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$Id: partial diff eq.lyx,v 1.19 2004/09/23 00:54:32 itay Exp $

-�.0/1.2.0/13547698;:
< =>=>=?==>=?=>=?=>=>=>=>=>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=?==>=?=>=?=>=>=>=>=>=A@CBED�F GH =>=?==>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=?=>==?=>=?=>=>=?=%I>BEJAK�BEFLI>BE@CBMBONPF GQ= GH ==SRMBONP@�JTJ#U#VPFXWZY[U#FX\1D�]^`_a\%U#F�F`I>BE@CBMBONPF�b+I>BE@�F�cdBMU Ge= GQ= GH ==?=>=?=>=>=>=>=>=gf�I>BE_aJ%@�hi_ab"DSjkJlb"mA]hQnZ_[h[N�J%U;VPFXWoY[U#F Ge= GQ= pH =>=>=?==>=?=>=?=>=>=>=>=>=?=>=?=>==?=>=>=?=>=?==qRMBONr@�JsJ#U#VPFXI>BE@CBMBONPFtRMBEJ%Im pH =>=?==>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=uRMBONP@�J+J#U#VPFXI>BE_aJ%@�hi_abvI>BE@CBMBONPF pw= GH ==?=>=?=>=>=>=>=>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=�RMBEJ%ImTIC]_aN px= GQ= Gy ==?=>=?=

(∗)aux + buy + cu = d
^Z@CBMBONPF�bTRMBEJ%Im%^XWoBEI_am pw= Ge= pz =>=?==>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=?=>==?=`I>BE_aJ%@�hi_ab1{	_a|	BMBEj}I>BE@CBMBONPF pw= pz =P~k_a_[hi_a_am#BE@�^�~k_[BMBEjk^�IC]_�NqBE@�~k_aJA]F�J%m%^�I]_�NPD�RMBEJ%Im px= pw= GG�G�==?=>=?=>=>=>=>=>=?=>=�f��1BEI>_aW�^X_a@�hiI�noI>BE_[b"VPJ#BMBEVPhiJ1]^X_[@�h�I px= pw= p

G�G =>=>=?==>=?=>=?=>=>=>=>=>=?=>=�f�~k_ahiICNPF`_ah�NPD*nZ_ah�N�J#U#VPFXI>BE_[JA@�hi_abvI>BE@CBMBONPF <G z =>=?==>=?=>=�_[b"jk_a|i_am�\Aj?J;{i_[m#BEV�RE_[@LJ%I_aF`I_[h�c�BEF*BE^Z^X~k_ab"cd^�I@CBMBONPF <u= Gp���==?=>=?=>=>=>=>=>=?=>=?=>==?=>=�^Z\Am1NP^XJ#BE|i@CB�I>BEb�I^X~kBEW�I <2= GQ= G
p�p�=>=?==>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=?=�I>BE_ahicdBEF�BE^*{i_a@�^X~k_ab"cd^�I@CBMBONPF <u= pp H ==?=>=?=>=>=>=>=>=?=>=?=>==?=>=>=?=>=?==>=?=LN(BEW�_ah?_�Ya\TRMBEJ%Im <2= pw= G
p H ==?=>=?=>=>=>=>=>=?=>=?=>==?=>=>=�_[m%BEV�{�RE_a@LJ%I_[F�b"N�I>BEh	BOK;I <2= pw= pp y ==?=>=?=>=>=>=>=>=?=>=?=>==?=>=>=?=>=?==}_[m%BEV�{�RE_a@L_[�#W�J%I_aF <2= pw= <p���==?=>=?=>=>=>=>=>=?=>=?=>==?I_ahicdBEF�BE^`^Z_a\AD�bvI_[b"_aD�j?F*^�b"b"K <2= pw= H
pw� =>=>=?==>=?=>=?=>=>=>=>=>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=?=}b"_[D�BE_[b)~kJ#BO]CN�I_[_a\AD H
<���==?=>=?=>=>=>=>=>=?=>=?=>==?=>=�I_[b"b0K�b"_[D�BE_ab�~kJ%BO]CN�I_a_[\1D H = �u= y
<"p�==?=>=?=>=>=�b�_aD�BE_[bv~?J#BO]CN�I>_a_a\ADSb0N�\#Yam%B*\#Y�\lb"N�I>BEh	BOK;I H = �u= z<u��=>=?==>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=?=>==?=>=?=>=>=?==�~rBEW�^`^Z@CBMBONPF H = G<u��==?=>=?=>=>=>=>=>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=t_ab�j?_[|�_[m�\1jkJ H = GQ= GH ��==?=>=?=>=`~k_ahiICNPFXI>U#J%m%^`IC]_�NPDSI_ahicdBEF�BE^X^Z_a\AD�RMBEJ%Im H = GQ= pH p�==?=>=?=>=>=>=>=>=?=>=?=>==?=>=>=?=>=?==>=�I_[h�c�BEF*BE^X@�bvWoY[U#F H = GQ= <H�H =>=?==>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=(_ahicdBEF*BE^`@�bv^ZmAN�_[@�hiI�~?\TWoY[U#F H = pH7� ==?=>=?=>=>=>=>=>=?=>=?=>=�RMBEJ%Im%^`I>BMU#_[W�_[B�^Z_acdJAhi@�^�b"J%c	]hi_a@ H = pw= GH ��=>=?==>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=?=>==�D;]_[^�IJ#U#c�BEFX~kBEW�^`I_a_[\1D H = <H ��==?=>=?=>=>=>=>=>=?=>=?=>==?=>=>=?=>=?==;~rBEW�^�I>_a_a\AD�  I>BMU#_aW�_ H = <u= Gy ��==?=>=?=>=>=>=>=>=�~rBEW�^�I>_a_a\AD�bsf¡NPb"W�^>n�~kBEF*_aVPjkF�^`RMBEJAjk\ H = <u= py p�==?=>=?=>=>=>=>=>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=?=>==?=�I?BED�_a�#_ H = <u= <yQH =>=>=?==>=?=>=?=>=>=>=>=>=?=>=?=>==?=>=>=�f�I>_�]m%_ab"@t^Z@CBMBONPF?n*VP@�b�mAbvI@CBMBONPF yyQH =>=?==>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=?=>==?=>=?=>=>=?==>=?=>=?=>=�^ZJ#U#c�^ y = Gy�y =>=?==>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=?=>==?=>=?=>=�b�BEc�_[\1DSVPb"m%bvI_a_[\1D y = py ��=>=?==>=?=>=?=>==?=

R
V(BE_[U#J%D�b�BEcd_a\ADs^�b0K;_aJ#UsI_a_[\1D�b�RMBEVP@CBEmsIW�V(BEh y = <yu� =>=?==>=?=>=?=>==?=>=>=?=>=?==LNPb"W�^�f�~rBEF�_[h�_[F�^�B	nZ~kBEF*_aVPjkF�^�]m1NPF y = H

G



yu� ==?=>=?=>=>=>=>=>=?=>=7jk|iW�^�f�~rBEF�_[h�_[F�^�B	nZ~kBEF*_aVPjkF�^�]m1NPF y = H = Gz G¢=>=?==>=?=>=?=>==?=>=>=?=>=?==>=?=>=>=?=>=�RED�b"F*D+VP@�b"m%b�I_[_a\AD�bvRMBEJ%Im y = y

p



£ 8%¤�¥ ¦
~k_ahiICNPFXJ%m%VPF�DS^Z_a�#jkh	BEmTRE_aDsJANPj}IJ%@�IF�^XI_[j?b�W�I_ab�@�_[�#hiJAm%_�U+^�@�BMBONPF¨§*©�ª;«

u = u(x, y, z, ..)

I_ab�b0K�^ZJ#BE�s= ^Z_[I>BEJ%|ic�h?RE_[D�b
F (x, y, ..., u, ux, uy, uxx, ...)

=
J#U#VPF�^�@�BMBONPF

u2
x + u2

xt = 0
b"NrF*b`  J%I>BE_[D�^�BED�c�^¬^ZJ%_a|ic�^}I>c�J#UqZ®�¯�®	®�°�«o±�²Aª;³= _ah�N

´ @�F�cdBMU�= ^Z_[I>BEJ%|ic�h>b0N(B
u
b0N�I>_aJ%@�h�_[bv^Z_a�#jkh	BEm1Ks~?@µo¶[²%¯�·	¶a¸+§�©aª;«

x7ux + sin(xy)uy = u

= I_[JA@�hi_abv@�b
uux = 0

  I_aJ%@�hi_ab
~rU#j?F*^oNrK�nt= GS^Zb"\AF�D¬\A_am#BEF¹^�BED�cv_aK;^�J#U#VP^�FºI>BEJ%|ic�hi^�~k@»Z®	¶[²%¯�·i¸A¶[¼d®	®w½l§�©aª;«=

uux + u2
y = 0

b0NPF�bl= f
x, y, u

b0N�^Z_a�#jkh	BEmTI>BE_[^Zbvb�BOK;_
o®	·	®�²#o¾

WZY[U#F�^`I@tIF�_[_ajkFZN
ck D u

^Z_[�#j?h	BEm
k
J%U;VPFXWoY[U#F*b�¿�¶[³%¸�½�À�¶�Z«�¯�Á�®�²#o¾

J#Y[U#F*b�I?BEhiBEJ%Im%^LÂAV(BE@Ã¶a¸1¸%ÄTÁ�®�²#Z¾
ux = xy, u =

∫
uxdx =

∫
xydx = x2

2 y + f(y)
J#BEIm ´ b"_ac�J%I

uxy = 1, ux =
∫

uxydy = y + f(x), u =
∫

uxdx = xy + f̃(x) + g(y)
J#BEIm

= ~?_�BMBEb"h>~k_a@�hiI>B�WoY[U#FLI>b"b�BOK;^X^Z_[\1DSJ#BEIm%h?_a]J%mTRMBEJ%ImT\%BED�jkb)_�U%K�¶aÅ*²A¾TÁ�®�²#Z¾
=
u(x, 0) = f(x), ut(x, 0) = g(x)

^ZJ#BE�#^ZF�b0NPF�bv^Z_a^�_
u(x, t)

J#BED�\�±�¸#§��±�¶[¯�·d
=
u(∂D) = f(y)

b"\lb0K;I>VP^Zb�JANrm%@t|�@
(x, y) ∈ D

JANP@*K
u(x, y)

J#BED�\�±�¾%°º¶[¯�·d
= ~k_[BMBEb�FX~?_[@�hiI¬Æ�WZY[U#FX@�_a^�^ZmAN�I>b"W�I^XI_a_[\1D�BE@Ã¶�°�®w½To¶[¶aÇ�È

´ I>BONP_acr_aIN�I>BEF*_a_aj
J#BEIm%b •

I_[I>BOK;_a@�^ZJ%_ajkW •

^Zb"W�I^XI_[_a\ADS_aD�cdb�jrBMU#D�h
RMBEJ%Im+~?_[_aj�~?@�^ •
U#_[W�_�@CBE^`~?@�^ •

= f�I>BED�_a�#_wn�RMBEJ%Im%D�RO]j�_[BEhi_�N�J%J#BEcr~?_[@�h�I>DSBE@t^Z@CBONPF�D�RO]j�_[BEhi_aN�~?@�^ •

= b1Yah?~k_a@�hiI^�<�~?_[F�_a_[j?I>F�~k@t{?D;]_[^�Ic��;BEF�I@�JAjkh^Z_[\1D�^

3



ÉPÊuË�Ì�ÊeÍÎÉ(Ê�ÏrÊeÊeÐ�Í Ñ2ÒxÑ
Á�®�°9¯o²+²Aª;³#«�§�©aª;«�Ç�È�Å�±�¶[Ç�ª;«�«�Z®�¯�®	®�°�«�¸+o®�¯�«�ÓQ®	ª ÔwÕaÔwÕaÔ

I>BEJ%_a^�F�Dv~?J#BE|�N�b"|	BEh��ABEIDv]CNPm%IF�f�J%b"j?VÖn
u(x, y, z, t)

|iBOK;_[JÖb"\ADvJAF�BEW×±�ÄA¸A®d±o±�Z¯�®	®�°9«
u0(x, y, z)

J%F�BEW�^�|	BOK;_aJ
t = 0

~k_[BEVPF�\1c�J%D�NÎRMBEIhP~k@�=
~v(x, y, z, t) = (v1, v2, v3){

ut + v1ux + v2uy + v3uz = 0
u(x, y, z, 0) = u0(x, y, z)

^Z@CBMBONrF*^X_am%b�]CNPmAI>_�|	BOK;_[J
´ @�_a^

u = u(x, y)
J#BED�\lI_[b"b0K;^X^ZJ#BE�#^�Á�®�°Ø¯o²T²Aª;³#«�Z®�²%¯�·	¶�¸%¶a¼d®	®w½To®�¯�®	®�°9«

a(x, y, u)ux + b(x, y, u)uy = c(x, y, u)

=
{>RMBONP@�JsJ%U;VPF�I?BE_aJ%@�h�b�I?BE@�BMBONPFÃ¶aÅ*²A¾s±�²�½1«

a(x, y)ux + b(x, y)uy + c(x, y)u = d(x, y)

¿Oo®	¶�²A¯�·	¶a¸%ÈX½A²�¸%¾AÅ�·QÀ�¶[·�°¹²Aª;³#«�§�©aª;« ÔwÕaÔwÕ�Ù
f(x)

= b"c�^×I>BO]CNPm%I^Z^�I>BEJ%_a^�F
c
J%I_aF×b0NÚI>BMU;BEhiI^�I\AJ1NPF

u(x, y) Û ¶a¸AÓ�±�Z¯�®	®�°9«{ijkIF
u(x, t)

