)
~�JM~�q

A
U�jYaIU	Q�j`e§U�cXe!wU	v�dPJM~�U�c�zHj`e�jpjYcgq2qKS��+j`d

d

dt
〈ψ|A|ψ〉 =

1

i~
〈ψ| [A,H ] |ψ〉

�	j`L(JMy.|Xy�J�tGJMJRNizIq�tGe
d

dt
〈ψ|A|ψ〉 = 0

F U	q�cXd |ψ〉 = |a〉 aIU�Q	�JML(L:wDk�zHj`e�~Djpj`k2l�JRe}_pj`U	NGJMSTOme§��j`L�JRy.|Xy�J�_`JReKtGe

[A,B] 6= 0⇒ ∆A∆B ≥ 1

2
|〈ψ| [A,B] |ψ〉|

H
tiS�JMQ	j`L�JRy.j`dPJRe!c�U	jYaIU	Q�j`e

A
yhNiJRd

∆A∆E ≥ 1

2
|〈ψ| [A,H ] |ψ〉|

=
~

2

∣

∣

∣

∣

d

dt
〈ψ| [A,H ] |ψ〉

∣

∣

∣

∣
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U	JM~�v�d
∆t =

∆A
∣

∣

d
dt
〈ψ| [A,H ] |ψ〉

∣

∣

⇒ ∆t∆E ≥ ~

2

F z�wDU	S;q2��JMj`dPJbcXk�zIe§_`JMJRQ	e%q�k
∆A

S;aIN}JRdPQ�L�S��;L;j`y�S��Dj`q�q2k�j`�Dc�_`q2Omk
∆t

U	�+|Xk
><B�Â�C5À CxBQTu8aV ¡

_pj`zId

i~
d |ψ〉
dt

= H |ψ〉

F
[X,P ] = i~, X, P

zHj`S���q�e%�._pj`zIdGU�jYaIU�Q�j`e
H

H
L:c�S	£RS5~Djp~�q2L�~Dj`e%q��+jYcXy

ψ (t) =
∑

n

cne
− i

~
Ent |ψ〉

�bù ü éo��íué�ùP÷�êMú
é�ù�î;êRù�ñDð.é�ùP÷�êMú

zHJR��JRU�aIq�k�aIJRcÁF V
zIJRU�jYaIU	Q�j`eKk�aIJRcÁF n

zIJML(e%JR��dPU	Q�Jm~5k�e%jYcXq�L(c�k�aIJRcÁF E
é�ù�ý ü ù�î;ð.é�ùP÷�êMú

_`q�OP��zHj`JMj`L(z}JMzIL(�+k�zGj`S;U	Q	k�k�zIU�j`zF V
zGj`JR��e%JRU�jpj`k�z�aIJRcÁF n
�XË�uGË�Ñ�Ì6à��gÌ�ËoÍ !+Ø�Æ

JRQ�j`|�tiJR�+��q�U�Q	|Xq�cXJ�U�cge!w�k��+jYarzIJM��JRU�aIq�k�aIJbc k�U	S�k
ÿDêmý*Chð�û�ÿ<S.éo{ ü S�ð #:óRò�óRò

zHj`e%q�v�jp~
↑↓ cgQ�j`y�zHj`v�U�~uJRz�c0li_pj`U;aINiL(e§L:c�_`JMQ�|ÁF V

tik�JRdP��S�dH~�y�e§_pj`U�aINiL(e�j2tiJRdPq2JRq�JRdmc�L:c�k�L�j`NiL�j`q�U	q2j`L:w.lG_`q�JMq�_pj`J
H+

2
F n

H3N
k�JMdPj`q2e%k�zHL�j`NGL;j`q�F E

tGJM����q�JRdmc�tiJRd�j`zId k�L(e!c
H0 |ψ1〉 = E1 |ψ1〉
H0 |ψ2〉 = E2 |ψ2〉

35



S	jp~�JRc�y�JRdPd
W
e%U�NiJbc

H
lPL#zIQ	|�j`zrcXJ!zGj`yhdPOPk�L(L(v��

〈ψ1|W |ψ1〉 = w11

〈ψ2|W |ψ2〉 = w22

〈ψ2|W |ψ1〉 = w21

〈ψ1|W |ψ2〉 = w12

OPe |ψ1〉 , |ψ2〉 |XJR|X�+�uU	q!j`L:w

H0 =

(

E1 0
0 E2

)

F tiJbcXq�q
E1, E2

W =

(

w11 w12

w21 w22

)

w12 = w∗
21
tiv�j�tGJRcgq2q

w11, w22Ome§JbcXq�q
w12

�
w11 = 0, w22 = 0

tGviy�JRdPd
H = H0 +W

=

(

E1 w12

w12 E2

)

U�q!j`L:w
E±

S	£RS5_`q2|XdHF
H
L(c�tiJRJRq2��S;k�tiJR�+��q2j�zIwDU�S�q�k�k�JMv�U	dPe�e%��q�d

H |ψ±〉 = E± |ψ±〉
k�v���k���U�cXe!w

H =

(

E+ 0
0 E−

)

k���JMU;aIq2L�zIJRU�aIJMdPj`J�k���JRU�aIq�Jm£RSµ_pj`|gwDL(L4zIdPzIJRd2zIJbaIJMq�U	k�k���JRU�aIq�L:wTL(�+e�U	�+S;q�zH��JRU�aIq�e%��q�dtiJRd�j`|gwDL(e
U †HU = D

Wâ~�y�e§U	JR��k��	j`NGJRc�L(L�jYw�e%L�f�zHJRL(L:wDk�k�U	j`��k�U	q2j`L(w�v�£be
U
j`dPL:c�k�U	NGq2�

U =

(

cos θ sin θ
− sin θ cos θ

)

_pj`|gwDL(k�zIcgJMU�~
UHU † =

(

E+ 0
0 E−

)

E1, E2, w12
zHj`S���q�e%�

θ
e�j`��q�L#k�U�aIq2k

(

cos θ sin θ
− sin θ cos θ

)(

E1 w12

w12 E2

)(

cos θ − sin θ
sin θ cos θ

)

=

(

E+ 0
0 E−

)

⇒
(

cos θ sin θ
− sin θ cos θ

)(

−E1 sin θ + w12 cos θ
−w12 sin θ +E2 cos θ

)

= 0

1

2
sin 2θ (E2 −E1) + w12 cos 2θ = 0

tan 2θ =
2w12

E1 −E2
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w+£Rk�|
|ψ±〉 =

(

cos θ sin θ
− sin θ cos θ

)

tan 2θ =
2w12

E1 −E2

S�£RS�e%��q�d

det

(

E1 −E w12

w12 E2 −E

)

= (E1 −E) (E2 −E)− w2
12 = 0

E2 −E (E1 +E2) +E1E2 − w2
12 = 0

E± =
1

2
(E1 +E2)±

1

2

√

(E1 −E2)
2

+ 4w12

tiJRJMdPj`��JMNrtGJM����q�nXcXJ k�U	S�k
|2w12| � |E1 −E2| U	j`�+S«F V

tan 2θ ≈ sin 2θ ≈ 2w12

E1 −E2

|θ| � 1, cos 2θ ≈ 1

|ψ+〉 ≈ |ψ−〉+
w12

E1 −E2
|ψ2〉

OPe%j
E1 = E2

k�JMv�U	dme%��JRzHL(y�zIk�_pjpj`JRdIL(c�k�U	Niq���k�q�vojp~�L |2w12| � |E1 −E2| F n
θ ' π

4 OPe%j
|ψ±〉 =

1√
2

(|ψ1〉 ± |ψ2〉)

_`q�OP��_pj`U�aINiL(e%k�zIe§e�j`��q2L�zHj`U	��zI|Xk�k�k�q§� |ψ1〉 e�j`k�����q2k t = 0
_`q2OP�Dc¢� i y�JRdPd �bð*�oý�ý*Chð�é�ù	l�é���é2ï

£ |ψ2〉 �+��q�� t_pj`U	zIQ	k
|ψ1〉 = cos θ |ψ+〉 − sin θ |ψ−〉
|ψ2〉 = cos θ |ψ+〉+ sin θ |ψ−〉

JML(L:wDk�����q2k
|ψ (t)〉 = a+e

− i
~
E+t |ψ+〉+ a−e

− i
~
Ent |ψ−〉

k�L(y�zIk�JRe%dPz§U�cXe!w
|ψ1 (t = 0)〉 = cos θ |ψ+〉 − sin θ |ψ−〉
⇒ |ψ1 (t)〉 = cos θe−

i
~
E+t |ψ+〉 − sin θe−

i
~
Ent |ψ−〉

¤ G I	D�G D�J�J�Kh��L -N),O�+.-�$¥
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JROPe
P1→2 (t) = |〈ψ2|ψ (t)〉|2

〈ψ2|ψ+〉 = sin θ

〈ψ2|ψ−〉 = cos θ

P1→2 (t) =
1

4
sin2 2θ

∣

∣

∣e
− i

~
E+t − e− i

~
E−t
∣

∣

∣

2

L(JMv�U	z
∣

∣e−α! − e−α2
∣

∣

2
=

∣

∣

∣e
−iα1+α2

2

∣

∣

∣

2
∣

∣

∣

∣

e−i
(α!−α2)