\1c�Jvb0K;D�Ü j?h�b0K;DTI>\1JANPF�^L= I_[Ib"W�I^�I>BEJ%_a^ZF
g(x)

  I_ab"_[W�I�I\AJANrF





utt − c2uxx = 0
u(x, 0) = f(x)
ut(x, 0) = g(x)

RMBEJ%ImAKSb"D

k > 0
ROK�B

a < x < b
]>BEF*D�Ü m%FZ]^�I@�D;NPW�b+^Z�#jkhT= jrU;B>BEJ%@�]>BEF}RMBEIh Û ®�§�±�Z¯�®	®�°9«Ü mAF�]^

h(t)
 
x = a

Ü m%FZ]
g(x)

 
t = 0

RMBEIhk\1cdJADLÜ m%FZ]^
f(x)

= ~rBEW�^�ICK;b�BE^t~kU;j?F





ut − kuxx = 0
u(x, 0) = f(x)
u(a, t) = g(t)
u(b, t) = h(t)

b0N¹RMBEJAI>mA^`^Z_[^Z_
u(x, t)

|i@�=
x = b

=




uxx + uyy = 0
u(x, y) = f(x, y)
ux(x, y) = g(x, y)

³%¸A¾A¸S�¯�®	®�°�«

478AÝ £TÞÚÞ9ßÖà ¥¢:+8 £ 818AÝº¥á428 Þ :Tâ ã
ä�Ê�Ð�ÏPË¬Ë�åCæCÍ�ÉPÊQçxË*Ïrèeç�éqÉ(Ê�ÏrÊeÊeÐ�Í ê�ÒxÑ

a, b, c, d ∈ c1, {a, b 6= 0}, a(x, y)ux + b(x, y)uy + c(x, y)u = d(x, y)

Áa®�²%Z¾soÅ�¶[° Ù7ÕaÔwÕaÔ
^ZF�BEIV�^ZJ#BE�#D�RMBEJAI>mA^sI@�~rBONPJAh

y = f(x)
NPJ#BEm%FSRMBEJ%Im�b�D�jkh dy

dx
= b

a

J#Y[U#FsJ#BEIm%hT= G
F (x, y) = c

t(x, y) = F (x, y)
N(U#W�^ZhiICNPFXJA_�U#c�hl= p

=
J = ∂(s,t)

∂(x,y) =

∣∣∣∣
sx sy

tx ty

∣∣∣∣
= �2{	FL^Zh	BON�RE@�_aD�BEj?\A_a^ZN��"K

s(x, y)
Â1V(BEh^�h�INrF�JAW�D�hl= <

J;YaU;F�b"D�j?h
v
b�^oN(U#W¬^�@�BMBONPF�~kBONPJ%h	BS=

v(s, t) = u(x, y)
~?_[hiICNPF}Im%b"W�^�\A�#D�hl= H=
vs + Av = B

^ZJ#BE�#^ZF
v = e−

R

Ads
[∫

e
R

AdsBds
] RMBEJ%Im%^ë= y

4



u(x, y)
Ib"D�j?bv~k_ahiICNPF`_[BEhi_�N�\1�#D�hl= z

JA_�U#c�h=
y = f(x)

@�BE^
y′ = b

a

b�BEh�b�D�j?N�RMBEJ%Im%^`~?@¨¯�«�ÓQ®	ª
t(x, y) = y − f(x), s(x, y) = x

J = 1 × 1 − 0 × tx = 1
|i@CB

=
u + 3

2x = c
ROK;b

u = −3
2 x + c

J%F�BEb0K dy
dx

= −3
2

´
2ux − 3uy + 2u = 2x

¯�«�ÓQ®	ª

t(x, y) = y +
3

2
x

s(x, y) = x ⇒ J = 1

IJANPJANr^Xb�b0Ks_[m%b ´
v(s, t) = u(x, y)

J%_[U;c�h
s = x

t = y +
3

2
x

u = v

⇒ uy = vssy + vtty = vt

ux = vssx + vttx = vs +
3

2
vt

=
2(vs + 3

2vt) − 2vt + 2v = 2s ⇒ vs + v = s
^Z@CBMBONPF�D�D�_a�#h

´ RMBEJ%Im%^
v = e−

R

1ds

[∫
se

R

1dsds + f(t)

]
= e−s [ses − es + f(t)] = s − 1 + e−sf(t)

� u(x, y) = x − 1 + e−xf(y + 3x
2 )
^Z@CBMBONPF�b�J#BE|iW�b

(∗)aux + buy + cu = d
±�¯�®	®�°9«�¸TÁ�®�²#o¾;±�§o®do¶[¾ Ù2Õ[Ô�Õ�Ù

J%_[U#c�^�b
J 6= 0

N���K
s(x, y), t(x, y)

b�J#BED�\1bv~k_ahiICNPFXIm%b"W�^X\1�#D�bv^Z�#J%h
v(s, t) = u(x, y)I>J1NPJANP^Xb"b0KS_am%b�=

vs + Av = B
J;YaU;FXb"D�jkb�B

ux = vssx + vttx, uy = vssy + vtty= ~k_a_aJ%cdBEVPb�ì1BEW�F
vs, vt

@�_a�;BEh`=
a(vssx + vttx) + b(vssy + vtty) + cv = d

´
(∗) {	D�D�_[�#h=

atx + bty = 0
~?_[_ajkI_�N

t(x, y)
J%_�U#c�^Zb+^Z�#J%h

vs(asx + bsy) + vt(atx + bty) + cv = dì1b"W�b�JANPm%@
tx 6= 0

^ZD;N
t(x, y)

^Z_[�#j?h	BEm%^�b"\`b0K;I>VPhÖ~?@¹_[h�NëU;�#F −tx

ty
= b

a

J%F�BEb0K
~k_a_ajk_

t(x, y) = c
^�F*BEIV�^ZJ#BE�#D�RMBEJ%Im%^L=

y′ = −tx

ty

~?_[_ajkIF*B
y = f(x)

y′ =
−tx
ty

=
b

a
⇒ atx + bty = 0

= J#Y[U#FX~k_ab"D�j?FXROK;b�B>f
y′ = −fx

fy
f(x, y)

I>BEF�BEIVP^XI>BE_a�#jkh	BEm%^�]mANPF?n
J%_[U#cdh

w(x, y) = c
@CBE^XRMBEJAI>mA^

wyux − wxuy = 0
J#BEIm%h

w(x, y) ∈ c1 ^Zh	BEIh+¯�«�ÓQ®	ª
t(x, y) = w(x, y), s(x, y) = x, v(s, t) = u(x, y), ux = vs + vtwx, uy = vtwy=

wy(vs + vtwx) − wxvtwy = 0 ⇒ wyvs = 0 ⇒ vs = 0 ⇒ v = f(t)
^Z@CBMBONPF�^=

u = f(w)
RMBEJ%Im%^

b0NPF�b
u = f(x)

J%BEI>mAbSBEhib0K;_kNP@�J%F�ROK;b
wyux − wxuy = 0 ⇒ J = ∂(w,u)

∂(x,y) = 0
±�²AÇ�±

xux − yuy = 0 ⇒ w = xy ⇒ u = f(xy)

y



É(ÊQçwË�ÏrèQç�éCíwç�î7ÊeÊ7ï�É(Ê�ÏrÊeÊeÐ�Í ê�Ò�ê
a(x, y, u)ux + b(x, y, u)uy = c(x, y, u)

o®�¯�«�ÓQ®	ª
f�J;YaU;FX~kBEW�IFkn�o®w½A¶a®	ª;«�¯�¸+ð ¾%¶aª�o®�¯�®	®�°9«

M(x, y) + n(x, y)y′ = 0 ⇒ M(x, y)dx + n(x, y)dy

f(x, y) = c
RMBEJ%ImS@CBE�#F�bs~?_[\AU�BE_

My = Nx
J%F*BEb0K�Ij?_�BMU#F�^t^Z@CBMBONPF�^�~?@{�]hi_a@�~kJ#BEc�~k_am%_aV(BEFtIj?_�BMU#F�@�b+^Z@CBMBONPF�^�~?@

fy = N, fx = M
RMBEJ%Im�_iY�\BE@

µMy = µNx
~k_a�;BEJ�J%F*BEb"Kq= Ijk_[BMU;F

µMdx + µNdy = 0
N×��K

µ
^Z_a�#J%c

µ
b"N�I_[JA@�hi_ab�_a|	BMBEj}WZYaU;FLBE|iB

µMy + µyM = µNx + µxN^�U;BEjkhiD�J%F*BEW�^�|	BOK;_[J
u(x, y)

J%^ZhibT�1m1NPhrJ%F*BEW�f�^Z_[F�_�K;^X~rBEW�IF?nv±�ÄA¸A®d±o±�Z¯�®	®�°9«\Ac�J%D}J%F*BEW�^ºI>BEF�K}K�Y�^�VñJAF�BEW�^¹]CNPmAI>^ò~?N»~rBEW�I^
[a(t), b(t)] t

REF�|iD
x~k_�K;_ab�^ZILIW�hi|i^ZDT\%BED�jón ∫ b(t)

a(t)
u(x, t)dx = c ⇒ ∂

∂t

∫ b(t)

a(t)
u(x, t)dx = 0

BE^oNPb0K
REF�VPh(f�~?_[JAb1BEj?b�BEF

U =

∫
udx ⇒ 0 =

∂

∂t
[U(b(t), t) − U(a(t), t)]

= Ux(b(t), t)b′(t) + Ut(b(t), t) − (Ux(a(t), t)a′(t) + Ut(a(t), t))

= u(b(t), t)b′(t) − u(a(t), t)a′(t) +

∫ b(t)

a(t)

ut(x, t)dx

´ J%^Zhi^`IF�_[J%|I>BEJ%_a^ZF�I@
v(x, t)

D�REF�VPh
v(a(t), t) = a′(t), v(b(t), t) = b′(t)

|i@�B

0 = u(b(t), t)v(b(t), t) − u(a(t), t)v(a(t), t) +

∫ b(t)

a(t)

utdx

= (u, v)(x, t)|b(t)
x=a(t) +

∫ b(t)

a(t)

ut(x, t)dx

⇒ =

∫ b(t)

a(t)

(u, v)xdx +

∫ b(t)

a(t)

utdx

=

∫ b(t)

a(t)

[(u, v)x − ut] dx

^Z_a�#J%c	]hi_[@�^�I>BEb�BED�crb0K;b�b"J%c	]hi_a@�^oN�RMBMBE_aK
⇒ (uv)x + ut = 0

vux + uvx + ut = 0

Û ¶[¶a·	¶[¶a¾%®�¯Z± Û ¶[®	®w½%±�oÅ�¶[°º®�¯ Û ¶�²�Å*«�²A¾;±`�Å�¶�°9È�Áa®�²%Z¾ Ù7Õ�Ù7ÕaÔ
Ib"b1BOK;^¹^Z_a\AD�b`RMBEJ%ImtBE@

aux + buy = c
I>_aJ%@�h�_[b"_a|	BMBEjëWZY[U#F�b

u(x, t)
RMBEJ%Imt~?_aNPmAW�F

u(x0(s), y0(s)) = u0(s)
_[@�h�IkÆ�WoY[U#F

_a@�hiI^`= WZYaU#FXb"N�_ab"J%c	]hi_[@�W�]CNPF`@�JAjkh
z = u(x, y)

|�@XWZY[U#F�b�RMBEJ%Im
u(x, t)

~?@¨±�²Aª;Ó�±^Zb�W�I>^X~kBEjk\l~k_a@�J%j?h	B
(x0(s), y0(s), u0(s)) γ0

_�Ya\lREF*BEVPF
z



= BEb"@�^�~k_[BMBEjk^ZF
u
I>@�J%|iW�Nrh	B�_[b"J%c	]hi_a@�^SW�]CNPF*^�b"\�~kb�BOK#N¬~?_�BMBEj�b0N�ICNPJv@��#F�hlÁ�®	¶[Ç�²#±W�]CNP^�I@¬~k_ab"D�j?F�_�N(BEj�I>_a_a\AD�b1BC~?_[b"J%c	]hi_a@�~?_[W�]CNrFtb0NºÂAV(BE@¬~?_[b"D�jkFLWZYaU;F�b=

γ0
DS^Zb"W�I^�Ü j?hC~k\

γ
I@t~?_[J%W�BED�N���Ks_iY�\

γ0
I@tb"_�K;F�N

aux + buy = c(x0(s), y0(s), u0(s))
Á�®�²#o¾;± ¶�È�¸%°

J#Y[U#FX<�b0NÎÜ \AF`~?_[FZN(BEJ�= G
xt = a

yt = b

ut = c

^Zb"W�I^X_a@�hiI�<�D�_a�#h�= p
x(0, s) = xo(s)

y(o, s) = y0(s)

u(0, s) = u0(s)

I>BE_a�#jkh	BEmT~k_ab"D�j?F�BZ~k_aJ%I>BEm�= <
x = x(t, s)

y = y(t, s)

ũ = ũ(t, s)

^Zjk_�]VPJA]jkJAjP  RE_a_[m%BE@  ~k_a_ahi_[_am#BE@v~?_�BMBEjX  _[h�_[_am#BE@T~rBEjk\9@�J%j?h
γ(t) = (x(t, s), y(t, s), ũ(s, t))

|�@CB
ì1b"W�bvJANrm%@t|�@

J =
(

∂(s,t)
∂(x,y)