2 − ei
(α1−α2)

2

∣

∣

∣

∣

2

= 1 ·
∣

∣

∣

∣

2i sin
α1 − α2

2

∣

∣

∣

∣

2

= 4 sin2 α1 − α2

2

ã
t
_`q�OP�

1→ 2
����q�q�U	��S�q�L

(Rabi)
zHyh|�j`d

P1→2 (t) = sin2 2θ sin2

(

E+ −E−
2~

t

)

Ë�Î�Ô�àgÑ%ÖÞÑ�Ô[Ì�Ó2Ë���Ô]Ï !+Øbß
êMñDð+ð.ñ<l.êMø�ù�ð ü ï ü ùP÷�í�êMë�ù�ì #:ó¡ûAóRò

F zIJR|XL(Nik�zHj`U	JM~�zHk
ω
U�cXe2w

V = 1
2mω

2x2

H =
P 2

2m
+

1

2
mω2x2

L;£R�

En = ~ω

(

n+
1

2

)

_`q�OP��k�JMj`L(zre%L(k�U	v�dPJM~�U�c�zIe�jpjYcgqKzIeKtgjYcXU�dg_`zIJMd�f k�yhw�j`k

− ~2

2m

d2uE (x)

dx2
+

1

2
mω2x2uE (x) = EuE (x)

W¡zIJML(e%JR��dPU	Q�Jm~uk�U�j`����k�zHj`e�U	j`zHQ�L;jzIJMU	jYaIU	Q�j`e�k�aIJbc�JP£bSTU�jYaIQ	d
[p, x] = −i~ JRwxtiJRS	~Dj`J�j`dPe

H |E〉 = E |E〉
tijYcXU	d

H =
~ω

2

(

X2 + P 2
)
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F tGJm~�q�q�U	|Xy
X,P

U�cXe!w

X =

√

mω

~
x

P =
1√
mω~

p

_YwDL
[P,X ] = −i

£bcX~Dy�£�U	jYaIU	Q�j`e�U�Jm~�v�dXW¡tiJbaIJMq�U	k
X,P

U;cXe!w�f
A = 1√

2
(X + iP )

U	Jm~�v�d

A† =
1√
2

(X − iP )

_`e%JMdPjYaIL�JRq�k�k�_YwDL

H = ~ωA†A+
~ω

2
i [P,X ]

([P,X ] = −i)⇒ = ~ωA†A+
~ω

2

��j`L�JRy�k�|XyhJ�U�cXe!w
[

A,A†] = 1

[H,A]
��j`L(JMy�k�|XyhJ%zIe§Nijp~D��d

[H,A] =

[

~ωA†A+
~ω

2
, A

]

= ~ω
[

A†A,A
]

= ~ω
[

A†, A
]

A = −~ωA
[

H,A†] = . . . = ~ωA†

~ω
lP�
H
L:c�S	£RS5~�JMU	j`q

A
k�dPS;a

~ω
lP�
H
L(c�S�£bS�k�L(S;q

A†

k�y+w�j`k
Jbwxy�JRw�j`dPj

H |E〉 = E |E〉 y�JRdPd�F V
H (A |E〉) = (E − ~ω) (A |E〉)

L���e
HA |E〉

([H,A] = −~ωA⇒ HA−AH = −~ωA)⇒ = AH |E〉 − ~ωA |E〉
= AE |E〉 − ~ωA |E〉
= (E − ~ω) (A |E〉)

E{Z



Jbwuy�Jbw�j`d5F n
H
(

A† |E〉
)

= (E − ~ω)
(

A† |E〉
)

L���e
HA† |E〉

([

H,A†] = ~ωA† ⇒ HA† −A†H = ~ωA†)⇒ = A†H |E〉+ ~ωA† |E〉
= A†E |E〉+ ~ωA† |E〉
= (E + ~ω)

(

A† |E〉
)

£
E
tik�q�Ngjp~���d

c�L(L�v��
E ≥ 0

F V
H =

P 2

2m
+

1

2
mωx2

F tGJM�+j`JMy�S	£RS5_YwDL�j2tiJbaIJRq2U	k�tiJRU�jYaIU	Q�j`eKJRS	j`��JMU�L:c�tijYwD|�U	q2j`L:w
~ω
U�j`S�JbcX�

E
~DJRU�j`q

A
F n

W |E〉 = 0
L�S;q�~�y�e§U�q!j`L:w�f`F U�zGj`JR��¢�j`q�dH�+��q

A |E0〉 = 0
F E

E0
j`k�q�F s

H |E0〉 = ~ωA†A |E0〉+
1

2
~ω |E0〉

=
1

2
~ω |E0〉

OPe
E0 = 1

2~ω
U	q2j`L:w

n ∈ N ∪ {0} ;En =

(

n+
1

2

)

~ω

L;£R�
|En〉 =

1√
n!

(

A†)n |E0〉

|En〉 = 1√
n
A† |En−1〉 y�Jbw�j`d k�yhw�j`k

L�q�U	dPL#¢;JRU	�Dj |En〉 = bnA
† |En−1〉 tGJMS�~Dj`J�j`dPe

〈En|En〉 = b2n
〈

En−1|AA†|En−1

〉

([

A,A†] = 1
)

⇒ = b2n
〈

En−1|A†A+ 1|En−1

〉

L(��e
H = ~ω

(

A†A+
1

2

)

L�j`q2U	dmk�q�_YwDL
= b2nn = 1

⇒ bn =
1√
n
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zHj`U	S;k
tieKU�j`zIQ	LTk�JMk�_`zIJMd�F V

− ~2

2m

d2

dx2
uE (x) +

1

2
mω2x2uE (x) = EuE (x)

F zIJbaHjYaIQ	q2JR|XeKzGj`v�k�dPzIk�j
JP£bSTU�j`zIQ	L�_`zIJMdH_Yw�j`q�w�F n

A |E0〉 = 0
(√

mω

2~
x+

i√
2mω~

~

i

d

dx

)

uE0 (x) = 0

(

√

mω

2~
x+

√

~

2mω

d

dx

)

uE0 (x)

uE0 (x) = ce−
mω
2~
x2

uEn
(x) = c

1√
n!

(
√

mω

2~
x− i√

2mω~

~

i

d

dx

)n

e−
mω
2~
x2

= c
1√
n!

(

√

mω

2~
x−

√

~

2mω

d

dx

)n

e−
mω
2~
x2

�XË�Ì6Î]Ô�ÔAÒ«Ö�Ò2Ë �<Ë�Õ��0Ë?�gË�Ô�Ô?�neiÎ=�»Ó!Í ä Ë.�vuià !+ØRè
F U	q�cXdGJRzIJmjpj`OHS�dmzrOPe

V (~r) = V (r)
tik���c�zHj`JRS�����~Dj`e%q��hjYcXy.JRzHJMjpj`O �:m S�dPz k�U	S�k

~L = ~r × ~p

�	j`L(JMy.JR|Xy�JMk�tiJRd�j`zId y�j`zHJRQ
[x, px] = i~

[y, py] = i~

[z, pz] = i~

Wâ¢��hj`|Xq�U	jYaIU	Q�j`eKe�j`k ~L _YwDL�f
��j`L(JMy.|Xy�J%k�e%U	d5F V

[Lx, Ly] = i~Lz

[Ly, Lz] = i~Lx

[Lz, Lx] = i~Ly

k�yhw�j`k
[Lx, Ly] = [ypz − zpy, zpx − xpz]

= [ypz, zpx]− [zpy, zpx]− [ypz, xpz ] + [zpy, xpz]

= y [pz, z] px − 0− 0 + [z, pz] pyx = i~ (xpy − ypx) = i~Lz

IH¦�G I	D�G D�J�J�KML -N),O�+.-�6p
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√

~L2 =
∣

∣

∣

~L
∣

∣

∣

L:c�L�~�j`vie%��q2d5F n
~L2 = L2

x + L2
y + L2

z
[

L2, Lx
]

=
[

L2
x + L2

y + L2
z, Lx

]

=
[

L2
y, Lx

]

+
[

L2
z, Lx

]

= Ly [Ly, Lx] + [Ly, Lx]Ly + Lz [Lz, Lx] + [Lz, Lx]Lz

= −i~LzLy −−i~LzLy + i~LzLy + i~LyLz = 0

_`q�|Xd ~L2, Lz
L:c�tGJMJRq2��STtGJM����q�tGk�JRzHJMjpj`OIS�dPz�L(c�tiJR�+��q�_YwDLrF E

~L2 |λ,m〉 = λ~
2 |λ,m〉

Lz |λ,m〉 = m~ |λ,m〉
m,λ

S�£bS�e�j`��q2LTk���U	d
k�dPS�a

` ∈
{

l|l =
n

2
, n ∈ N

}

∪ {0} ;λ = ` (`+ 1)

m ∈
{

l|l =
n

2
, n ∈ N,−` ≤ l ≤ `

}

_`q2|Xd k�yhw�j`k
L+ = Lx + iLy

L− = Lx − iLyk�q�e%zIk���~DJRU�j`q2j2k�L(S�q�U�jYaIU	Q	j`e
Lz |λ,m〉 = m~ |λ,m〉 L�£b�

Lz (L+ |λ,m〉) = (m+ 1)~ |λ,m〉
~L2 (L+ |λ,m〉) = λ~

2 (L+ |λ,m〉)
Lz (L− |λ,m〉) = (m− 1)~ |λ,m〉
~L2 (L− |λ,m〉) = λ~

2 (L− |λ,m〉) k�e%U	d
[Lz, L+] = ~L+

[Lz, L−] = −~L−

í�ýhì
[Lz, L+] = [Lz, Lx + iLy]

= i~Ly + i (−i~Lx)
= ~ (Lx + iLy) = ~L+

[

~L2, L+

]

=
[

~L2, Lx + iLy

]

= 0

[Lz, L−] = [Lz, Lx − iLy]
= i~Ly + i (i~Lx)

= −~ (Lx − iLy) = −~L−
[

~L2, L−
]

=
[

~L2, Lx − iLy
]

= 0
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Jbwu��L tGJRcXdH_Yw�j`q�w
L+L− = (Lx + iLy) (Lx − iLy)

= L2
x + L2

y − i [Lx, Ly]
= L2

x + L2
y + ~Lz

⇒ L+L− = ~L2 − L2
z + ~Lz

L−L+ = ~L2 − L2
z − ~Lz

é�ù�ø�SD÷
tiJbaIJRq2U	k.tiJRU�jYaIU	Q	j`e§L:c�JMdmc�U�~�|Xq�zIJMS�j`�+JRU�zIJMdP��z�L:c�S�£bS;c�U�y�e%q

λ ≥ 0 •
~L2 = L2

x + L2
y + L2

z

λ
JP£bS5tij`|Xy

m •

L+L− = L
†
−L−

⇒ 〈λm|L+L−|λm〉 ≥ 0

〈λm|L+L−|λm〉 =
〈

λm|~L2 − L2
z + ~Lz|λm

〉

⇒ ~
2
[

λ−m2 +m
]

≥ 0

⇒ λ−m (m− 1) ≥ 0

λ−m (m+ 1) ≥ 0

` ≥ 0
NGUu_`yh�+d�tHwD|Xk�F

λ = ` (`+ 1)
U	JM~�v�d

λ = ` (`+ 1) ≥ 0

` (`+ 1) ≥ m (m− 1)

` (`+ 1) ≥ m (m+ 1)

⇒ m ≤ `

m ≥ −`

⇒ −` ≤ m ≤ `¢�j`q�dPk
m2

� U�zGj`JR��k�j`�+v�k
m1

U	j`�+S�F tij`q2JR|XNiq�cXJ�U	q2j`L:w�V]lP�
m
k�L(S;q

L+
L(��eF U	zHj`JM�

L+ |m1〉 = 0

L− |m2〉 = 0

ô?§:óRò�û<óâû?§�§¨#µý.ï�ìoC ü ï
tiv�j

Yl,m (θ, ϕ)
tGvgj`dPL zGj`S�jp~�JGF(

H, ~L2, Lz

) l�L tiJRq2JRe%zIq�c |n, l,m〉 NGJmjp~�q���j`dPU	zIQ �bðhêRð�ÿDùP÷2ì
∫

dΩY ∗
l,mYl′m′ = δll′ δmm′

zIJML(e%JM~�U	k�k�e�jpjYcXq�k�q
En = − (13.6ev)

1

n2
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S	jp~�J�U�cge!w�F Wâ_`q�JMq�tijYaIe%L#NGU�f
l
lP��_pjpj`JRd�j

m
lP��_pjpj`JRdHcXJ!U�cXe!w

Rn,l (r) = . . .

U�cXe!w
u = rR;

∫ ∞

0

u2
n,ldv =

∫ ∞

0

R2
nlr

2dr = 1

vo£Re
Rn,l

tie%k
(

− ~2

2µ

d2u

dr2
+
` (`+ 1)

2µr2
u+ v (r)

)

= Hr

Hru = Eu

_YwDL�j2JbaIJMq�U	k
Hr

tiv�j
∫ ∞

0

un,lun′
,ldr = δnn′

∫ ∞

0

RnlRn′
lr

2dr = δnn′

F vo£ReKzHj`JM��NGd�j`QxtGJML(��Niq�j`dPe
l = l

′ U�j`��STNiU5U	q!j`L:w
zHj`U	��zH|Xk

|Yl,m (θ, ϕ)| = |Yl,m (θ)|
U�j`��STL:cXq�L

|Y0,0| = const

zHJRU�jp~	w�k�JRU�aIq2JR|�U	q!j`L:wU�j`��S
|Y10| = c |cos θ|

>=WT¿M©ªU 8:B(½4C 8;C�½«©�U CxB;=�Â�À¬U�U C�Â6B�C 

time− independent perturbation thoeryS�jp~�JMk�_pj`U�zHQ�k�JMOPeKF
H0

L:c�zHj`JMv�U	dPe!k2j�tiJR�+��q�k�zIe§j`dPU	zIQ�c�y�JMdmd
H0 |ϕn〉 = E0

n |ϕn〉
F k�S�U�Q	k�zIQ	|�j`z

W
lPL#e%U	NGd

H = H0 +W

U	q2j`L:w�k�cXL(y�k�S�U	Q�k�k�c�y�JMdmd
〈ϕn|H0|ϕn〉 = E0

n

〈ϕn|W |ϕn〉 � E0
n

s]s



tiJM~�q2q�U	|Xy�S	j`��Nre�j`k
W
l�j
H0

_`JM��cXU	Q	k�k�U	q!j`L:w
H0

L�~Dj`viU�~�|X�
H1

c�j`U	~DdIU�cge!w
W = λH1

_`q�|Xd_YwDLTF
λ� 1

H = H0 + λH1

zIe§U	j`zHQ�LTtiJR�Dj`Uxj`dme§U	q2j`L:w
H |ψn〉 = En |ψn〉

(H0 + λH1) |ψn〉 = En |ψn〉

®"¯"¯"°:±�²�³�³�´}¯�µX¶�·¬¸�¸�´�¶�¯:´ É�Ø�Æ
F
λ
lP��U�jYa�w |ψn〉 l�j En zIeKy�zIQ	d

En (λ) = E0
n + λE1

n + λ2E2
n + . . . =

∞
∑

k=0

Eknλ
k

L�j`q2U�dGtGU�j`v�w
N (λ)

_`q�|XdItie§� |ψn〉 zIeKy�zIQ	d

|ψn (λ)〉 = N (λ)



|ϕn〉+
∑

k 6=n
cnk (λ) |ϕk〉





tiJRq!~�NGq2k�U�jYa}_YwDL
cnk (λ) = λc

(1)
ck + λ2c

(2)
nk + . . .

��JM��dH_YwDL

(H0 + λH1)



|ϕn〉+ λ
∑

k 6=n
c
(1)
nk |ϕk〉+ λ2

∑

k 6=n
c
(2)
nk |ϕk〉+ . . .





=
(

E0
n + λE1

n + λ2E2
n + . . .

)



|ϕn〉+ λ
∑

k 6=n
c
(1)
nk |ϕk〉+ λ2

∑

k 6=n
c
(2)
nk |ϕk〉+ . . .





U�~�|�L(wD�utiJRJMNGzHz§k�e�jpjYcXk�c0tiJR�Dj`Uxj`dPe
λ0;H0 |ϕn〉 = E0

n |ϕn〉
λ1;H0

∑

k 6=n
c
(1)
nk |ϕk〉+H1 |ϕn〉 = E0

n

∑

k 6=n
c
(1)
n,k |ϕk〉+E1

n |ϕn〉

λ2 : H0

∑

k 6=n
c
(2)
nk |ϕk〉+H1

∑

k 6=n
c
(1)
nk |ϕk〉 = E0

n

∑

k 6=n
c
(2)
n,k |ϕk〉+E1

n

∑

k 6=n
c
(1)
n,k |ϕk〉+E2

n |ϕn〉

�Rù�ú6ì üxü ñ�ëDý�é�ù�S ü ��ï�ï�é ü ù�é A:óRò�óRò
F k�e�jpjYcXq���tGJm~D~��x¢�j`Q	k�d

〈ϕn| ·



E0
n

∑

k 6=n
c
(1)
n,k |ϕk〉+E

′

n |ϕn〉



 = E1
n

⇒ ∆E1
n = λE1

n = 〈ϕn|W |ϕn〉
= 〈ϕn|λH1|ϕn〉
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F S;U	Q�j`q�JRzHL(������q2�xk�S�U	Q	k�k�L:c�zHJRQ	��zIk�¢;U�S�L
=
_pjYcXe%U5U�~�|Xq

En
k�JMv�U	dme%L#_pj`NGJMzIk�_YwDL_pjYcge%UuU�~�|Xq�k�JRv�U�dPe%L#_pj`NGJMzIk

En = E0
n + 〈ϕn|W |ϕn〉

|ϕk〉 L(S�k�L:aIk�k�zHeKNgjp~���d

〈ϕk| ·



E0
n

∑

k 6=n
c
(1)
n,k |ϕk〉+E

′

n |ϕn〉



 = E0
kc

(1)
n,k + 〈ϕk |H1|ϕn〉

= E0
nc

(1)
n,k

⇒ λc
(1)
n,k =

〈ϕk|λH1|ϕn〉
E0
n −E0

k

⇒ |ψn〉 = |ϕn〉+
∑

k 6=n

〈ϕk|W |ϕn〉
E0
n −E0

k

|ϕk〉

c�j`U�~�dHzGj`S;U	Q	k�k�zIU�j`z«¢;U�j`��L
|〈ϕk|W |ϕn〉| �

∣

∣E0
n −E0

k

∣

∣

e�j`k�L�j`q�U	dPkrW¡zIJM�uL�JRv�U	z�f�k�OH����q2�
N (λ) = 1 + o

(

λ2
)

êMø�ú ü ñDë�ð�é�ù�S ü ��ï�ï�é ü ù�é A:óRò�ó¡û
〈ϕn| L�S��:q�¢;JRL:cXd

〈ϕn|



H0

∑

k 6=n
c
(2)
nk |ϕk〉+H1

∑

k 6=n
c
(1)
nk |ϕk〉



 = 〈ψn|H1

∑

k 6=n
c
(1)
nk |ϕk〉

= 〈ϕn|



E0
n

∑

k 6=n
c
(2)
n,k |ϕk〉+E1

n

∑

k 6=n
c
(1)
n,k |ϕk〉+E2

n |ϕn〉





= 〈ϕn|E2
n |ϕn〉

⇒ λ2E2
n =

∑

k 6=n
λc

(1)
nk 〈ψn|λH1 |ϕk〉

=
∑

k 6=n

〈ϕk|λH1|ϕn〉
E0
n −E0

k

〈ψn|λH1 |ϕk〉

=
∑

k 6=n

|〈ϕk |W |ϕn〉|2
E0
n −E0

k

zHj`U	S;k
W
E0
n −E0

k < 0
U�jYaI��Jbw�f�~Dj`|XJRk�zIq2U5zIe§k�~�JRU�j`q�k�S�U	Q	k�kÛF V

W¤£Mj`OHzHe§j`OHzGj`y�jp~�zGj`q�UD£�fµF n
F _YaIN}k�JMv�U	dme%k�cXU�Q	k�c�L:w�w�k�L�~�vgk�dmw�c�k�q�UxzIS;Q�cXkÛF E

¦�G IHG D�J�J	�ML -N),O�+.-�6t
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λ2E2
n ≤

(∆W )2
n

∆E

L(JRv�U	z F V
(∆W )

2
=
〈

ϕn|W 2|ϕn
〉

− (〈ϕn|W |ϕn〉)2

F U	zHj`JR��k��+j`U	NGk�k�JMv�U	dPe!L NiyhU	q2k
∆E

U�cge!w

λ2E2
n ≤ 1

∆E

∑

k 6=n
|〈ϕk|W |ϕn〉|2

=
1

∆E

∑

k

〈ϕn|W |ϕk〉 〈ϕk|W |ϕn〉 − (〈ϕn|W |ϕn〉)2

=
1

∆E

[

〈

ϕn|W 2|ϕn
〉

− (〈ϕn|W |ϕn〉)2
]

=
(∆W )

2

∆E

£pcXL(y�£IJRL(q�cgy�k�~	cX��_`q�JMq�tgjYaIe k�q�vojp~k�JRv�U	dPe�L(S���~�y�eK�+��q�NGUTcXJ%U	q2j`L:w.�
n = 1, l = m = 0

~Dj`|XJMk�zIq�U	�
E0

1 = −13.6eV

= −1

2
µc2α2

OPe ~E = Ez
F
z
_pjpj`JRwD��JRL(q�cXyhk�k�~�cgk�L(c�_pjpj`JbwDk�zIe§U	yh�+d

H0 =
~p2

2µ
− e2

r

W = eEz

〈z1〉 ∼ r1 ∼ 10−8cm

_pjYcge%UxU	~D|X��~�j`|XJRk�zIJRv�U�dPe%LT_pj`NGJMz
∆E1

1 = λE1
1 = 〈ϕ1|W |ϕ1〉

= 〈1, 0, 0|eEz|1, 0, 0〉
= eE 〈1, 0, 0|z|1, 0, 0〉

= eE

∫

d3rϕ∗
1,0,0 (~r) zϕ1,0,0 (~r) = ∗

ϕn,l,m (~r) = Rn,l (~r)Yl,m (θ, ϕ)

ϕn,l,m (~r)
k�JR��Nid�j`Q�k�L:c�zHj`JRvoj`OmL#�+LµtiJbcXd

ϕn,l,m (−~r) = (−1)
l
ϕn,l,m (~r)

~r → ~r

r → r

θ → π − θ, ϕ→ π + ϕ

_YwDL
∗ = 0

47



JRdmc�U�~�|�Ngjp~���d
∆E2

1 = e2E2
∑

n 6= 1
l,m

|〈1, 0, 0|z|n, l,m〉|2
E0

1 −E0
n

E0
1 −E0

n = −13.6

(

1− 1

n2

)

= − e2

2r1

(

1− 1

n2

)

= − e2

2r1

(

n2 − 1

n2

)

〈1, 0, 0|z|n, l,m〉 =

∫

r2drR∗
10 (r)Rn,l (r)

∫

dΩY ∗
00Yl,m (r cos θ)

(dΩ = sin θdθdϕ) ⇒ =

∫

r3drR∗
10 (r)Rn,l (r)

∫

dΩY ∗
00Yl,m cos θ

=

∫

r3drR∗
10 (r)Rn,l (r)

∫

dΩ

(

1√
4π

)

Y ∗
10

√

4π

3
Yl,m

=

∫

r3drR∗
10 (r)Rn,l (r)

1√
3

∫

dΩYlmY
∗
10

=

∫

r3drR∗
10 (r)Rn,l (r)

1√
3
δl,1δm,0

(

Rn =

∫

r3drR∗
10 (r)Rn,1 (r)

)

=
1√
3
Rnδl,1δm,0

⇒ |〈1, 0, 0|z|n, l,m〉|2 =
1

3
R2
n = f (n) r21

f (n) =
28n7 (n− 1)

2n−5

3 (n+ 1)
2n+5

∆E2
1 = −2e2E2r31

∑

n 6= 1
l,m

n2f (n)

n2 − 1

JMU�q!j`dI�+jYcXJMyhq
∑

n 6= 1
l,m

n2f (n)

n2 − 1
= 1.125

⇒ ∆E2
1 = −2.25e2E2r31F JMS�j`�+JRU	k�NGU�aI|«aINiQ	e�zIe�j`dmL���JRN

zHj`e%U	k�L��:y�_`zIJMdTzIJR��L(JMv�U	z
∣

∣∆E2
1

∣

∣ ≤ e2E2
〈

100|Z2|100
〉

|E0
1 −E0

2 |
θ, ϕ

lP��Jmj`L(zrJRzIL�� |100〉 ����q2k�F tiJR�+��q�k�zHj`q�L:c0JMQ�L
1

3

〈

r2
〉

=
〈∣

∣z2
∣

∣

〉

=
〈∣

∣x2
∣

∣

〉

=
〈∣

∣y2
∣

∣

〉

⇒ 1

3

(

3r21
)

= r21

  G IHG D�J�J	�ML -N),O�+.-�$�
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U	q2j`L:w ∣
∣E0

1 −E0
2

∣

∣ = 3
8
e2

r1

��|�j`dP��F
Y00 = 1√

4π

S�jp~�Jmj
∣

∣∆E2
1

∣

∣ ≤ 8

3
r31E

2

ÊoÔ]Ô�Î ä Ïw�XÔ?eiÑ�ÕIÖXÖ���Ñ2Ô=� É�Øbß
l = 0,m = 0, l = 1,m = 0,±1

tGJM����q2k
n = 2

L:cXq�L_pjpj`JRdPk0|XNg~�dPJRe
= i

_`q�|Xd»F
E0

2
k�JRv�U�dPe%�«_pjpj`dPq |ϕn〉 ����q2k�F

Nn = 4
ã
n
�+��q»L:c _pjpj`JRdPk0zIv�U�~�L�k�U�NidOPe

(i = 1, 2, 3, 4)

H0

∣

∣

∣ϕ
(i)
n

〉

= E0
n

∣

∣

∣ϕ
(i)
n

〉

cXJ�U	q2j`L(w�F
H
tiS�j2tGq2��S5_`JR�+L4tidPJR�utGJMQ	j`L�JRy�k�tGJMU�y�e§tGJMU	jYaIU	Q�j`e%L#U	jYcXN�_pjpj`JMdPk�|XNg~�dPJRe

[I,H0] = 0

c�¢�w
I
tGJMU	jYaIU	Q�j`eKU�j`y���LT_`zIJMdHF 〈ϕn|ϕm〉 = δnm

_pjpj`JRdGk�JRk�e%L U�cXe!w
〈

ϕin|ϕjm
〉

= δnmδij_YwDL S	£Mj%j`q���S���e�j`k�zHJRQ	��z}¢�U	S�k�j`eKS�£bS�k���y�U	q���U�jYaINij2L:w�tGvg_YwDL

H0

Nn
∑

i=1

αi

∣

∣

∣ϕ(i)
n

〉

= E0
n

Nn
∑

i=1

αi

∣

∣

∣ϕ(i)
n

〉

JROPe

|ψn〉 = N





Nn
∑

i=1

αi

∣

∣

∣ϕ(i)
n

〉

+ λ
∑

k 6=n
c
(1)
nk

Nk
∑

i=1

βi

∣

∣

∣ϕ
(i)
k

〉

+ λ2 . . .