)
=

∣∣∣∣
sx sy

tx ty

∣∣∣∣ 6= 0
~k@ô= H

s = s(x, y), t = t(x, y)

u = u(x, y)
b"D�j?b�B�D�_[�#^Zb
{

xuux − uy = 0
u(s, 0) = 0

¯�«�ÓQ®	ª
J#BEIm%hT= G

xt = xu

yt = −1

ut = 0

x(s, 0) = s

y(s, 0) = 0

u(s, 0) = s

^Z@CBMBONPFLI@�@��#F�hl= p

y(t, s) = −t + c2 = −t

u(t, s) = c1 = s

⇒ xt(t, s) = sx ⇒ ln(x) = st + c3 ⇒ x = c3e
st ∨ x(t = 0) = c3 = s ⇒ x = sest
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s = u
t = −y

⇒ x = ue−uy ì�b"W�hl= <
RMBEJ%Im%b�~k_a�;BEJ}Á�®�²#o¾;±�§o®dZ¶a¾A¸l¶[²1Å�«�®�¯�Ó9²%È�³�±

aux + buy = c

⇔ aux + buy − c = 0

⇔ (a, b, c) · (ux, uy,−1) = 0

_[h�_[_am#BE@L~rBEj?\
n̂ ⊥ (a, b, c)

BEb0Nqb"F*J%BEhi^`~PY�~k@�_[b"J%c	]hi_a@XW�]CNPF
u
ROK;b

γ(t) = (x(y), y(t), ũ(t))

RMBEJ%Im%^�b0N¨b"F�J#BEhib�D��#_ah
γ
b�j?_aNPF�^}J%F*BEb"K

(xt, yt, ũt) = (a, b, c) ⊥ n̂
~?_[_ajkF~k_a_ahi_[_am#BE@�^�~k_aF�BEj?\A^¬I@q~k_am%V(BE@õ= J%I>BEm%^�W�]CNPF�^�b0NÃRMBMBE_�K;D

γ
ROK;b

z = u(x, y)D��#_[h	B
γ(t = 0)

D�J%I>BEm%^�W�]CNPF�^tI@¬��I>BEW
γ(t)

=
γ0
^Zb�W�I>^Z^t~rBEjk\+I@�~k_aVrK;F�N= J%I>BEm%^XW�]CNrF*D�BEb�BOK�b0K�BEF

γ(t)
ROK;b�J%I>BEm%^XW�]CNPF�^`b0N�b"F�J#BEhib

Á�®�²#o¾;±�¶�©a®w½�¸T¶�Å*¶�¸%·�¯�±�§oÄ%®d±
Á�®�²#o¾;± Û ®	¶	½~rBEj?\�b0Nö^ZD�_aD�VPD}U;_aW�_)RMBEJ%Im�~k_a_ajÃ~?_[@�hiIô<`Æ�J;YaU#FÎ<�b0NöIK;JA\AF�b¬= G~?_[b"D�jkF`^Zb"W�I^Z^

x = x(t, s)

y = y(t, s)

ũ = u(t, s)

b�D�jkb�B s = s(x, y)
t = t(x, y)

ì�b"W�b�REI_[h
J = ∂(x,y)

∂(s,t)

~k@

ũ(s(x, y), t(x, y)) = u(x, y)

bAY��SJ%F*BEb0K�RMBEJ%Im
u(x, y)

@�JAjkhl= p
aux + buy = c

⇔ xtux + ytuy = ũt

ũ(t, s) = u(x(s, t), y(s, t)) ⇒ ũt = ũxxt + ũyyt
_�KS~k_a_ajkIF�^Z|	B

o®	ª�¶[§o¶
v(x, y)

~?@CB
aux + buy = c

b0N�_[hi_a_am#BE@L~rBEjk\
γ = (x(t), y(t), ũ(t))

~?@µ±�«�¸\%BED�jqf
z
J%_[�Tb"\�nZ~k^Z_ahiDsj?W�J%F�^`|i@L^Z_[\1DS^ZI?BE@tb0N�_ab"J%c	]hi_[@LW�]CNrF

_[|i@
d(t) = ũ(t) − v(x(t), y(t))

REF�VPh ^ZW�K�BE^
d′(t) = ũt − (vxxt + vyyt) = c − (vxxt + vyyt)

RMBEJ%Im
v
~kcdB

ũt = c
RMBEJ%ImvJ%F*BEb"KT_ahi_a_[m#BE@�~rBEj?\

γ
N}RMBMBE_�Klb�D�@|i@LWZY[U#^`b0N

d′(t) = 0 ⇒ d = const

�

�



^Zb"W�I^�_[@�hiI¹Æ`WZYaU;F�b�BEhi_ahiD;NòRMBEJ%Im%^
z = u(x, y)

W�_[h�h	B
j 6= 0

W�_ahihTo®	ª;¶�§o¶{iF�BEj?\lÂAV(BE@�FXD;K;J#BEF
u
= _a@�hiI?Æ�WZYaU;FLb0N�BE^ZNrb"K�RMBEJ%Im

v(x, y)
N�W�_[h�h?=

γ0

γ0
B
γ0
��J#U�J%D�BE\

γ(t)
|i@

γ(t)
_[I>BEJ%_aJAN×RMBEJ%Im�W�j?_[h

γ(t)
~?_[_ahi_a_[m%BE@¬~k_

v, u
ROK;b

v
D�b0K�BEF

γ(t)
^Zhi\�]^t_am%b�BM=

v
I@���I>BEW

γ(t)
ROK;b

v
D�b0K�BEF¬BEb�BOK= ~?_�U%K;b"IF

�

~k_a_ahi_[_am#BE@�~k_[BMBEj�J%_a_a�#b1B
J
I@`D�NrW�bTf�J1NPm%@`~?@Pn�J;YaU;F�J#BEIm%h�~?_[mA_[\1VP^�F�U#W�@`b0K;Dq¸A¶[Óe²#^Zb�W�I>^X~kBEjk\lb0]^�B

{
ux + uy = u2

u(x, 0) = 1
= G

I?BE_ahi_a_[m%BE@�^`I>BE@CBMBONPF�^µf�@Pn
xt = 1 ⇒ x = t + c1(s)

yt = 1 ⇒ y = t + c2(s)

ut = u2 ⇒
∫

du

u2
=

∫
dt ⇒ − 1

u
= t + c3(s)

^�b"W�I^X_a@�hiIöf�D�n
x(0, s) = s ⇒ c1(s) = s ⇒ x(t, s) = t + s

y(0, s) = 0 ⇒ c2(s) = 0 ⇒ y(y, s) = t

u(0, s) = 1 ⇒ 1 = − 1

c3(s)
⇒ u =

1

1 − t

^Z|PROK;b
J = ∂(x,y)

∂(s,t) =

∣∣∣∣
xt xs

yt ys

∣∣∣∣ =

∣∣∣∣
1 1
1 0

∣∣∣∣ = −1 6= 0
RE_[D�BEjk\1_>jkBMU#D�hSf�c�n

= _ab"J%c	]hi_a@�^�J#BONr_[F�^`b0K;b�RMBOK;h
t = y, s = x − y, u(x, y) = 1

1−y

ì1b"W�h�f�UZn
IF*_a_aj

y = 0
^Zb"W�I^Z^q~rBEj?\AD;NÃRMBMBE_aK} 

y 6= 1
b�J#U#cdBEFq@�b�RMBEJ%Im%^Ã±�²AÇ�±= J#U#cdBEFtRMBEJAI>mA^`^ZD�N�^Zb�W�I>^Z^X~kBEjk\�b0Nq^ZD�_[D�V

=
y = x−s

~?cdB
(t+s, t)

@CBE^
x, y

J#BONP_aF*b�BEb0NXb0]_[^Z^
(t+s, s, 1

1−t
)
_ahi_a_[m#BE@+~rBEj?\

= ^Zb"W�I^Z^L~rBEjk\�I@�~k_�K;I>BEW�~k_a_ahi_[_am#BE@X~?_[F*BEjk\lROK;b
(x, 0)

@CBE^
γ0
b0Nqb0]_[^Z^

{
ux = u + 1

u(x, 0) = xex − 1
= p

~?_[_ahi_a_[m%BE@X~k_aF�BEj?\�f�@Pn
xt = 1 ⇒ x = t + c1(s)

yt = 0 ⇒ y = cs(s)

ut = u + 1 ⇒ u = e−
R

−1dt

∫
1e

R

−1dt = et[−e−t + c3(s)] = −1 + etc3(s)

^�b"W�I^X_a@�hiIöf�D�n
x(0, s) = c1(s) = s ⇒ x(s, t) = t + s

y(0, s) = c2(s) = 0 ⇒ y(s, t) = 0

u(0, s) = −1 + c3(s) = ses − 1 ⇒ u(s, t) = −1 + ses+t
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ì1b"W�blJANrm%@�~k@�ROK;b
J = ∂(x,y)

∂(s,t) =

∣∣∣∣
xt xs

yt ys

∣∣∣∣ =

∣∣∣∣
1 1
0 0

∣∣∣∣ = 0
RE_aD�BEjk\A_lf�c�n

= RMBEJ%ImsRE_[@LROK;b�B
s(x, y), t(x, y)

(s, 0)
^Zb�W�I>^Z^Xb0]_a^*B

(t + s, 0)
~k_a_ahi_[_am#BE@X~?_[F*BEjk\�b0]^¨f�UZn

~kcdB
u = −1 + f(y)ex ´ J;YaU;FX^Z| ux = u + 1

±�²AÇ�±
−1 + f(0)ex = u(x, 0) = xex − 1

f(0) = x
~k_a_ajkI_aN�ROK;I_�@�b�J%F�BEb0K

f(0) = 2
= I?BEhiBEJ%ImsÂ%BEV�RE_[@L~?@�b"D�@�px{iD�BEFZK { ux = u + 1

u(x, o) = 2ex − 1
= <

´ ^Zb"W�I^X_[@�h�I}Æ�~?_[_ahi_a_[m%BE@X~k_[BEjÚf�@Pn
xt = 1 ⇒ x = t + s

yt = 0 ⇒ y = 0

ut = u + 1 ⇒ u = −1 + 2es+t

^Zb"@�JAI?BEm�W�]CNòBEh�b�D�_aj�@�bsROK;b
u = −1 + 2ex, u = 0

~?_[_ajkIF�^�J%BE@�K;b�f�D*n@�F�cdBMU;Ds= I>BEh	BEJ%Im�ÂABEV�{�RE_a@�NP_�^Z|oD��#F*D+= _[h�_[_am#BE@�~rBEj?\�@CBE^oN�^Zb"W�I^S~rBEj?\
f(0) = 2

b0K;b�B
u = −1+f(y)ex J;Y[U#F�RMBEJ%ImÖ_�Ya\�~kI>BE@�@CBE�#F�bóJANPm%@�I@�|

∀n ∈ N, f(y) = 2cos(nx)
I>BED�JAb�RMBEJ%Im+NP_

{
ux + uy = 1 − u

u(x, x + x2) = sinx, x > 0
= H

~?_[_ahi_a_[m%BE@X~k_[BMBEjÚf�@Pn
xt = 1 ⇒ x = t + c1 ⇒ x = t + s

yt = 1 ⇒ y = t + c2 ⇒ t + s + s2

ut = 1 − u ⇒ −ln(1− u) = t + c3 ⇒ 1 − u = c3e
−t ⇒ u = 1 − c3e

−t = 1− (sin s − 1)e−t

s 6= 0 ⇒ ROK;b
J = ∂(x,y)

∂(s,t) =

∣∣∣∣
xt xs

yt ys

∣∣∣∣ =

∣∣∣∣
1 1
1 1 + 2s

∣∣∣∣ = 2s
RE_aD�BEjk\A_lf�D*n

f
s = x 6= 0

n
x > 0

bTIJ#U#c�BEF�BEhib0Nº^�_a\AD�^�^�_a\AD�ROK;I_[I
s = 0

D
J 6= 0U#_[W�_�RMBEJ%Ims~k_a_aj�RE_a@tROK;b
ì1b"W�h�f�c�n

x = t + s

y = t + s + s2

s2 = y − x ⇒ s = ±√
y − x

J%W�D�h
s > 0

BEhib
(s, s + s2, sin s)

^�b"W�I^Z^X~rBEj?\lb�\TRMBEIh�N�RMBMBE_aK
s =

√
y − x

t = x − s = s −√
y − x

u = 1 + (sin
√

y − x − 1)e−x+
√

y−x

J = 0 s = 0
D;N�BEhi_a@�J

y − x ≥ 0
U;BE\�b0KXJ#U#cdBEF*^}U#_aW�_(RMBEJ%Im`BEhib"D�_[jJ#BED�\�JA_[|ic9@�b √

y − x
_�K

s = 0
Ü jkhiD�RMBEJ%Im%^¬b0N�I>BE_aJ%b�BEcdh�_[V�^Zb"D�jkI^�B

0 = y − x

(x, x + x2)
^Zb"W�I^X~rBEjk\

(x, x + s2)
_ahi_[_am#BE@L~rBEj?\�b0]^ ´ ~k_ab0]_[^ôf�UZn

Gx�



¿�÷A®do¶[§*±�¶[¯�·dÀ*o®	¶a¸A³;²A®	®	³#·�²1Å�±�¶[¯�·d Ù7Õ�Ù7Õ�Ù
I@¨IF�_[_ajkF×^�_a\AD�^oNÚ~?_[JAF�BE@ { aux + buy + c

u(x0(s), y0(s)) = u0(s)
_aN(BEjöI_a_[\1Dq^Zh	BEIhTÅ�¾#°�«

~k_�K;I>BEW
x, y

J%BONP_[F�bó^Z_a\AD�^Sb0N�~?_[_ahi_a_[m#BE@�^s~k_[BMBEjk^+_[b"I^S~?@�I>BE_ab�VPJ%BMBEVPhiJA]^�_a@�hiI
γ0
b0N�b0]_a^�^�I>@

REF*VPh>RE_a_[m#BE@
γ = (x(t, s), y(t, s), u(t, s)) J 6= 0

bvb�BEj?N�_a@�hiI^oN�^Z@�J%hs±�§oÄ%®d±
T = (xt(0, s), yt(0, s))