(H0 + λH1)





Nn
∑

i=1

αi

∣

∣

∣ϕ
(i)
n

〉

+ λ
∑

k 6=n
c
(1)
nk

Nk
∑

i=1

βi

∣

∣

∣ϕ
(i)
k

〉





=
[

E0 + λE1
n + . . .

]





Nn
∑

i=1

αi

∣

∣

∣ϕ
(i)
n

〉

+ λ
∑

k 6=n
c
(1)
nk

Nk
∑

i=1

βi

∣

∣

∣ϕ
(i)
k

〉





⇒ λ0 : H0

Nn
∑

i=1

αi

∣

∣

∣ϕ
(i)
n

〉

= E0

Nn
∑

i=1

αi

∣

∣

∣ϕ
(i)
n

〉

λ1 : H0

∑

k 6=n
c
(1)
nk

Nk
∑

i=1

βi

∣

∣

∣ϕ
(i)
k

〉

+H1

Nn
∑

i=1

αi

∣

∣

∣ϕ(i)
n

〉

= E0

∑

k 6=n
c
(1)
nk

Nk
∑

i=1

βi

∣

∣

∣ϕ
(i)
k

〉

+E1
n

Nn
∑

i=1

αi

∣

∣

∣ϕ(i)
n

〉

0 +H1

Nn
∑

i=1

αi

∣

∣

∣ϕ
(i)
n

〉

= E1
n

Nn
∑

i=1

αi

∣

∣

∣ϕ
(i)
n

〉

L(�+NGd�j 〈
ϕ

(j)
n

∣

∣

∣

lP��L(JRQ�wDd
〈

ϕ(j)
n

∣

∣

∣
W

Nn
∑

i=1

αi

∣

∣

∣
ϕ(i)
n

〉

=
〈

ϕ(j)
n

∣

∣

∣
λE1

n

Nn
∑

i=1

αi

∣

∣

∣
ϕ(i)
n

〉

Nn
∑

i=1

αi

〈

ϕ(j)
n

∣

∣

∣W
∣

∣

∣ϕ
(i)
n

〉

= λE1
nαj
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_YwDL
Nn ×Nn U�~�|Xq�k���JRU�aIq�k hji =

〈

ϕ
(j)
n

∣

∣

∣W
∣

∣

∣ϕ
(i)
n

〉 tGJMd�jpj`dmq2k�tiJR�+��q�k�L:c��+y�U�q2��k�S;U	Q	k�k�zI��JMU�aIq
Nn
∑

i=1

h
(n)
ji αi = ∆E1

nαj

⇒
[

h(n)
]

~αk = ∆E1
n,k~αk

tiJR����q2k�_YwDLrF _pjpj`dPq�kr��y�U	q���k�S�U	Q	k�krzI��JRU�aIq}L:c�S	£RS;L
=
_pjYcge%U.U�~�|Xq}k�JRv�U	dPe%Lu_pj`NiJRzIk�cÜj`dPL(��JMN»_YwDLF

h
L:c�S�£Rj`k

=
k�S;U	Q	k�k�U	y�e!L

zId�jpj`dmq2k�zHj`S�U�Q	k�k�zHU	j`z tgjYwDJR|
〈

ϕ(i)
n |W |ϕ(j)

n

〉

= h
(n)
i,j

k = 1 . . . k;
(

h(n)
)

(α)k = ∆E
′

n (k) (α)k

k�d�jYc���JRzIwD�
det
(

h−∆E1
n (K) I

)

= 0

_YwDL#F k�S;U	Q	k�k�U	y�e!LT_pjpj`di_`JRe�w+£RU�~����
Nn

e�j`k�zHj`d�j`U	zIQ	k�U	Q�|Xq

|ψn〉 =

Nn
∑

i=1

αi (k)
∣

∣

∣ϕ
(i)
n

〉

F ∣
∣ϕin
〉 |XJM|X���uzIJRd�j`|gwDL(e

Hi
JRzIq�Ngjp~���LT¢;JRU	� k�U	S�kWâ_pjpj`JRdPk�L:c

CSCO
U�jYaIU	Q	j`e

I
f�F

[H1, I ] = 0
tie�� k��hjYcgz

tiJR����q
4
cXJ

n = 2
U�j`�+SKF ��y�U	q���JRdPv�j`q!j`k�jIS	j`��N�JRL(q�cgyKk�~	cX��_`q2JRq§tijYaIe�l�NGU�aI|�� � aINGQ	e k�q�vojp~tiJRd�jpj`dPq

|0, 0〉 , |1, 0〉 , |1, 1〉 , |1,−1〉

W
OPe
W = e ~E~r

k�S�U�Q	k�U	y���d








〈0, 0|W |0, 0〉 〈0, 0|W |1, 0〉 0 0
〈1, 0|W |0, 0〉 〈1, 0|W |1, 0〉 0 0

0 0 〈1, 1|W |1, 1〉 0
0 0 0 〈1,−1|W |1,−1〉









£
W
tiSTtiJRQ�j`L(JRy

Lz, L
2 tie%k

[Lz, z] = 0
[

L2, z
]

6= 0

F
m1 = m2

e%j`��W¡Ngj`L(���!f�NiL(y��uNiU�tiJRd�j`|gwDL(e§e!L#OPe§F
Lz
tGe§NGU5JRQ�j`L(JRy�_YwDLU	y�e!qr�

l2 − l1 = uneven
U�j`��SuNGU 〈n, l1,m|z|n, l2,m〉 6= 0

c�L���Nid
z
JRvoj`O�l�JReKU�jYaIU	Q�j`erU	j`�+S

F
(−1)l

Jm£RSTzIU�~�v�j`q�zHj`JMv�j`OPk�ck�q�v�jp~��
〈2, 0, 0|z|2, 1, 0〉 =

∫ ∞

0

r3drR20 (r)R21 (r)

∫

dΩ cos θY ∗
0,0 (θ, ϕ)Y (θ, ϕ)

= −3r1
IHJ�G IHG D�J�J	�ML -N),O�+.-���
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w+£Rk�|








0 −3eEr1 0 0
−3eEr1 0 0 0

0 0 0 0
0 0 0 0









tiviL(��NidIF
∆E1

n=2 (k = 3, 4) = 0
S�£bS�k�q�tiJRdmc�F k���JMU�aIq�k�zIe§_`|gwDL�dG_pj`NiJRz�e%j`��q2LTJM~	w

∣

∣

∣

∣

−∆E1
2 −3eEr1

−3eEr1 −∆E1
2

∣

∣

∣

∣

= 0

∆E1
n=2 (k = 1, 2) = ±3eEr1

L(�+NGdF JMU�e%JMdmJML(k�NGU�aI|«aINiQ	e�k�OtiJRq2JRe%zIq2k�tiJRq2��S;k�tiJR����q2k
3eEr1

(

∓1 −1
−1 ∓1

)(

α1

α2

)

S�£bq2k�_YwDL
1√
2

(|2, 0, 0〉 − |2, 1, 0〉) , 1√
2

(|2, 0, 0〉+ |2, 1, 0〉) , |2, 1, 1〉 , |2, 1,−1〉

��k�j`�+vIk�q2U�k 1√
2

(|2, 0, 0〉 − |2, 1, 0〉) U	j`�+S�F k�JRv�U�dPe%�5_pj`NiJRzK_`JMe |2, 1, 1〉 , |2, 1,−1〉L�w+£Rk�|«_YwDLF
3eEr1

��k�~�U�j`k�j`dPL(�+JRN 1√
2

(|2, 0, 0〉+ |2, 1, 0〉) U�j`�+S�j 3eEr1

_`e%JRd�jYaIL(JMq�k�cXJbc�y�JMdmd ÿDêMýMChð�êRø�úÜé�êRê�S+ý
H0 |ϕ1〉 = E1 |ϕ1〉
H0 |ϕ2〉 = E2 |ϕ2〉e%j`��q2LTk���U	d

H = H0 +W
tGc�y�JRdPdHF S�£Rq�JRdmc�Jm£RS�tiJR|XU	Q	dItiJR����q2k�c�j

H |ψ+〉 = E+ |ψ+〉
H |ψ−〉 = E− |ψ−〉

|ϕ1〉 , |ϕ2〉 |XJR|X�+���+j`z�wDd
W =

(

w11 w12

w21 w22

)

j`dPe!��q§F JbcXq�q
w21

�
w11 = w22 = 0

j`dPy�dmk
|ψ+〉 = cos θ |ϕ1〉+ sin θ |ϕ2〉
|ψ−〉 = sin θ |ϕ1〉+ cos θ |ϕ2〉

tan 2θ =
2W12

E1 −E2

E± =
1

2
(E1 +E2)±

√

(E1 −E2)
2 + 4w2

12

OPe�k�cXL(y�k�S�U	Q�k�y�JMdmd
sin θ ≈ w12

E1 −E2

cos θ ≈ 1

⇒ |ψ+〉 = |ϕ1〉+
W12

E1 −E2
|ϕ2〉

|ψ−〉 = |ϕ2〉+
w12

E1 −E2
|ϕ1〉
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F zHj`S�U	Q	k�k�zIU�j`z}zIe§k�U	Omy�j`dPL(��JMNOPeKF |XQ	e!zHqK_pjYcXe!UxU�~�|�j`dPy�dPk�Ome
w11 = w22 = 0

k�yhdPk�k
E+ = E1 +

w2
12

E1 −E2

748AÀ«]�B;9K748QYnV»B�9 ¹

S+ù�ý�î#êR÷�ø�þ[ð�ïhñ�úºýR�bðhêRð�ÿ�ùP÷2ì ºAó$§:óRò
Wpn�tiJbaId�jpj`N}|XU�j`NG��e%��q�JMzrzINGJmjp~�q�k»� � k�yhw�j`k�kHf