S = (x′
0(s), y

′
0(s))

REF�VPh=
γ0(x0(s), y0(s), uo(s))

~k\vNrcdmAF*D
γ
b0]_[^Z^`b0N�jk_�NPF*^BE@

T × S 6= 0
J%F*BEb0Kt~?_[b"_aD�j?F}@�b�~k^oNrK�~k_�K;IW�h

S, T
=
γ0
b0]_[^Z^}b0Nôjk_�NPF�^

∣∣∣∣
xt yt

x′
0 y′

0

∣∣∣∣ 6= 0
N(BEJ#U#h

t 6= 0
NPc�m%F*^ºÜ j?hiD�ROK;b

∣∣∣∣∣∣

i j k
xt yt 0
x′

0 y′
0 0

∣∣∣∣∣∣
= k

∣∣∣∣
xt yt

x′
0 y′

0

∣∣∣∣

∆ =
@CBE^�_a@�hiI^�ROK;b

x0(s) = x(0, s) ⇒ x′
0 = xs, y

′
0 = ys

Në~k_a\%U;BE_9BEhi@qb"D�@
J = ∂(x,y)

∂(s,t) =

∣∣∣∣
xt yt

xs ys

∣∣∣∣ 6= 0
bvb�BEj?N�^Z|	B ∣∣∣∣ xt yt

xs ys

∣∣∣∣ 6= 0

�

0 6=
∣∣∣∣

xt yt

xs ys

∣∣∣∣ =

∣∣∣∣
a b
x′

0 y′
0

∣∣∣∣
J#BEIm%b�~k_aVPhiFZN×_ahim%b�U;BE\�jrBMU#D�b�REI_[h�_[@�hiI^�I@µ±�²1Ç�±

f�^Zb"W�I^�^X~kBEjk\lb"\TBED�N(BEW�_
a, b

JANP@*K�n
÷1®dZ¶[§�±�¶[¯�·d Û ¶[¶	½%Z«�¯�¸#°�Ä

RMBEJ%Im+RE_[@t{?_ahi_a_[m#BE@X~kBEjk\TBEhi_a@
γ0
= G

I?BEhiBEJ%Im ∞ NP_{?_ahi_a_[m%BE@X~rBEjk\l@CBE^
γ0
= p

jrBMU#D�b+j?_[mAVPF�^oNP\AF�b
∣∣∣∣∣∣

i j k
xt yt ut

xs ys us

∣∣∣∣∣∣
BEb�BOK`~rBEj?\A^�I@�jkBMU#D�h¢ø�±�²A®w½�±�«�Ç�ª;·(÷A¶[¯

= RMBEJ%Im+RE_[@LIJ%W�@�= I>BEh	BEJ%Im ∞ NP_�|�@ ∣∣∣∣ b c
y′
0 u′

0

∣∣∣∣ = 0 ∧
∣∣∣∣

a c
x′

0 u′
0

∣∣∣∣ = 0

γ0
I>@t�1I>BEW�NqBE^oNPb0K

γ1
W�jk_ah?= _ahi_a_[m%BE@X~rBEjk\l@CBE^oN

γ0
RMBEIhso®	·	®�²#Z¾+ù1®	³;ú[Áa¶[¯�¸%°ò±�²�½1«�ÈRMBEJ%Im�^�BMBE^ZF�b"D�j?IF�N¹W�]CNPF*^�=

γ1
~k\+WZY[U#F�I@¬J#BEIm%h�=

∆ 6= 0
~k_a_ajkIF�BEJ#BED�\�N(B= W�]CNPF�D�b0K�BEF

γ0
ROK;b

γ0, γ1
RE_aD��1BEI_[W�^�Ü j?hiD

u
I@}�1I>BEW�NÎ_[hi_a_am#BE@�~rBEj?\

γ0
= U#_aW�_��K�B

γ2
~?\�J%BEI>mAh	B

γ0
I@��1I>BEW�N

γ2
JANPm%@�REm#BE@�BEI>BE@�Dò=

γ0
I@�b"_�K;F�N

u
BEhi@��#F*B= I?BEhiBEJ%Im ∞ ~k_ab"D�j?F

{
ux = 0

u(x, 0) = 1
¯�«�ÓQ®	ª

b"D�j?h	B
(0, 0, 0)

�1BEI_[WLÜ j?h
f(0) = 1

IF�_[_ajkF
f
NrK

γ : (s, 0, f(s))
b0NPF�bvW�jk_ah�= G= I?BEhiBEJ%Im ∞ ��K

û -�.0/;:+Ýº¥á.7/AÝÎ¤�ü+.0/AÝ Þ9ßÖà ¥�:+81. Þó£ /�.2ý�:+8 £ 8A81Ýò¥ þ
Auxx + 2Buxy + Cuyy + Dux + Euy + Fu = G

o¶�¸A¸%Äs±�²A®�ÿ�Ø~kICN(BEb0N¹@�b
A, B, C

B
x, y

b0N�I>BEm%_a�#JsI>BE_a�#jkh	BEm
A, ..., G

JANP@�K
WZYaU#F*^`b0N�_[J%j?_[\1^�j?b"W�^`@�J%j?h

Auxx + 2Buxy + Cuyy
j?b�W�^ô±�²Aª;Ó�±

∆ = B2 − AC
±�Å�·	·	«�¶�²�½1³#¶aª�±

G�G



I_ah	BEhij¬^ZJ#BE�s^ZF�_[@�I>FX^ZW�m1NPFLb"K�B
∆
b0N�REF*_aVP^�m#Ya\l\AD�jkhlÁ�®	¶a«o±

Vsp + H(s, q, v, vs, vq)
I_ab1BED�J%m%_a^

∆ > 0
~k@ô= G

Vss + H(s, q, v, vs, vq)
I>_ab�BED�JAm

∆ = 0
~k@ô= p

Vss + Vqq + H(s, q, v, vs, vq)
I>_�]m%_ab"@

∆ < 0
~k@ô= <

J#BEIm%blU#F�b�h?BEI>BE@�N¹\1D�]^�_[\AU;F�FXV(BEm%_�]�D�@XNP_CI>BEW�mANPF�^ZFLI>W�@tb0K;b
∆ = 0−1(−c2) >

I_[b�BED�J%m%_a^S^Z@CBMBONPF�I@�|>=
utt−C2uxx = f

~k_ab"c�^SI@CBMBONPFô= G
0

∆ = 0 − 0(−k) = 0
I_ab�BED�J%mT^Z@CBMBONPF�I@�|>=

ut − kuxx = f
~kBEW�^XI@CBMBONPFô= p

∆ = −1 · 1 < 0
I_a]m%_ab"@t^Z@CBMBONrF�I@�|?=

uxx + uyy = f
VPb"m%b�I@CBMBONPFô= <

I_[hicdBEF*BE^Z^XWZY[U#F�bv~k@�IFZNqJ#BO]JAm#BE@�^Xb"\lb"K;IVPhso®	«�°ó±�²A®w½1«

l[u] =

(
A

∂

∂x2
+ 2B

∂

∂x∂y
+ C

∂

∂y2
+ D

∂

∂x
+ E

∂

∂y
+ F

)
u = 0

I_[JAD�c�b"@L^�@�BMBONPF*bl~?cdJAI>hiB
Ax2 + 2Bxy + Cy2 + Dx + Ey + F = 0

´ ~k_aF*BEjk\A^`U;W�@�b�^Z@CBMBONPF�^XI>@�@�_aD�FZN�~k_ahiICNPFXìABEb"_aW�~?_[_aj?N}\ABMU#_
ax2 − by2 = 1

^Zb�BED�J%m%_a^�= G
y = ax2 ^�b�BED�J%m�= p

ax2 + by2 = 1
^ZVPm%_[b"@Ã= <

b"D�j?h	B
s = x + y, q = x − y

W�jk_ah
sp = f

^Z@CBMBONPF�^}^ZF*_a@�IF
Vsp = f

WZY[U#F�b�¸#°�«�¸
f�^Zb�BED�J%m%_a^?n

x2 − y2 = f̃

Å�¾#°�«
~?_[hiICNPF�_�BEhi_�N�\A�#D�h>~?@ô= G

s = s(x, y)

q = q(x, y)

v(s, p) = u(x, y)

= REF�_[V�_[BMBON
(∆, ∆̃)

= J%F�Nrh?~?_[hiICNPF�^`V(BEm%_�]
I_[hiBEhij¬^ZJ#BE�#b�^Z@CBMBONPF�^�I@�J%_aD�\1F�N�~k_ahiICNPFX_[BEhi_�N�Nr_C^�@�BMBONPFLb"K;b�= p

±�§oÄ%®d±
~k_ahiICNPFXIm%b"W�^X\A�#D�hl= G

J 6= 0, s = s(x, y), q = q(x, y), v(s, q) = u(x, y)

IJANPJANP^Xb"b0KSm#Ya\lJ#BE|ic�h	B
ux = vxsx + vqqx

uxx = vssxx + (vsssx + vsqqx)sx + vqqxx + (vqssx + vqqqx)qx

~k_�N(U#W�_aF�U#j?F`~k\l_ah�N�J#U#VPFXWZY[U#FX~k_ab"D�j?F�BZWZYaU;F�D�~k_aD�_[�#F
avss + 2bvsq + cvqq + h(s, q, v, vq , vs) = 0

12



JANP@�K
a = As2

x + 2Bsxsy + Cs2
y

b = Asxqx + Bsxqy + Bsyqx + Csyqy

c = Aq2
x + 2Bqxqy + Cq2

y

f�RMBED�NrW�_aJ%W�@Pno^o]hihi_aF�_[j?VP_�U#^
∆̃ = b2 − ab = (B2 − AC)(sxqy − syqx)2

∆̃ = ∆J2, J 6= 0

= J%FZNPh?REF*_aVP^`ROK;b
´ I>BEJ#BE�#^ZFtU;W�@tb0K;bv@��#F�hT= p

vsq + H(s, q, v, vs, vq) = 0
^ZJ#BE�#b�\A_ac�^�b�^Z�#J%h

∆ > 0
RMBEI>h×_[b�BED�J%m%_a^I@Î~?_[JAI?BEm

s, q
~?_[h�INrF*^oNµ^Z�#J%h

a = 0, c = 0
^Z�#J%h)ROK;b^Z@CBMBONPF�^

Aw2
x + 2Bwxwy + Cw2

y = 0 (1)

´ ~k_aJ%jkF`JAm%VPF`b"\lb"K;IVPh
fOG0nkF�~?_[b"D�jkF}IJ%W�@¹_�K

wy 6= 0
NôW�_[h�^�b�JANPmA@

A 6= 0 •
w2

y

D�fOG"nZI@tj?b�W�h
J = 0

b"D�j?h	B
w = const

ROK;b�B
wx = 0

A
w2

x

w2
y

+ 2B
wx

wy

+ C = 0

wx

wy

=
−2B ±

√
4B2 − 4AC

2A

I>BEF*BEIVP^�I>BE_a�#jkh	BEmA^�]mANPFX_am%b�B

y′ = −wx

wy

=
B ∓

√
B2 − AC

A
(2)

{�N(U#Ws~?_[hiICNPF�~?_[JA_�U%NPF
w(x, y) = const

fMp2n�b0NtI>BEh	BEJ%Im%^~k_
s = s(x, y)

q = q(x, y)

I?BEhiBEJ%Im%^L|i@L~k_a\%BED�j
A, B, C

~k@Lb0NPF*b

y =

(
B ∓

√
B2 − AC

A

)
x + c

w1,2 = y −
(

B ±
√

B2 − AC

A

)
x = const

s(x, y) = y −
(

B +
√

B2 − AC

A

)
x

q(x, y) = y −
(

B −
√

B2 − AC

A

)
x

J 6= 0
_�KsI>BE@�JA^�blJ%@*NPh

13



J#BEIm%b�^Z�#J%h
A = 0

J#BED�\ •

2Bwxwy + Cw2
y = 0

wy(2Bwx + Cwy) = 0

2Bwx + Cwy = 0 ⇒ y′ = −wx

wy

=
C

2B
→ q(x, y)

wy = 0 ⇒ s(x, y) = x

J =

∣∣∣∣
1 0
qx qy

∣∣∣∣ = qy 6= 0

IJ%W�@X_�K
B 6= 0

~kcdB
qx = 0, q = const

~?c|i@
qy = 0

BEb"_a@
A = B = 0 ⇒ q = const

^Z�#J%h*ROK;b
wss +H(s, q, v, vs, vq) = 0

\A_acd^Zbó~?_[�;BEJ
∆ = 0

RMBEI>h�I_ab�BED�J%m_aK+D�b)~k_�NPh
c = 0, b = 0

0 = ∆̃ = b2 − ac

c = 0
J%BEI>mAb�jk_am%VPF`^oNP\AF�b

c = 0 ⇒ b = 0
ROK;b

Aq2
x + 2Bqxqy + Cq2

y = 0 (3)

B = 0
IJ%W�@

A = 0
W�_[h�hC= f�<An;I@�J%BEI>mAbÖ�1J%�#hibØD�BON(B�RMBEJ%Im)^Z|b0N¹RMBEJ%Im%^�^�_a^Z_

q
ROK;bvI_[h	BEh�j¬J%D�K+^Zh	BEIhi^X^Z@CBMBONPF�^�B

y′ =
2B ±

√
4B2 − 4AC

2A

(∆ = 0) ⇒ =
B

A

{ib"D�j?F�B
s(x, y) = x

b0NPF�bÖI_[I>BEJ%_aJAN�JAW�D�h�_ah�NP^S^ZhiICNPF�^�I>@~k_

J =
∂(s, t)

∂(x, y)
=

∣∣∣∣
sx sy

qx qy

∣∣∣∣ = qy 6= 0

q = const
I>JAW�@�_�K

qy = 0
~k_ab"D�j?FXBEhi@

fOG"noI@�J#BEIm%b�~k_a�;BEJ
∆ < 0

_a]mA_[b"@
vss + vqq + h(s, q) = 0

a = c

b = 0

I>@�J#BEIm%h

y′ =
B ±

√
B2 − AC

A

J%_[U#c�h	B
w
~k^ZFLU#W�@tJAW�D�h~?_[D;K;J#BEF`~?_[hiICNPFX_ah�N�b"D�j?h

s(x, y) = Rew

q(x, y) = Imw
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~k_a\%BED�j¬~k_aF*U;j?F*^�~k@Lb0NPF�b

y =




B + i

√∣∣∣B±
√

B2−AC
A

∣∣∣

A


x + const

y − B

A
x = s(x, y)

x
√

|B2 − AC|
A

= q(x, y)

wx = sx + iqx

wy = sy + iqy

_�NPF*F}j?b�W�^�I@�^*BMBONrh�~k@�= fOG"n?I>@�~k_a_[j?F
w
Në~k_a\%U;BE_�BEhi@b"D�j?hCVPm%@�b�^ZF*BMU;F�^`j?b�W�^*B

A(sx − qx)2 + 2B(sxsy − qxqy) + c(sy − qy)2 = 0 ⇒ a = c

Asxqx + Bsxqy + Bsyqx + Csyqy = 0 ⇒ b = 0

¶[·	®w½1¶[²+±�¯�®	®�°�«�¯�«�ÓQ®	ª
uxx + xuyy = 0 (4)

J%BEI>mAb�^��#JAh
A = 1, B = 0, C = x

I_ah	BEhij¬^ZJ#BE�S@�BE�#F*b

y′ =
B ±

√
B2 − AC

A
=

0 ±
√
−x

1

I_[b�BED�J%m%_a^`^Z@CBMBONPFLI@�|
x < 0

J#BED�\}= G

y = ±
∫ √

−xdx + c = ∓2

3
(−x)

3
2 + c

w1,2 = y ± 2

3
(−x)

3
2

s(x, y) = y +
2

3
(−x)

3
2

q(x, y) = y − 2

3
(−x)

3
2

ux = vs(−
√
−x) + vq

√
−x

uxx = vss(−x) + vsqx + vsqx + vqq(−x) + vs

1

2
(−x)−

1
2 − vq

1

2
(−x)−

1
2

uy = vs + vq

uyy = vss + vqq + 2vsq

(5) ⇒ 4vsqx +
vs − vq

1
√
−x

= 0

vsq =
vs − vq

−4 · 2x
√−x

(s − q) =
4

3
(−x)

3
2 ⇒ =

vs − vq

6(s − q)
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f�I_[b�BED�J%monZI>_ah	BEhij
uxx = 0

^Z@CBMBONrF*^
x = 0

~k@ô= p
|i@

x > 0
~k@ô= <

y′ = ±
√

xi

y = ±i
2

3
(|x|) 3

2 + c

⇒ s(x, y) =
2

3
x

3
2

q(x, y) = y

⇒ ux = vs

√
x

uxx = vss

√
x
√

x + vs

1

2
√

x
uyy = vqq

(vssx +
vs

2
√

x
) + xvqq = 0

vss + vtt = − vs

2x
√

x

vss + vtt = − vs

3s

ç�é>ï*ç�î2ç�����ï�Ë�íwç���Êeæ¬ädçxÏÎËCÉPç�Í×ÉPç�è��1ÊeÍ?Ê����
	Cçdé�����É�ÏrÊeÊeÐ�Í ;ÒxÑ
_am#BEVqRE_a@LJ%I_[F

t
REF*|iD

x
^�U�BEj?hi^ZF

y
J%_a�sRMBMBE_�K;D�^Z|i|i^

u(x, t)I>BEW�_aIF
T (x, y)

T
b0N�_�K;hi@�^�D�_�K;J%^

G(x, y)\%BEm%_�NP^
α(x, t)��J#BE@�I>U#_[W�_[bv^ZVPF
ρ(x, t)

G(x + ∆x) − G(x, t) = ρ∆xutt y
J%_a�#DSI>BEWoBOK;^`K�Ya^ZV�I?BEW�BOK�_[b�BEj?_aNPF

_ah�N�U;�#F

tanα =
G

H
tanα = ux

⇒ ux =
G

H
Hux = G

⇒ Hux(x + ∆x, t) − Hux(x, t) = ρ∆xutt

b"D�jkh	B
∆x

DSj?b"W�h

lim
∆x→0

ρ

H
utt = lim

∆x→0

ux(x + ∆x, t) − ux(x, t)

∆x
ρ

H
utt = uxx

uxx − c2utt = 0 (5)

c =

√
ρ

H

16



s(x, t), q(x, t), v(s, t) =
~k_�NPm%W�F

vsp +H(s, q, v, vs, vq)
I_ah	BEhijX^ZJ#BE�#bÖJ#BED�\Abó^Z�#J%h •|i@

a = c = 0
~k_a_ajkI�b�D�jkIICN�^�@�BMBONPF*^oNº�"K

u(x, t)

ut = vsst + vqqt

utt = vsss
2
t + 2vsqstqt + vsstt + vqqq

2
t + vqqtt

uxx = vsss
2
x + 2vsqsxqx + vssxx + vqqq

2
x + vqqxx

f y nM{iDSD�_[�#h
vss(s

2
t − c2s2

x) + 2vsq(stqt − c2sxqx) + vqq(q
2
t − c2q2

x) + vs(s
2
tt − c2s2

xx) + vq(qtt − c2qxx) = 0

JAF�BEb0K�BEVPm%@�I>_
vqq , vss

b0N�~k_aF�U#jkF�^oN�~k_a�;BEJsBEhi@
s2

t − c2s2
x = 0 (6)

q2
t − c2s2

x = 0

b"N�b�= I>= D�I>BEh	BEJAI>msBE_[^Z_�~?^Z_[h�N�J%F*BEb0K
w2

t − c2w2
x = 0

wt = ±cwx

−wt

wx

= ∓c

I>BEF�BEIVP^XI>BE_[�#j?h	BEm%^`]mANrF`m;Ya\AB
dx

dt
= −wt

wx

= ∓c

⇒
∫

dx = ∓
∫

cdt

x = ∓cx + const

s(x, t) = x +
~?_[h�INrF�JA_�U#c�h�= Û ¶[¶a·	¶[¶a¾%®�¯ Û ¶a®	®w½�~k_a@�J%j?h�NÎ~k_[BMBEjòb0NëÂ1V(BE@qBEhib"D�_[jf z nM{iD�D�_a�#h	BZJ#BE|ic�h

ct, q(x) = x − ct

a = s2
t − c2sx = 0

b = stqt − c2sxqx = c(−c) = c2 = −2c2

c = q2
t − c2q2

x = 0

ROK;b
e = qtt − c2qxx = 0

@CBE^
vt
b"Nq~rU#jkF�^�B

d = stt − c2sxx = 0 vs
b0N¹~kU#jkF�^~k_ab"D�j?F

−4c2vsq = 0

vsq = 0

_ab�b0KLRMBEJAI>m�ROK;b�B
v(s, q) = F (s) + G(q)

@CBE^�RMBEJ%Im%^}ROK;b�B+= I_ah	BEhij?^¬^�J%BE�#^�I@�|iB~?_[b"c�^�I@CBMBONrF*b
ROK;b

J = ∂(s,q)
∂(x,t) =

∣∣∣∣
sx st

qx qt

∣∣∣∣ =

∣∣∣∣
1 c
1 −c

∣∣∣∣ = −2c 6= 0
~k_ahiICNPF}ìABEb"_aW�Dº°�¶[ÓQª;·

F, G ∈ c2 b0K;bÖROK;b�= f z n�b0N¬RMBEJAI>m v
~rYa~?@tf y n�b0N¬RMBEJAI>m

u
~k_�K;_[mA^S~k^S~?_�U#\1�#^

u(x, t) = F (x + ct) + G(x − ct)

~k_aF�_[_aj�^Z@CBMBONPF�^Xb0N¹RMBEJ%Im
u(x, t)

b0K;bl�1m%^Zb�B�= ~?_[b"c�^�I@CBMBONPF�bTRMBEJ%Ims^�BE^ZF
u = F (x + ct) + g(x − ct)

N���K
f, g ∈ c2
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BEhi@tJ%F�BEb0K�= �1JA\sBEI>BE@�~?_[hiI>BEh>~rBEj?F*D�BE@�REF*|�DS^Z|i|i^oNqD��#FXIJ%@�IFL~k_ab�c�^`I@CBMBONrFµ±�²1Ç�±^Z_[�#_a|	BEm%JAm#BEVrK
u
I>@�BEhib"D�_[jt=

C
I?BEJA_[^ZF�Dv~rU#jkIF

G
B*=

C
I>BEJ%_a^ZF*DvcdBEVPh

F
N�~k_aJ%F*BE@I>BEJ%_a^�F�D�{�b�c�^lI>BEF�U#j?I>^l_[BMBEj�~?^l~k_a_[hi_a_am#BE@�^v~?_�BMBEj?^?n�=

G
~rU#j?I>Flb"cdB

F
cdBEVPh�b"cZb0Nf�J#BE@�^XV(BEhiBEj¬J#BE@�^

f�_ahicdBEF�BE^�_[m#BEV�RE_[@LJ%I_aF*b�n�¶[°9®w½+o¶a¶[Ç�È
utt − c2uxx = 0 , −∞ < x < ∞, t > 0

u(x, 0) = f(x) , −∞ < x < ∞
ut(x, 0) = g(x) , −∞ < x < ∞

RMBONP@�J%^X_a@�hiI^`I@�D�_a�#h
u(x, t) = f(x + ct) + g(x − ct)

_ab"b0K;^XRMBEJ%Im%^
f(x) = u(x, o) = F (x) + G(x) (7)

´
t
_am%b�J%BE|ic�h?_ah�NP^�_[@�h�I>D+NPF*ICNP^Zb�_[U%K

ut(x, t) = cF ′(x + ct) − cG′(x − ct)

´
t = 0

DsD�_a�#h
ut(x, 0) = cF ′(x) − cG′(x)

= ~k_am%c�@�^`_ah�N�b�\ ∫ x

0

\1�#D�h
∫ x

0

g(s)ds = (cF (s) − cG(s))|xs=0

= cF (x) − cG(x) + c(F (0) − G(0))

(k = F (0) − G(0)) ⇒ = cF (x) − cG(x) + ck (8)

(7) − (8)/c = f(x) − 1

c

∫ x

0

g(s)ds

= 2G(x) − k

G(x) =
1

2
f(x) − 1

2c

∫ x

0

g(s)ds +
k

2

= ~rU#jkIF�^`b"cd^�b0Nq^ZW�V(BEhi^`I@tBEhib"D�_aj

(7) − (8)/c = f(x) +
1

c

∫ x

0

g(s)ds

= 2F (x) + k

F (x) =
1

2
f(x) +

1

2c

∫ x

0

g(s)ds − k

2

_ab�b0K;^LRMBEJ%Im%DsD�_a�#h>= c�BEVPh�^`b"cd^�b0Nq^ZW�V(BEhi^`I@tBEhib"D�_aj

u(x, t) =

[
1

2
f(x + ct) +

1

2c

∫ x+ct

0

g(s)ds − k

2

]
+

[
1

2
f(x − ct) − 1

2c

∫ x−ct

0

g(s)ds +
k

2

]

u(x, t) =
f(x + ct) + f(x − ct)

2
+

1

2c

∫ x+ct

x−ct

g(s)ds

= _ahicdBEF*BE^`J%I_[F�bvJ%D�F�@�b�UsIW�V(BEh?I@�|
_aNPBEj¬I>_a_a\AD�Å�¾#°�«

utt − c2uxx = 0

u(x, 0) = f(x)

ut(x, 0) = g(x)

18



b0NºI>BEh	BEJ%Im
un ~k@*Nº^ZNPBEJ%m�I?BED�_a�#_aK�= D�_[�#_[BCU#_[W�_kRMBEJ%Im�~?_[_aj�JAF�BEb0K¬= D;]_a^�Ic��;BEFI>BE_[\1D�IJ#U#V

un
tt − c2un

xx = 0

un(x, 0) = fn(x)

un
t (x, 0) = gn(x)

=
un(x, t) → u(x, t)

|i@
fn → f, gn → g

J1NP@�K
RMBEIh(= I>BED�_a�#_CW�_�K�BEh(= f�J%D�F�@�b�USIW�V(BEhr_�Ya\�n*RMBEJ%Im%^Xb0N�_iYaBEj�^oNP\1F*bTYaBEhiW�K�BE^*Ys±�§oÄ%®d±

x
b0K;b

n > n0
b0K;b0Nqb0K

no
~k_a_[j

ε̃ > 0
b0K;b�J%F*BEb0K

fn → f, gn → g

|fn(x) − f(x)| < ε̃

|gn(x) − g(x)| < ε̃
{

∀x ∈ D
∀t ∈ [0, T ]

, |un(x, t) − u(x, t)| < ε
´ bAY��

´ J%D�F�@�b�Usm;Y�\

|un(x, t) − u(x, t)| = |
[
1

2
fn(x + ct) +

1

2
fn(x − ct) +

1

2c

∫ x+ct

x−ct

gn(s)ds

]