_`q2JRq�tgjYaIe!Lr_`q�JMO%aINGQ	e

H =
~P 2

2m
− e2

rS	j`��N}JRaIdmv�q�k�~�c�¢�j`zI��tgjYaIe!k�c�y�JRdPdHF ~L JRzHJMjpj`OHS�dPz�cgJ�_pj`U�aINiL(e%L
~B = Bẑ

W = − ~M · ~B k�JRv�U�dPe%k�U;cXe!w ~ML
L�j`Q	Jm~uaIdmq!j`q�cgJ�OPeF

L = µrv
O�£RdPzrj`L cXJ

r
|�j`Jm~�U5L�S�S;d

e
y�JRdPd

∣

∣

∣

~ML

∣

∣

∣ = iπr2
1

c

i = e
v

2πr
∣

∣

∣

~ML

∣

∣

∣ =
erv

2c

⇒
∣

∣

∣

~ML

∣

∣

∣ = − e

2µc
L

~ML = − e

2µc
~L

W¡��U�j`NGqif�F JR|XL�NGk�U�cgNik�k�OHU	q!j`L:wF k�JRv�U�dPe%LT_pj`NGJMzIk�_YwDL
W = H1 =

eB

2µc
Lz

= ωLLzzIJR|XL(Nik�zHj`U	JM~�zIkrW¡U�j`q2U�LTzGj`U�Jm~�z}e%U	NGd
wL
f

ωc =
eB

µc JRaIdmv�q�k�~�c�JRL��
E0
n = −

(

e2

2r1

)

1

n2

|ϕn〉 = |n, l,m〉
U�j`��S�zGj`S;U	Q	k�k�zIU�j`z}tieKNgjp~���dIOPe

H = H0 + ωLLz

[H0, Lz] = 0

IH¦�G IHG D�J�J	�ML -N),O�+.-�6�

52



OPe
[Lz, H ] = 0

JbwuzHj`S;U	Q	k�k�zHU	j`zHk�¢�U�j`��_`JRe
H |n, l,m〉 = (H0 + ωLLz) |n, l,m〉

=
(

E0
n + ~ωLm

)

|n, l,m〉

ÊoË�Õ��GÖ ��Ø�Æ
_`JRQ	|Xk�y�j`zHJRQ

WYV�Z:n�V:f!¢�L(U	vg_`U�a�cÁF V
_`q2JRq�k�tijYaIe§zHj`q�UuL:cÜWâ_`JM~�S�f�Ng~�k�k�dP��q�k�F n

WYV[Z(n�^(f!F JRL�q2j`dPe%k�_`q2JRO�aINiQ	e�F E
F _`JRQ	|Xk�L:c�y�j`|XJMdXWYV[Z(n � f�JML�j`e%Q�F s

F zIJbaIU	Q	k�zHj`|Xy�JRk�zIU�j`z}tie�tiJbaId�jpj`NGk�zIU�j`z}zIe�~�y�e!q«WYV[Z:n�Z�f�NGU	JM~�F ^
|;í ü þX� ü ÷2ú0êRù�ë�êMø¼ºAóRò�óRò
U	�Dw�j`dPe!��q zIU�jYwDOPz

~L = ~r × ~p
tGvgj`dPe%��q

[rx, px] = i~⇒ [Lx, Ly] = i~Lz
U�cXe!w

[

~L2, Lz

]

= 0

U�cXe!w
l (l + 1)~2 tik ~L L:c�S	£RS;k�U�cXe!w

l = 0,
1

2
, 1,

3

2
, . . .

F zHj`Q	JR��UuJRL;j`NGJRc�L(L(v���tiJRq2L:c�e%L(k�tiJbwDU	S;k�j`dPq�L�S;zIkL(c�zHj`d�j`U	zIQ	kKF−l ≤ m ≤ l U�cXe!w m~ Lz
L(c�S�£bS

~

i

∂

∂ϕ
Yl,m = m~Yl,m

⇒ Yl,m = Θ (θ) eimϕ

⇒ eimϕ = eim(ϕ+2π)

⇒ m ∈ Z

j`��JMJRy
m = 0,±1, . . . ,±l

F ∂B
∂z
6= 0

cr¢(w
z
_pjpj`JbwD�TJRaIdmv�qxk�~�cr¢;U�~

x
_pjpj`JRwD�TtGzGj`e�j`U	U	y+c�j���|gw JMq2jYaIe�j`yhNiL�JMj`|XJMdm��¢�L�U�vX_`U�a�c�Jmj`|XJRdJRaIdPv�q�aIdmq!j`q�cgJRc�y�JRdPdHF Ù;dPU�j`L y�jYw�_`JRe�_YwDL;j2JML(U�aIJRd�tgjYaIe%k

V = − ~M · ~B
~F = −~∇V = Mz

∂Bz

∂zj`e%��q«tik}L(��eF y�j`L(k«L:w�L(S�tGJMq2jYaIe%krzIe�~Djp~�q�L.k�Q	��d6k�~�cgk}L(cÝJMdmcgk}~�����y�j`L�tiJbcXd6tGecXJ6U	q!j`L:wÚF W¡JML(U�aIJRd�k�JMk�cÃfGJML:aIJR�+U�j`e0JRzIJmjpj`OºS�dPzIL�U;cXN�JRL(�F
Mz

L:c�tiJbwDU	S�n�lPL�k�JR��OPJRaIdPjpj`NF tGJMq���S�tiJR�+��q�JRdmc�U�cXQ�e%q�cÜWâ_`JMQ�|Ãf�U�jYaIU	Q�j`e
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î�ñ+ï.ïhø�ýhð�ï ºAóRò�ó¡û
_pj`U�aINGL(e§L:c �+��q

|ψ〉 ∈ m (~r)×m (~s) _pj`U�aINiL(e%L
s = 1

2 ψ (~r, sz)
_YwDL

[Sx, Sy] = i~Sz

S =
1

2

ms = ±1

2

s = 1
2

_pj`zIdG_pj`U�aINiL(e�L:c�k�U	Niq�� |s,m〉 _`JRQ	|X�uJR����q
~S2 |s,m〉 = ~

2s (s+ 1) |s,m〉

=
3

4
~

2 |s,m〉
sz |s,m〉 = m~ |s,m〉tGJm~�JRy�JMk�JM����q�k�OPe§F

s
L#U	zHj`J�|Xy�JRJMzIdIe%L�� 1

2

~�y�e
s
cXJRc�U	y�e!q

∣

∣

∣

∣

m =
1

2

〉

= |↑〉 = |+〉
∣

∣

∣

∣

m = −1

2

〉

= |↓〉 = |−〉
vo£Re�tiJR����q2k

〈±|±〉 = δ k�~�JMyhJMk�U�jYaIU	Q�j`e
|+〉 〈+|+ |−〉 〈−| = I _`JRQ	|�L:c�JRL(L(wu�+��q
|χ〉 = C+ |+〉+ C− |−〉

JML�j`e%Q5zHj`��JMU;aIq
Sx =

~

2
σx

Sy =
~

2
σy

Sz =
~

2
σz

OPe
~S =

~

2
~σ

zHj`��JRU�aIq2k
σx =

(

0 1
1 0

)

σy =

(

0 −i
i 0

)

σz =

(

1 0
0 −1

)
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[Sx, Sy] = i~Sz

S± = Sx ± iSy
% ��U�cXe!w

S± |s,m〉 = ~
√

s (s+ 1)−m (m± 1) |s,m± 1〉
_YwDL

S− |+〉 = ~

√

1

2
· 3
2

+
1

2
· 1
2
|−〉

= ~ |−〉

S+ |−〉 = ~

√

3

4
+

1

2
· 1
2
|+〉

= ~ |+〉
_YwDL

S+ = ~

(

0 1
0 0

)

S− = ~

(

0 0
1 0

)

êRí�ù�ìM�ué�ù	Chê ü ÷�ð�é�ù�ø�ù�{Dé
[σx, σy] = 2iσz

F V
σ2
x = σ2

y = σ2
z = I

F n
σxσy + σyσx = 0

zHj`JMQ�j`L(y�JRaIdPe�F E
σiσj + σiσj = 2δijI

JRL(L:w�_`Q�j`e%�
k���NiSTzHj`U	|Xy�j%zHj`JbaIJMq�U	k

σi •F
C

2 L(S5k���NiS;k�zHj`U	|Xy�zHj`��JRU�aIq�k�L:w���y�U	q�zIeKzGjYcgU�j`Q •
zHj`k�Omk�k�dPj`zHd •

(

~σ · ~A
)(

~σ · ~B
)

= ~A · ~BI + i~σ ·
(

~A× ~B
)