−
[
1

2
f(x − ct) +

1

2
f(x + ct) − 1

2c

∫ x+ct

x−ct

g(s)ds

]
|

≤ 1

2
|fn(x + ct) − f(x − ct)| + 1

2
|fn(x − ct) − f(x + ct)|

+
1

2c

∫ x+ct

x−ct

|gn(s) − g(s)|ds

≤ ε̃

2
+

ε̃

2
+

1

2c
ε̃2ct = ε̃(1 + t) ≤ ε̃(1 + T ) = ε

�

I@ÎIF�_[_ajkF
u ∈ c2 _aI>F�@ÎBE@×_aVPb�jôRMBEJAI>m�~k_a_aj?N¨BEhi@�J%^ f ∈ c2, g ∈ c1 ~?@µ±�²1Ç�±I>BEJ#U#Vôb"N�b1BED�c	KLb"D�j?I>FZN�b"b0K�BEFqRMBEJAI>mX@�BE�#F*b�b0K�BEhóIJ%W�@�= ~?_[@�hiI^*Br^Z@CBMBONrF*^J%D�F*@�b1UtI>W�V(BEh�_�Ya\�RMBEJ%Imtb"D�jkhÖ~k_aF�\AmL^ZD�J%^

gn → g, fn → f
RE^�D;N¨I?BE_a\AD�^I_[J%b�BEc�hi_aV�BED�^Z_a^ZIN

g(x) =

{
1 −1 ≤ x ≤ 1
0 x /∈ [−1, 1]

~kcdB
f(x) =






0 x < −1 ∪ x > 1
x + 1 −1 ≤ x ≤ 0
1 − x 0 < x < 1

JANP@�K utt − uxx = 0
u(x, 0) = f(x)
ut(x, 0) = g(x)

¯�«�ÓQ®	ª

u( 1
2 , 1)

I@tD;NPWò= G
� _[IF�@�RMBEJAI>mA^X~k@�^Î= p

limt→∞ u(x, t)
I@tD;NPWò= <

Á�®�²#Z¾
J#BEIm%hT= G

u(
1

2
, 1) =

1

2

[
f(

3

2
) + f(−1

2
)

]
+

1

2

∫ 1
2

− 1
2

g(s)ds

=
1

2
(0 +

1

2
) +

1

2
(

∫ 1

− 1
2

1ds +

∫ 3
2

1

0ds)

= 1
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f���NrF*^ZD`^Z@�J%hxn
x + ct = ±1, 0

I>BEF*_ajkF
(x, t)

Ü jkhkb"K;D�J%_a|ic9@�bSRMBEJ%Im%^×= pb"b"K�BEF�RMBEJ%ImT^Z|?ROK;b
x0 − t < −1

|�@
t > 1 + x0

J#BED�\
x0 + t > 1

|�@
t > 1− x0

J#BED�\
x0
b"K;b�= <ROK;b

f(x + t) = 0

f(x − t) = 0
∫ x+t

x−t

g(t)dt =

∫ −1

x−t

0 +

∫ 1

−1

1 +

∫ x+t

1

0 = 2

⇒ lim
t→∞

u(x, t) = 1

b"c�^¬I>@�@��#F*h
t = 0, t = 1

2 , t = 1
~k_ahiF�|iD`b"c�^¬I>@�J%_[_a�#bS^Z�#J%hso¶[¾#²1Ó�±�±�Å�¶�°9È�Áa®�²%Z¾cdBEVPhi^

F (x) =
1

2
f(x) +

1

2

∫ x

0

g(s)ds

~rU#jkIF�^`b"cd^�I@CB

G(x) =
1

2
f(x) − 1

2

∫ x

0

g(s)ds

g(x) =






∫ −1

0
1ds +

∫ x

−1
0ds = −1 x < −1∫ x

0 1ds = x −1 < x < 1∫ 1

0 1ds +
∫ x

1 0s = 1 x > 1

~?K;VPh	BA^Zhi_aF�_ 1
2

I@CB#^Zb"@�F�N 1
2 F

I@S|�_[|ih;K�YaW�@
~?K;VPh

F (x) =
1

2
(f(x) +

∫ x

0

g(s)ds) =





1
2 x > 0

x + 1
2 −1 ≤ x ≤ 0

− 1
2 x < −1

~kU;j?IF*^`b"c�^�~?cdB

1

2
(f(x) −

∫ x

0

g(s)ds) =





− 1
2 x > 1

−x + 1
2 0 ≤ x ≤ 1

1
2 x < 0

=
F (x) = F (x) + G(x)

@�_[^�^�D�BONPI^`K�Ya^ZV
±�Ç�¾#°ó±�²A®	¼w¯�®ko®i¸;�± Û ®�§� �7ÕaÔwÕaÔ

u(x0, y0)
I@�\AD�BEj}^�\1mANP^`~kBEW�I¬^Z|i_a@�jkBMU#D�h	B

(x0, y0)
W�jk_ah+Z®i¸#*± Û ®�§*

u(x0, t0) =
1

2
f(x0 + ct) +

1

2
f(x0 − ct) +

1

2c

∫ x0+ct

x0−ct

g(s)ds

=
[x0 − ct, x0 + ct]

\1]j?D�J%F�BEb0K
(x0 − ct, x0 + ct)

\�]jkD�B
x0±ct0

Ü jkhiD�^Z_[BEb"I
u(x0, t0)

ROK;b
(x0, t0)

Ü jkh�^�b0NqI>BEb"I^X~rBEW�I�@�J%jkh^Z|>\1]j
^Z\AmANr^`^Z_[^ZI � \1_[m1NP_

u(x0, t0)
Ü jkh�BEb�_a@Lb"\�jrBMU#D�hiB

[a, b]
BE^oNPb0KS\1]j�W�jk_ahT±�Ç�¾#°ó±�²1®	¼w¯~k@

[a, b]∩, [x0 − ct, x0 + ct] 6= φ

Ya~?_[\ABEJ%_a@`jkm#BE@CY�RE_[@�F�NP_�J%F*BEb0K�n�=
x0 + ct0 < a∧x0 − ct < a

~?@`^Z\AmANr^�^Z_a^�I�@�bf�^Z\AmANr^`NP_CBED
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BEF�_[j?_�^Z\1mANP^Z^�J#BE|�@�b�ì1BEW�FZN¹Ü jkh�^�b"KT|i@
[a, b]

b�ìABEW�F�I_[I>BE^Z|CI>BEVPm%@�IF
f, g

~k@»±�²AÇ�±
u(x, t) = 0

jkm%BE@�DlBEF�K�n
(x0, t0)

D�BMU;BEjrU#jrB
(x0 − ct, x0 + ct)

BEVP_aVPD�N�NPb�BONPF�^�@CBE^�¶a·	¶[¶a¾%®�¯�°�¸A®�°9«_ahi_[_am#BE@�^tNPb�BONPF*D
(x, t)

Ü jkh(W�j?_[h�~k@ö= f�JAD�\1^¬_[D�c�bSI_[I>BEVPW�_�^Zjk_a|i_[m�b0N�~?_[\ABEJ%_a@_�Ya\l_ahi_a_[m#BE@�^�NPb�BONPF�^L�ABEID�I\AD�jkh@�_a^
[x − ct, x + ct] ⊆ [x0 − ct, x0 + ct]

= NPb�BONPF�D�Ü jkh
(x, t)

NrK
u(x, t)

_aK;JA\�b0KlI@`\AD�BEj�_ahi_a_[m#BE@�^SNPb�BONPF�^�b0N¬VP_aVPD�^�ROK;b
¸A¶[Óe²#

utt − 4uxx = 0

u(x, 0) =





−2 0 ≤ x ≤ 4

2 6 ≤ x ≤ 10

0 else

u(x, 1)
J%_a_[��= G

limt→∞ u
(
t + 2, 1

2 t
) D;NPWò= p

_aJ%b�BEcdh�_[V�RMBEJ%Im%^X_aI>F×= <
Á�®�²#Z¾

J#BEIm%hT= G

u(x, 1) =
1

2
f(x + 2) +

1

2
f(x − 2) +

1

2 × 2

∫ x+2

x−2

0ds

=
1

2





−2 0 ≤ x + 2 ≤ 4

2 6 ≤ x + 2 ≤ 10

0 else

+
1

2





−2 0 ≤ x − 2 ≤ 4

2 6 ≤ x − 2 ≤ 10

0 else

=





−1 −2 ≤ x ≤ 2

1 4 ≤ x ≤ 8

0 else

+





−1 2 ≤ x ≤ 6

1 8 ≤ x ≤ 12

0 else

=





−1 −2 ≤ x < 2

−2 x = 2

−1 2 < x < 4

0 4 ≤ x ≤ 6

1 6 < x < 8

2 x = 8

1 8 < x ≤ 12

0 else

=






−1 −2 ≤ x < 4

1 6 < x ≤ 12

0 else

~k_a\%U;BE_�NP@�JAF
[0, 10]

b0Nq^Z\AmANr^�^XJ%BE|i@�b�ì1BEW�F�Ü j?hCb"K
{

∀x ∈ R

∨ |x| > ct
, u(x, t) = 0
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I_[m%JAcd^�^o]_aNPD

F (x) =
1

2
f(x) +

1

2c

∫ x

0

g(s)ds

=
1

2
f(x)

G(x) =
1

2
f(x) − 1

2c

∫ x

0

g(s)ds

=
1

2
f(x)

~k_a@�D�^�~?_[m%JAcd^�I@t~kBONPJ%h
J#BEIm%hT= p

lim
t→∞

u

(
t + 2,

1

2
t

)
= lim

t→∞
1

2
f

(
t + 2 + 2

1

2
t

)
+

1

2
f

(
t + 2 − 2

1

2
t

)

= lim
t→∞

1

2
f (2t + 2) +

1

2
f(2) = −1

x±2t = 0, 4, 6, 10
~k_a_ahi_[_am#BE@�^T~k_aJANP_a^���J#BE@�bób"D�jkI^ZbóI>BEb1BOK;_ZI>BE_aJ%b�BEcdh�_[V�Ü jkhv= <b"D�jkIF

t = 1
@�F*cdBMU#D

x + 2 = 0, 4, 6, 10

x − 2 = 0, 4, 6, 10

=−2, 4, 6, 12
I_aJ%b�BEc�hiVqBE|i^�@�F�c�BMU#D

ÉPÊeç�è���Ê�Í?Ê��kíwçxÏ���	Cçdé�����É�ÏrÊeÊeÐ�Í ;Ò�ê





utt − c2uxx = F (x, t)
u(x, 0) = f(x)
ut(x, 0) = g(x)f�^Z_a�%]_[D�J%c?b"NrF*bv_ah	BE�#_aW�W�BOK�BE_ab�\lb"\%BEm1NqJ%I_aFXb"NrF*b�n

= D�_a�#_�U#_aW�_RMBEJ%Im+~?_[_aj�J%F*BEb0KSD;]_[^�IJ#U#c�BEFX^Z_a\AD�^
g, F ∈ c1, f ∈ c2 J#BED�\¬Å�¾#°�«

~k@LI_[h�c�BEF*BE^Z^X^Z_[\1D�b)^�F*BMU�REm#BE@�Ds~k_aW�_aK�BEFôZ®�È�¶[ÿ�¶
Fn → F

fn → f

gn → g

=
un → u

|�@
F, f, g

~k\lRMBEJ%Im
u
B
fn, gn, Fn

~?\+RMBEJAI>m
un

~?_[_ajkF
u
=
u = u1 − u2

REF�VPh	B*^Z_a\ADS^ZI>BE@�b"N�I>BEh	BEJ%Im
u1, u2

W�_[hih+o®	ª;¶�§o¶
utt − c2uxx = 0

u(x, 0) = 0

ut(x, 0) = 0

(dalamber) ⇒ u = 0

⇒ u1 = u2
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BED�BEj?^
R
B
x − ct = x0 − ct0

BED�BEjk^
L
 
x = 0

BED�BEjk^
B
REF*VPh>RMBEJ%Im%b�^�W�V(BEh?W�Im%h Û ®	¶	½

x + ct = x0 + ct0RMBEI>h
utt − c2uxx = F (x, t)

−F (x, t) = c2uxx − utt∫∫

∆

−F (x, t)dxdt =

∫∫

∆

c2uxx − uttdxdt

(green) ⇒ =

∫

δ∆

utdx + c2uxdt

^ZmANP^`D�_aK;Jlb0K���J#BE@�b�^Z|i^�_�BMBEj?^`b"J%c	]hi_[@�^�I@tD;NPW�h
∫

B

utdx + c2uxdt =

∫ x0+ct0

x−ct0

g(x)dx

∫

R

utdx + c2uxdt =

∫

B

ut(−cdt) + c2ux(−1

c
dx)

= −c

∫

B

utdt + uxdx

= −c [u(x0, t0) − u(x0 + ct0, 0)]∫

R

utdx + c2uxdt = cux(x, t)|βα
= c [u(x0 − ct0, 0) − u(x0, t0)]

= c [f(x0 − ct0) − u(x0, t0)] ^ZJ%|iW�D�_[�#h
∫∫

∆

F (x, t)dxdt =

∫ x0+ct0

x−ct0

g(x)dx − c [u(x0, t0) − u(x0 + ct0, 0)] + c [f(x0 − ct0) − u(x0, t0)]

−
∫∫

∆

F (x, t)dxdt =

∫ x0+ct0

x−ct0

g(x)dx + cf(x0 − ct) + cf(x0 + ct0) − 2cu(x0, t0)

u(x0, t0) = −1

2

{
f(x0 − ct) + f(x0 + ct) +

1

c

[∫ x0+ct

x−ct0

g(x)dx −
∫∫

∆

F (x, t)dxdt

]}

RMBEJAI>mAb�I>_ab"b0KS^ZW�V(BEh?BEhib"D�_aj¬I_[I>BEJ%_aJAN
(x0, t0)

N�RMBMBE_�K

u(x, t) =
1

2c

∫ t

t=0

∫ x+ct−cτ

x−ct+cτ

F (s, t)dsdt +
1

2c

∫ x+ct

x−ct

g(s)ds +
1

2
f(x + ct) +

1

2
f(x − ct)

_ahicdBEF�BE^`@�bvJ%I_[F�bvJ%D�F�@�b�UsIW�V(BEh?I@�|
_ahicdBEF�BE^�J%I_[F�bvJ%D�F*@�b1U+I>W�V(BEh

F = 0
±�²AÇ�±





utt − uxx = 1
u(x, 0) = 0
ut(x, 0) = 0

¯�«�ÓQ®	ª

u(x, t) =
1

2

∫ t

τ=0

∫ x+t−τ

s=x−t+τ

1dsdτ

=
1

2

∫ t

τ=0

s|x+t−τ
s=x−t+τdt

=
1

2

∫ t

τ=0

(2t − 2τ) dt

=
1

2

(
2t2 − t2

)
=

1

2
t2
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utt − uxx = 2x − t −∞ < x < ∞, t > 0

u(x, 0) = sin x −∞ < x < ∞
ut(x, 0) = x −∞ < x < ∞

I@�~k_a_[j?F�N
v(x, t)

NPm%W�h
vtt − vxx = 2x − t

~?_[_ajkFZN
v1(t)

~rBOK;V�_iY�\

vtt = −t ⇒ v1 = −x3

6

~k_a_[j?F�N
v2(t)

{	B

−vxx = 2x ⇒ v2 = −x3

3

RMBEJ%Im
u
N(BEJ#U#h	B

w = u − v
J%_[U#c�h

v = v1 + v2 = − t3

6 − x3

3

|i@CB
⇒ wtt − wxx = (utt − uxx) − (vtt − vxx)

w(x, 0) = u(x, 0) − v(x, 0) = sin x +
x3

3
wt(x, 0) = ut(x, 0) − vt(x, 0) = x − 0 = x

_ahicdBEF*BE^`J%I_[F�b�JAD�F�@�b�USIW�V(BEh?_am%b

w (x, t) =
1

2

[
sin (x + t) +

(x + t)
3

3

]

+
1

2

[
sin (x − t) +

(x − t)3

3

]

+
1

2

∫ x+t

x−t

sds

=
1

2

[
(x + t)

3

3
+

(x − t)
3

3

]

⇒ u = v + w

=
1

2
[sin (x + t) + sin (x − t)]

+
1

6

[
(x + t)

3
+ (x − t)

3
]

+
1

4

[
(x + t)

2
+ (x − t)

2
]
− x3

3
− t3

6

= sin x cos t + xt + xt2 − t3

6

¶[¾%®	³;ú[Áa¶[¯�²%Z¶a«�¸#°òZ®	·	®	Ä# �7Õ�Ù7Õ�Ù
I_acdBE|

u
|�@�I_acdBE|

f, g, h
~?@¨= G

I_acdBE|�{i_[@
u
|i@LI>BE_[cdBE|�{i_a@

f, g, h
~?@¨= p
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±�§oÄ%®d±
~k_a_ajkF

u(x, t)
N�^Z_[\1Ds^ZI>BE@t~?_[_ajkF

v(x, t)
N�^Z@�J%h

v(x, t) = u(−x, t)
JA_�U#c�hl= GI>BMU#_[W�_a^ZFX|i@CB

u = v

u(x, t) = u(−x, t)

vtt(x, t) − C2vxx(x, t) = ∗
utt(−x, t) = utt(−x, t)

vx(−x, t) = −ux(x, t)

vxx(−x, t) = ux(x, t)

∗ = utt(−x, t) − c2uxx(−x, t) = F (−x, t) = F (x, t)

v(x, 0) = u(−x, 0) = f(−x) = f(x)

vt(x, 0) = ut(−x, 0) = g(−x) = g(x)

I_acdBE|
u
ROK;b�=

v = u
I>BMU#_[W�_a^ZF�B

u
b"N�^Z_[\1DS^ZI>BE@�I@tIF�_[_ajkF

v
ROK;b

v(x, t) = −u(−x, t)
J%_[U;c�h_ac�BE|	{	_a@�^�J#BED�\}= p

vtt(x, t) − C2vxx(x, t) = ∗
utt(−x, t) = −utt(−x, t)

vx(−x, t) = +ux(−x, t)

vxx(−x, t) = −ux(−x, t)

∗ = −
(
utt(−x, t) − c2uxx(−x, t)

)
= − (F (−x, t)) = F (x, t)

v(x, 0) = − (u(−x, 0)) = −f(−x) = f(x)

vt(x, 0) = − (ut(−x, 0)) = −g(−x) = g(x)

¶[¾%®	³;ú[Áa¶[¯�¶[ÿ�§�²#Z¶a« �7Õ�Ù7Õ��

(1) utt − C2uxx = F (x, t),−∞ < x < ∞
(2) u(x, 0) = f(x)

(3) ut(x, 0) = g(x)

(4) u(0, t) = 0

∧(4′) ux(0, y) = 0

f(0) = 0
IF�_[_ajkFZN

f
J%BED�\lJ#BEIm%h

0 =(4) u(0, 0) =(2) f(0)
N�RMBMBE_aK

ut(0, t) =(4) 0

ut(t, 0) =(3) g(0)

⇒ ut(0, 0) = 0

= I?BEF�_a@�I¬_[@�hiI�@�JAjkh
f(0) = g(0) = 0

^ZNr_[J#U#^
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@�D�^XREm#BE@�D
f, g, F

I@tD�_[W�J%h

F̃ (x, t) =

{
F (x, t) x ≥ 0

−F (−x, t) x < 0

f̃(x) =





f(x) x > 0

0 x = 0

−f(−x) x < 0

g̃(x) =





g(x) x > 0

0 x = 0

−g(−x) x < 0

^Zb�W�I>^X_a@�hiItJ#BEIm%h

(1) ũtt − C2 ˜uxx = F̃ (x, t),−∞ < x < ∞, t > 0

(2) ũ(x, 0) = f̃(x)

(3) ũt(x, 0) = g̃(x)

=
x > 0

b0K;bSfOG"nE{xf�<1n*I@t~k_a_[j?F
u u = ũ|x≥0

ROK;b −∞ < x < ∞ b0K;bSf�<AnE{xfOG0n*I@t~k_a_[j?F
ũ= ~?_[_ajkIF

(4)
~kckROK;b�=

u(0, t) = 0
|�@

x
b0N�I>_acdBE|�{i_[@

f, g, F
NqRMBMBE_�K

x
b0N�I>_acdBE|

u
ROK;bv= I_[cdBE|>^ZD�W�JA^

F̃ , g̃, f̃
W�jk_ah

ux(0, t) = 0
D

(u)
I@�~k_am%_[b"W�F�~k@»±�²AÇ�±

(4′) ux(0, t) = 0
ROK;b

x
b"N�I_[cdBE|�{i_a@

ux
ROK;b

¯�«�ÓQ®	ª

utt − uxx = 0, x > 0, t > 0

u(x, 0) = 0

ut(x, 0) =

{
2 3 ≤ x ≤ 6

0 x ∈ [0, 3) ∪ (6,∞)

ux(0, t) = 0, t ≥ 0

t = 3
2 , 3, 6, 10

D
u(x, t)

J%_[_a�

´ _am%J%ckRMBEJ%Im
F̃ = 0, f̃ = 0, g̃ =

{
2 3 ≤ |x| ≤ 6

0 else

I>BE_[cdBE|I>BED�W�JA^XW�jk_ahlÁ�®�²#Z¾

ũ(x, t) = F̃ (x, t) + G̃(x, t)

F̃ (x) =
1

2
f̃(x) +

1

2

∫ x

0

g̃(s)ds

G̃(x) =
1

2
f̃(x) − 1

2

∫ x

0

g̃(s)ds

26



D�NrW�h

∫ x

0

g̃(s)ds =





∫ −6

−3 2ds = −6 x < −6∫ x

−3 2ds = 2x + 6 −6 < x < −3

0 −3 ≤ x ≤ 3∫ x

3
2ds = 2x − 6 3 < x < 6

6 x ≥ 6

F̃ (x) =






−3 x < −6

x + 3 −6 < x < −3

0 −3 ≤ x ≤ 3

x − 3 3 < x < 6

3 x ≥ 6

G̃(x) = −F̃ (x)

= RMBEJ%ImTJ%_[_a�#h>��K�B
o¶[·	ÓQ®	«�®d±�±�¶aÇ�È�¸+o¶�¸%¶[È�½1«o±�¸1¸%Ä �7Õ�Ù7Õ��

BEj>Nq�"K
(A, B = (x0, t0), C, D = (x1, t1))

~k_a_[hi_a_am#BE@X~k_aJANP_�b0N�I_[b"_aD�j?F�J%�#_ah
AD = x + ct = x1 + ct1

BC = x + ct = x0 + ct0

AB = x − ct = x0 − ct0

CD = x − ct = x1 − ct1

N�J%F*BE@tb"b0K;^X|i@�=
u(x, t) = F (x + ct) + G(x − ct)

J%_aK;|�h
u(A) + u(C) = u(B) + u(C)

±�§oÄ%®d±
u(A) = F (x1 + ct1) + G(x0 − ct0)

u(C) = F (x0 + ct0) + G(x1 − ct1)

u(A) + c(C) = F (x1 + ct1) + G(x0 − ct0) + F (x0 + ct0) + G(x1 − ct1)

u(B) = F (x0 + ct0) + G(x0 − ct0)

u(C) = F (x1 + ct1) + G(x1 − ct1)

u(B) + u(C) = F (x1 + ct1) + G(x0 − ct0) + F (x0 + ct0) + G(x1 − ct1)

⇒ u(A) + u(C) = u(B) + u(C)

I?BEF�_a@�I�_a@�hiIö±�²1Ç�±
´
(0, 0)

DSI>BEm%_[�#JT~k@�jkJ
x = t

{iDSI>BEm%_[�#J�= G
1

2
f(0) +

1

2
f(2x) +

1

2

∫ 2x

0

g(s)ds =
1

2
f(2x) − 1

2
f(0) +

1

2

∫ 2x

0

g(s)ds

⇒ f(0) = h(0)

p��



~?@tj?J
x = t

{iD
t
_[m%b�I?BEJA_[|ic+= p

−1

2
f

′

(0) +
1

2
f

′

(2x) +
1

2
(g(2x) + g(0)) =

1

2
f

′

(0) − 1

2
f

′

(2x) +
1

2
g(2x) − 1

2
g(0) + h

′

(0)

⇒ g(0) = h′(0)

utt − uxx = 0 x > 0, t > 0
u(x, 0) = f(x) x ≥ 0
ut(x, 0) = g(x) x ≥ 0
u(0, t) = h(t) t ≥ 0

¯�«�ÓQ®	ª

x − t ≥ 0
J%BEI>m�= G

x − t < 0
J%BEI>m�= p

I?BEF�_a@�I¬b"b"KsjkVP^Î= <
Á�®�²#Z¾

u(x, t) = f(x+t)+f(x−t)
2 + 1

2

∫ x+t

x−t
g(s)ds

JAD�F�@�b�Us_am%b�= G
U;BE\%B;~k_[U;BEjrU#jk^+U#W�@

(x0, t0)
~k_a_ahi_[_am#BE@S~?_[J1NP_�^Z_aI>BE\Ab"�%N�I>_ab"_[D�jkFTJ%_aD�\1hl= p

U(A) =
NP_

y
J%_[�)b"\

u(B) = u(xb, 0) = f(xb)
NP_

x
J%_a��b"\%= ~?_[J%_a�#^�b"\�p= J%D�F*@�b1U�IW�V(BEh*_�Ya\ØD�N(BEW�_

u(C)
ROK;b�B

xc−tc > 0
N�^Z@�J%h

u(0, ta) = h(t)_ahi_[_am#BE@�^�JANP_a^`b"\l@��#F*h
A
= I>_ab"_[D�jkF�^�b"b0KS_am%bv@��#F*h

u(x0, t0)
I@

x − t = x0 − t0

ta = x0 − t0

u(A) = h(x0 − t0)

JANP_a^`b"\TI@��#F�h
B

x + t = xa + ta

xb = t0 − x0 > 0

u(B) = f(t0 − x0)

~k_aJANP_a^�b"\lI@��#F�h
C

x − t = xb − tb

xc − tc = t0 − x0 > 0

xc + tc = x0 + t0

(da′almbert) ⇒ u(xc, tc) =
f(t0 − x0) + f(x0 + t0)

2
+

1

2

∫ t0+x0

t0−x0

g(s)

u(D) = u(A) + u(C) − u(B)

u(x0, t0) = h(x0, t0) +

(
f(t0 − x0) + f(x0 + t0)

2

)
+

1

2

∫ t0+x0

t0−x0

g(s)ds − f(t0 − x0)

u(x0, t0) = h(x0, t0) +

(
f(x0 + t0) − f(t0 − x0)

2

)
+

1

2

∫ t0+x0

t0−x0

g(s)ds
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(1) utt − c2uxx = 0 0 < x < t, t > 0
(2) u(0, t) = u(`, t) = 0 t ≥ 0

(3) u(x, 0) = f(x) 0 ≤ x ≤ `
(4) ut(x, 0) = g(x) 0 ≤ x ≤ `

J#BONPj�_[m%BEV`J%I_[FS  I_[h�c�BEF*BE^l~k_ab"c�I@CBMBONPF¨¯�«�ÓQ®	ª
D`D�_[�#h

u(x, t) = X(x)T (t)
^ZJ#BE�#^ZF�RMBEJ%Im�Nrm%W�h�~k_ahiICNPF�I>U#J%m%^�IC]_�NPDXJ#BEIm%hfOG"n