Sx, Sy, Sz
zIL�y�j`zHk�¢�U	S�zIe§e%��q |χ〉 = c+

(

1
0

)

+ c−

(

0
1

) _pj`zId L(JMv�U	z

〈Sx〉 =
(

c∗+c
∗
−
) ~

2

(

0 1
1 0

)(

c+
c−

)

=
~

2
Re
(

c∗+c−
)

〈Sy〉 =
(

c∗+c
∗
−
) ~

2

(

0 −i
i 0

)(

c+
c−

)

=
~

2
Im
(

c∗+c−
)

〈Sz〉 =
(

c∗+c
∗
−
) ~

2

(

1 0
0 −1

)(

c+
c−

)

=
~

2

(

|c+|2 − |c−|2
)

I ¤ G IHG D�J�J	�ML -N),O�+.-,; �
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W
sx
tgj`NGq2�2f

xy
U�jYcXJRq2�

x
U	JR�#tiS

φ
zIJMjpj`O%U	�Dj`JRk.U�JM��L�|Xy�JR� ±~

2

_`JMQ	|§U	e%zIq�k.����q�tgjYcXU�d�¢;JRe L(JMv�U	z
~s = (sx, sy, sz) _YwDL

sφ = Sx cosφ+ Sy sinφ

=
~

2

(

0 cosφ− i sinφ
cosφ+ i sinφ 0

)

=
~

2

(

0 e−iφ

eiφ 0

)

S�£bS�k�_YwDL
λ2 − 1 = 0

λ = ±1

S�£Rj`k2j
λ = 1 : |χ〉φ =

1√
2

(

1
eiφ

)

=
1√
2

(

e−iφ

eiφ

)

λ = −1 : |χ〉φ =
1√
2

(

eiφ

e−iφ

)

F
φ
U	JR��_pjpj`JbwD���hj`��JR|�U	jYaINgj`k�L(S�L�JRS�Q�k�L#_`zHJRd�W¡zIJM�2f�L(JMv�U	z

|χ+〉z =

(

1
0

)

F
X
tGe π

2 + φ
zIJmjpj`OHU	�Dj`JRk

xy
U�jYcgJMq���U	JR�x��JM��| π

2

��tiJR���hj`|Xq
R

(s)
~θ

= e−
i
~
~s·θθ̂

θ̂ = (− sinφ, cosφ, 0) θ = π
2

OPe

R
(s)
~θ

=
1√
2

(

1 −e−iφ
eiφ 1

)

zHj`k�OGcXJ k�U	S�k
e−

i
~
~s·~θ = e−

i
2~σ·~θ = cos

θ

2
− i
(

~σ · ~θ
)

sin
θ

2

k�q2L:c�zIwDU�S�q�tiJMjpj`k�q
Sz, ~r

ýMl ü ðhýM½o�Rê��	ëuýMl ü ð�ý ü ù�ì�êmé
[

~L, ~S
]

= 0

L�L�jYw�zIJMjpj`OGS;dPzrU	JM~�v�d
~J = ~L+ ~S

ã _`JMQ	|�¼h��y�U	q�JM����q�U�j`e%JRzILT|XJM|X��k
|ψ〉 = |~r, sz〉
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|XJM|X��k�L:cÁzHj`JML(q�U�j`d�jYaIU�j`e
〈

~r
′

, s
′

z|~r, sz
〉

= δ3
(

~r, ~r
′
)

δsz,s
′
z

|XJM|X��k�zHj`q�L:c0_Ywuj`q�w zHj`q2L:c
∑

sz=± 1
2

∫

d3r |~r, sz〉 〈~r, sz| = 1

|ψ〉 =
∑

sz=± 1
2

∫

d3~r 〈~r1sz |ψ〉 |~r, sz〉

tiJRS	j`��Nik
ψ± (~r) = 〈~r,±|ψ〉

2× 2
k���JRU�aIq�L:c�k�U�j`����U	jYaIU	Q�j`e!w�~��+j`S5_`JMQ	|Xk

[ψ (~r)] =

(

ψ+ (~r)
ψ− (~r)

)

[ψ (~r)]† =
(

ψ
†
+ ψ

†
−
)

% �P_Yw�j

〈ψ|ϕ〉 =

∫

d3r [ψ (~r)]
†
[ϕ (~r)]

〈ψ|O|ϕ〉 =

∫

d3r [ψ (~r)]
†
O [ϕ (~r)]

F _pj`U�aINiL(eKL�S�k�~�Jm~�q�U�jYaIU�Q�j`e
O
U�cXe!w

tiJRU	JR��k�zIeK�+�+j`|Xd L(JMv�U	z
ψ (~r) = 〈~r|ψ〉

ψ
(

R−1~r
)

= 〈~r|Rψ〉
=

〈

R−1~r|ψ
〉

JROPe
〈~r|R|ψ〉 =

〈

~r|ψ′
〉

= ψ
′

(r)

F Jm£RS�_`zIJRd
L, S

L:c��+j`��JM|Xk�tiJRd�j`JM��JRU�aIq�k�U	j`���
(

ψ
′

+ (~r)

ψ
′

− (~r)

)

= (Rθ (s))

(

ψ+

(

R−1~r
)

ψ−
(

R−1~r
)

)

F
~r
�+yhU	q2k�L�S�U	JR��k��+j`��JM|�e�j`k

R−1 zIe%OHk�U	j`���
D�J�G IHG D�J�J	�ML -N),O�+.-,;6�
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ä Ë�Ó!Ë�å;Ñ�� ��Øbß
_pj`zHd5F V

ψ (|x| , t = 0) =

{

c
(

1− |x|
a

)

|x| ≤ a
0 |x| > a

a
zIe§�DcXyÛW¡eXf

t = 0
_`q�OP�

p
S�dPz}~Djp~�q�LTzGj`U��+zI|Xk�k�zHj`Q	JMQ��ÞW¡�2f

p
L:c�zIJRQ	��z}¢�U	S�W¡v]f

k�JRv�U	dPe%k�zHJRQ	��z}¢�U	S�zIe�j`�DcXyÛWâ~�f
_pj`U�zHQ
W¡eXf

1 =

∫ ∞

−∞
|ψ|2 dx

= 2c2
∫ a

0

(

1− 2
x

a
+
x2

a2

)

dx

= 2c2a

(

1− 1 +
1

3

)

=
2

3
c2a

c =

√

3

2a

k�JRJMU	j`Q5zIU	q�zIk�S�����d�W¡�!f

φ (p, t = 0) =
1√
2π~

∫ ∞

−∞
ψ (x, 0) e−

i
~
pxdx

=
1√
2π~

∫ a

−a
ψ (x, 0) e−

i
~
pxdx

=
1√
2π~

(∫ 0

−a
ψ (x, 0) e−

i
~
pxdx+

∫ a

0

ψ (x, 0) e−
i
~
pxdx

)

=
1√
2π~

(∫ ∞

0

ψ (x, 0) e
i
~
pxdx+

∫ a

0

ψ (x, 0) e−
i
~
pxdx

)

=

√

2

π~

(∫ a

0

ψ (x, 0) cos
px

~
dx

)

=

√

2

π~

√

3

2a

(∫ a

0

(

1− x

a

)

cos
px

~
dx

)

=

√

3~3

πa3

1

p2

(

1− cos
(

p
a

~

))

|φ (p, t = 0)|2 =
12~3

πa3

sin4
(

pa
2~

)

p4

F JRU�aIq2JR|«�+yhU	q2�uJMv�j`O�lPJReKU	jYaIU	Q�j`e
p
c�U	yhe%q 〈p〉 = 0

W¡v]f
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OPe
H = P 2

2m = − ~
2

2m
d2

dx2

Wâ~�f

∂ψ

∂x
=



























0 x < −a
1
a

√

3
2a −a ≤ x < 0

− 1
a

√

3
2a 0 ≤ x < a

0 x ≥ a
∂2ψ

∂x2
=

1

a

√

3

2a
(δ (x+ a)− 2δ (x) + δ (x+ a))

OPe
〈H〉 = 〈ψ|H |ψ〉

= − ~2

2m

∫ ∞

−∞
ψ∗ ∂

2

∂x2
ψdx

=
~

2

2m

1

a

√

3

2a

∫ ∞

−∞
−ψ∗ (δ (x+ a)− 2δ (x) + δ (x+ a)) dx

=
~2

2m

1

a

√

3

2a
(−ψ∗ (−a) + 2ψ∗ (0)− ψ∗ (a))

=
~2

2m

1

a

√

3

2a
2

√

3

2a

=
3~2

2ma2

~L
JRzHJMjpj`OIS�dPz�tiS�S�dINiJRNiL(y»F n

r =
√
~r2
zIJbcXe%U	k�q�NiJRNiL(y�k.NiyhU	q!j ~L zIe§zIJRdmaIL(q2JR|�~�jp~�q�L�_YwDzIJ�tie%k�W¡eXfF
Lx
L:c�JMq���S�k�����q���|XQ	e%zIq

Ly
L:c�zHJRQ	��zIk�¢;U�S5Jbwxy�JRw�j`k�W¡�!f

∆y∆Lx
tGJML�~�v���zHj`e�~Djpj%JMe�L:c�zIJRL(q2JRdPJRq2k�k�L(Q�wDq�k�zIe§k�OI����q2���DcXy 〈z〉 = a

_pj`zHd�W¡v]f

Lz
zIe§e%��q

Ly = ~

2





0 −i 0
i 0 i

0 −i 0



 , Lz = ~

2





1 0 0
0 0 0
0 0 −1





zHj`d�j`zId�Wâ~�f
_pj`U�zHQ

��j`L�JRy.|Xy�J%Ngjp~���d�W¡eXf
[Lx, r] = [ypz − zpy, r]j`L:c�k�JR��Nid�j`Q�L:w�tGe§JRQ�j`L(JMy.tivHk�JMk�J

~r2
tGe�JMQ�j`L(JRy�tGe§L(��e

[

ypz − zpy, x2 + y2 + z2
]

= 2i~yz − 2i~zy

= 2i~ [y, z] = 0

S�jp~�JuW¡�!f
Lx |X〉 = m~ |X〉

[Lz, Lx] = i~Ly

i~ 〈X |Ly |X〉 = 〈X |LzLx − LxLz |X〉
= m~ 〈X |Lz |X〉 − 〈X |Lz |X〉 = 0
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zHj`S	~Dj`k2lPJMe}_pj`U�NiJRS�W¡v]f
∆y∆Lx ≥ 1

2
|〈| [y, Lx] |〉|

��cXyhdi_YwDL
[y, Lx] = [y, ypz − zpy] = −z [y, py] = −i~z

Lx = 1
i~

[Ly, Lz]
Wâ~�f

NGJMNGL(y�k�L:c�S�dPz
P
U�cXe2w

W = vP
tiv�j

V = 1
2mω

2x2
%�% _pj`zHd5F E

E
(1)
n
�DcXyÛW¡eXf

∣

∣E0
n

〉 JP£bSx_pjYcge%UxU	~D|X� ∣∣
∣
ψ

(1)
n

〉 tiJR����q2k.zIe§�DcXyÛW¡�!f
JRdmc�U�~�|Xq�k�JRv�U	dPe%L#_pj`NiJRzHk�zIe�j`�DcXyÛW¡v]f

zINiJMjp~�q�k�e%�Dj`z�� vHJRwuy�Jbw�j`k�L�Wâ~�f
_pj`U�zHQ

OPe W¡eXf
∆E

′

n = 〈ϕn|W |ϕn〉
= v

〈

E0
n|p|E0

n

〉

tiv�j
1√
m~ω

p = P =
A−A†
√

2i

⇒ p = −i
√

m~ω

2

(

A−A†)

vo£be%k�q!j
〈

E0
n|p|E0

n

〉

=
〈

E0
n|αA+ βA†|E0

n

〉

= α̃
〈

E0
n|E0

n−1

〉

+ β̃
〈

E0
n|E0

n+1

〉

= 0

_pjYcXe!UuU�~�|XL#k�y�|�j`dPk�W¡�!f
∣

∣

∣
E(1)
n

〉

=
∣

∣E0
n

〉

+
∑

k 6=n
c
(1)
nk

∣

∣E0
k

〉

cnk =
v
〈

E0
k |p|E0

n

〉

E0
n −E0

k OPe
E0
n − E0

k = ~ω (n− k)

v
〈

E0
k |p|E0

n

〉

= iv

√

m~ω

2

〈

E0
k |A−A†|E0

n

〉

= iv

√

m~ω

2

(√
n
〈

E0
k |E0

n−1

〉

−
√
n+ 1 〈Ek|En+1〉

)

= iv

√

m~ω

2

(√
nδk,n−1 −

√
n+ 1δk,n+1

)
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OPe

E(1)
n = E(0)

n + iv

√

m

2ω~

(√
n
∣

∣E0
n−1

〉

+
√
n+ 1

∣

∣E0
n+1

〉)

k�JRv�U	dPe%LT_pj`NGJMzIk�W¡v]f

∆E(2)
n =

∑

k 6=n

v2
∣

∣

〈

E0
k |p|E0

n

〉∣

∣

E0
n −E0

k

=
∑

k 6=n

v2m~ω
2 nδk,n−1 − (n+ 1) δk,n+1

E0
n −E0

k

=
∑

k 6=n

v2m~ω
2 n

E0
n −E0

k

δk,n−1 −
∑

k 6=n

v2 (n+ 1)

E0
n −E0

k

δk,n+1

=
v2m~ω

2

(

n

~ω
− n+ 1

~ω

)

= −v
2m

2
= −m

2
v2

tGJMS�~Dj`J�j`dPeWâ~�f
H = H0 +W

=
p2

2m
+ vp+

1

2
mω2x2

=
(p+mv)

2

2m
+

1

2
mω2x2 − m

2
v2

JMdPj`q2U	k�U�jYaIL(JM|�j`e!qK�DwDU�j`q�_`e%dMaHj`L�JRq�k�k�U	q!j`L:w
[x, p] = i~

⇒ [x, p+mv] = i~

En = ~ω
(

n+ 1
2

) tiJRe%zIdIk�LU	q2j`L:w�F k�OPOPk�q���wDU	j`q!j
En = ~ω

(

n+
1

2

)

− m

2
v2

_pj`U�aINGL�e!k�c�k�L;j`NGL�j`q2k«����q |i〉 U�cge!wÜF tik�JMdm��Ù;Q	NGq�cÜU�jYaINiL(e�j�F tGJMq2jYaIe�E�tGe�k�L�j`NiL�j`q�k�dPj`zHd5F sF |i〉 tGJM����q2k�|XJM|X���uk�L�j`NiL�j`q�k�_`e%JRd�jYaIL(JMq�k�F i = 1, 2, 3
tijYaIe%L#U�jYcgN

H = ε

3
∑

i=1

|i〉 〈i|+ δ
∑

i6=j
|i〉 〈j|

tiJRd�j`zId
ε, δ

U;cXe!w
k�L�j`NGL;j`q�L�~Djp~�q2LTU�cgQ	e§zHj`JRv�U	dPe§j`L�JReW¡eXf

j`L(L�k�tGJM����q�k�zIe�~Djp~�q�L�W¡�!f
zHj`d�jYcXk�zHj`JMv�U	dme%k�zIe�~Djp~�q�LTtiJRq!jYaIe%k�~Dyhe%LTU�jYcXN«e�j`k�U;cXe!w�zHj`U	��zI|Xk�kÚW¡v]f

F U	y�eKtgjYaIe%L U�jYcXN«k�JMk�J
t
S�v�U	�Dc�zHj`U	��zI|Xk�kÚWâ~�f

_pj`U�zHQ
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k���JMU;aIq�w
H
�+j`zIwDL�W¡eXf

H =





ε δ δ

δ ε δ

δ δ ε





OPe

det





ε−Ek δ δ

δ ε−Ek δ

δ δ ε−Ek



 = 0

ε−E1 = δ

E1 = ε− δ
Ome

x = ε−X _`q�|XdItie

det





x δ δ

δ x δ

δ δ x



 = x3 − 2δx+ 2δ3

= (x− δ)
(

x2 + δx− 2δ2
)

= (x− δ)2 (x+ 2δ) = 0

OPe
E1 = E2 = ε− δ
E3 = ε+ 2δ

tGJMdPjpj`dPq2k�tiJRq2��S;k�tiJR����q2k�W¡�!f

E1,2 =
1√
2





1
0
−1



 ,

√

1

6





1
−2
1





U�j`��S

E3 =
1√
3





1
1
1





zHj`JRv�U	dPe%k�q�~�y�eKL(w�~Djp~Dq�L
Pk
zGj`U��+zI|Xk�k |ψ (t = 0)〉 = |1〉 L U�jYcgN�_pj`U;aINiL(e%k�W¡v]f

|〈pk|1〉|2 = |〈1|pk〉|2 U�cXQ	eKtiv�j




|ψ1〉
|ψ2〉
|ψ2〉



 =







1√
2

0 1√
2

1√
6
− 2√

6
1√
6

1√
3

1√
3

1√
3











|1〉
|2〉
|3〉





JROPe
P1 =

1

2

P2 =
1

6

P3 =
1

3
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t = 0
������q2k�Wâ~�f

|1〉 =
1√
2
|ψ1〉+

1√
6
|ψ2〉+

1√
3
|ψ3〉

_YwDL
e−

i
~
E1t, e−

i
~
E2t, e−

i
~
E3t ����q�L:wDLTOPe

|ψ (t)〉 =
1√
2
e−

i
~
E1t |ψ1〉+

1√
6
e−

i
~
E2t |ψ2〉+

1√
3
e−

i
~
E3t |ψ3〉

=
1

3
e−

i
~
E1,2t (2 |1〉 − |2〉+ |3〉) +

1

3
e−

i
~
E3t (|1〉+ |2〉+ |3〉)

_YwDL
P2 (t) = |〈2|ψ (t)〉|2

=

∣

∣

∣

∣

〈2| 1
3
e−

i
~
E1,2t (2 |1〉 − |2〉+ |3〉) +

1

3
e−

i
~
E3t (|1〉+ |2〉+ |3〉)

∣

∣

∣

∣

2

=

∣

∣

∣

∣

−1

3
e−

i
~
E1,2t +

1

3
e−

i
~
E3t

∣

∣

∣

∣

2

=
1

9

(

2− 2 cos
E3 −E1

~
t

)

=
4

9
sin2

(

3δ
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t

)
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