XT
′′ − c2X

′′

T = 0

XT
′′

= c2X
′′

T

(5)
T

′′

c2T
=

X
′′

X
= −λ

⇒ X
′′

+ λX = 0

(2) ⇒ X(0)T (t) = 0 ⇒ X(0) = 0

X(`)T (t) = 0 ⇒ X(`) = 0

_ah�N¬~k@�_[h�N�J#U#VPF�J;YaU#F`BEhib"D�_[j�= I?BEF�_a_[j?I>F�@�b
(3), (4)

|�@CB
u ≡ 0

|i@
T ≡ 0

~k@�_aK~?_[@�h�I
X

′′

+ λX = 0

X(0) = 0

X(`) = 0

= I_aF*�#\l^Z_[�#j?h	BEm
X
\%Ya\l@�J%j?_

λ
=
X 6= 0

RMBEJ%ImlNP_BEJ#BED�\1N
λ
~k_�NPm%W�F

λ < 0
~k@ô= G

X
′′

= −λx

r2 = −λ

x = ae
√
−λx + be−

√
−λx

0 = x(0) = a + b

X = a
(
e
√
−λx − e−

√
−λx

)

0 = x(`) = a
(
e
√
−λx − e−

√
−λx

)

⇒ e
√
−λx = e−

√
−λx

λ = 0

= RMBEJAI>msRE_[@�ROK;b
λ < 0

^ZW�hi^Zbv^ZJ%_aIVPD
λ = 0

~k@ô= p
X

′′

= 0

X = ax + b

0 = x(0) = b

X = ax

0 = x(`) = aL

a = 0

\%Yam+RE_[@�ROK;b
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λ > 0
~k@ô= <

X
′′

= −λx

x = a sin(
√

λx) + b cos
(√

λx
)

0 = X(0) = b

X = a sin
√

λx

0 = X(`) = a sin(
√

λ`)

∀n ∈ Z,
√

λ` = nπ

\#Y�m%^�B
λn =

(
nπ
`

)2 ~k^�\#Ya\1^�ROK;b
n > 0

~k\s~k_[U#K;b"IF
n < 0

b0NòI>BEh	BEJ%Im%^
Xn = an sin

(
nπ
`

x
)

NqBEhi_a@�J%^�~kckBEhi@�=
un(x, t) = sin

(
nπx

`

)
Tn(t)

BEhi@��#F
T

′′

c2T
= −λ

T
′′

= −c2λT

~?_[@�Ih

Tn = an sin
(cnπ

`
t
)

+ bn cos

(
cnπt

`

)

{i^ZF�RMBEJ%Im�BEh�b�D�j�I_aJ%@�_ahi_ab�^�_a�#hi_aD�F*BEj}_iY�\s|i@�B
(1), (2), (5)

I@¬I@�~k_a_[j?F
un
ROK;b^ZJ#BE�

u(x, t) =

∞∑

n=1

sin
(nπx

`

)(
an sin

(
nπct

`

)
+ bn cos

(
nπct

`

))

(3), (4)
_am%bv@��#F*h

an, bn
I>@

f(x) = u(x, 0) =

∞∑

n=1

bn sin
(nπx

`

)

g(x) = ut(x, 0) =

∞∑

n=1

an

nπc

`
sin
(nπx

`

)

NP_[B�RMBEJ%Ims~?_[_aj¬ROK;b�B�I>BE_a�#jkh	BEm%^XD�W�J%F�bvh�Y�@�VP_aVPDSI>BMBE^ZF�N¹\%Yam ∞ Nr_ROK;@�Nq^Z@�J%h= ~k_aF*_a@�IF`~k_aF*U;j?F
Z¶�¸A¸AÄT¸A¶�È�®	¶�¸ Û ²A®iÅ*°òZ¶a¶[Ç�È �0Õ��0Õ��

(
p(x)v

′

(x)
)′

+ q(x)v(x) + λγ(x)r(x) = 0, a < x < b

αv(a) + βv
′

(a) = 0

γv(b) + δv
′

(b) = 0

IF*U;BEjk^X@�F�cdBMU;D
p(x) = 1, q(x) = 0, r(x) = 1, α = 1, β = 0, γ = 1, δ = 0

´ ~?_[W�_ahiF
<��



I?BEmA_[�#J
p, p

′

, q, r
= G

p, r > 0
= p

|α| + |β| > 0, |γ| + |δ| > 0
= <

p
A

= e
R B

A
dx

A

b�m1KS_�Ya\lb"_[D�BE_[b)~kJ#BO]CN�b0N�^ZJ#BE�#b�@�_[D�^Zb�JANPmA@�_ah�N�J#U#VPFXJ;Y[U#FXb0Kº±�²1Ç�±

ú�·	®	¾TI>@�J%jkh
r(x)

¸%¶[È�®	¶�¸ Û ²A®iÅ*°ò²A®iÅ*²A¾%®�¯�@�J%jkh L [u] =
(
pv

′

)′

+ qv
J#BO]JAm#BE@�^Ã±�²Aª;Ó�±

±�¶[ÿ�½1·	®	¾sI@�J%jkh
Lv = −λrv

BC^�m1NP^t_a@�hiI}I@¬IF*_a_ajkFZN
v(x) 6= 0

¸�½A°9«XZ¶a¶�ÿZ½= ¶a«�ÿ�ÇS÷%²AÇ�@�JAjkh^Zbv~k_a@�IF�N
λ
BCo¶a«�ÿ�Ç

Û ²A®iÅ*°�I_[_a\ADTI@�J%jkhrf�<1nM{wfOG0nZIF�_[_ajkF*Bo^ZmAN�_[@�h�It_ah�N(Bo^Z@CBMBONPF�^XI@�Ib"b�BOK;^`^Z_[\1DZ¶[²1¸A®	Óe²l¸A¶�È�®	¶�¸

~k_�NPm%W�F�= _ab�c�\1F�b"_[IbS~?_[@�IF�J%BE|iW�F�_a@�hiI





v
′′

+ λv = 0
v(0) = v(L)
v′(0) = v′(L)

o¶�²1¸A®	Óe²l¯�¸S±�¶aÇ�È�¸+¯�«�ÓQ®	ª
\%Yam#B�\%Ya\

λ < 0
= G

v = ae
√
−λx + be−

√
−λx

v(0) = v(L) ⇒ a + b = ae
√
−λL + e−

√
−λL

v′(0) = v′(L) ⇒
√
−λ (a − b) =

√
−λ
(
ae

√
−λL − be−

√
−λL

)

⇒ 2a = 2ae
√
−λL

2b = 2be
√
−λL

⇒ a = b = 0 ∨ λ = 0

= ��^�BMBON�\#Yam+BE@
λ = 0

= p
v = ax + b

v(0) = v(L) ⇒ b = aL + b

a = 0

v
′

(0) = v
′

(L) ⇒ a = a

\#YamlNP_ROK;b
v0 = b

λ0 = 0

λ > 0
= <

V = a sin
√

λx + b cos
√

λx

v(0) = v(L) ⇒ b = a sin
√

λL + b cos
√

λL

V
′

= a
√

λ cos
√

λx − b
√

λ sin
√

λx

v
′

(0) = v
′

(L) ⇒ a
√

λ = a
√

λ cos
√

λL − b
√

λ sin
√

λL
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BEh�b�D�_aj
a sin

√
λL + b cos

√
λL = b (9)

a cos
√

λL − b sin
√

λL = a

(a 6= 0) ⇒ a2 sin
√

λL + ab cos
√

λL = ab

ab cos
√

λL − b2 sin
√

λL = ab

⇒
(
a2 + b2

)
sin

√
λL = 0

(9) ⇒ b cos
√

λL = b

cos
√

λL = 1√
λL = 2nπ

λ =

(
2nπ

L

)2

(a = 0) ⇒ b cos
√

λL = b

−b sin
√

λL = 0

⇒ ∀a ∈ R, λ =

(
2nπ

L

)2

Vn = bn cos
2nπx

L

(b = 0) ⇒ Vn = an sin
2nπx

L

¸A¶�È�®	¶�¸ Û ²A®iÅ*°òZ¶a¶[Ç�ÈS¸#°¹Ç�©a¾%®?Ç�©�ÇS¸#°òZ®	·	®	Ä# �0Õ��0Õ��
u, v ∈ C2 ^Zhi_a^ZIñð ¼d·�²AÓx¸SZ®d±�¼

L [u] =
(
pu

′

)′

+ qu

uL [v] − vL [u] =
[
p
(
uv

′ − u
′

v
)]′

±�§oÄ%®d±

uL [v] − vL [u] = u

((
pv

′

)′

+ qv

)
− v

((
pu

′

)′

+ qu

)

= u
(
pv

′

)′

− v
(
pu

′

)′

=

[(
puv

′

)′

− u
′

pv
′

]
−
[(

pu
′

v
)′

− u
′

pv
′

]

=
(
puv

′

)′

−
(
pu

′

v
)′

=
[
p
(
uv

′ − u
′

v
)]′

_aJ%b�BEc�Jl^�m1Nq_a@�hiI�I>BEF�_[_ajkFZN
u, v ∈ c2 ^Zhi_[^ZI»Áa¶[²AÓó�§o³#®	·

αu (a) + βu
′

(a) = 0
= G

γv (b) + δv
′

(b) = 0
= p
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|i@
∫ b

a

uL [v] dx =

∫ b

a

vL [u] dx

±�§oÄ%®d±
∫ b

a

uL [v] − vL [u] dx =

∫ b

a

[
p
(
uv

′ − u
′

v
)]′

dx

= puv
′ − pu

′

v
∣∣∣
b

a

(10, 11) ⇒ = p (b)
[
u (b) v

′

(b) − u
′

(b) v (b)
]
−

p(a)
[
u (a) v

′

(a) − u
′

(a) v (a)
]

= 0

αv (a) + βv
′

(a) = 0

αu (a) + βu
′

(a) = 0

⇒ u
′

(a) = 0

v
′

(a) = 0

u (a) v
′

(a) − u
′

(a) v (a) = 0

⇒ u (a) = −β

α
u

′

(a)

v (a) = −β

α
v

′

(a)

⇒ u (a) v
′

(a) − u
′

(a) v (a) = −β

α
u

′

(a) v
′

(a) − u
′

(a)

(
−β

α

)
v

′

(a) = 0

u (a) =
 
u

′

(a) = u
′

(b)
_aJ#BE|iW�F*^¬_a@�hiIbS~?có^Zh	BOK;hØ^ZW�V(BEhi^¬|�@

p (a) = p (b)
~k@»±�²AÇ�±
u (b)

|i@
λn 6= λm

\#Y�\AbvI>BEF�_[@�I>F�^
(L [v] = −λrv)

\#Y�m
vn, vm

~?@µo®	¶�¸%·	®	ÓQ®dZ²A®�¯

〈vn, vm〉 =

∫ b

a

r(x)vnvmdx = 0

±�§oÄ%®d±
L [vm] = −λnrvn/vm

L [vm] = −λmrvm/vn

vmL [vn] − vnL [vM ] = −λnrvmvn + λmrvmvn

0 =

∫ b

a

vmL [vn] − vnL [vM ] = (λm − λn)

∫ b

a

rvnvmdx

RE@�K;F
∫ b

a

rvnvm = 0

|i@�~kcrRMBOK;hb"D�@t_aJ#BE|iW�F�^`^ZJ%j?F*b)^�W�K�BE^X^�h�_[@LI@�|
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~k_�NPF�F`~k^�I>_aJ#BE|iW�FLBE@tI_aJ%b�BEcdJTb"_[D�BE_abv~kJ#BO]CN�I_[_a\AD+b0Nq\#Y�\A^`b0K Û ¶�°�«�«�Ç�©�Ç
λ
b0N�\%Yam

v
|�@

λ
b0N�\#Y�m

V
~?@�N�D�b�~?_aNrh

λ 6= λ
^Zb"_ab"NrD�W�_[h�h+±�§ZÄA®d±

(
pv

′

)
+ qv = −λrv

av
′

(a) + βv
′

(a) = 0

γv (b) + δv (b) = 0

(pv′) + qv = −λrv

av′ (a) + βv′ (a) = 0

γv (b) + δv (b) = 0

I>_ab"h	BEcdBEIJ#BE@
λ
b0Nq\%Yam%^

v
ROK;b

∫ b

a

rvvdx = 0

∫ b

a

r |v|2 dx = 0

⇒ v = 0

\%YamT@�b�ROK;b
v1, v2

~?@¬J%F*BEb"KtfOGÖc�YaJ�n�~k_�]>BONPm�I>_aJ%b�BEc�J�b�_aD�BE_[bT~kJ#BO]CNòI_a_[\1D�b0Nò\#Y�\A^�b0K�Å*®�°�¾lÇ�©�Ç
v1 = kv2

|i@
λ
b0N�\#Yam

L [v1] = −λrv1

L [v2] = −λrv2

v2L [v1] − v1L [v2] = 0

⇒
(
pv2v

′

1 − pv1v
′

2

)′

= 0

⇒ pv2v
′

1 − pv1v
′

2 = 0

= p (a)
[
v2 (a) v

′

1 (a) − v1 (a) v
′

2 (a)
]

(
v2

v1

)′

=
v2v

′

1 − v1v
′

2

v2
1

≡ 0

v2

v1
= k

v2 = kv1

~?_[_ajkF�I_[J%b�BEc�JTb�_aD�BE_[b)~kJ#BO]CN�I_[_a\ADSb0N�\#Y�\A^XÂAV(BE@ÃÇ�©aÇ ∞ °9¶
λ0 < λ0 < ... < λn JANr@�K

lim
n→∞

λn = ∞
_aJ%j?_[\�\%YamTI>@�J%jkh

v0
^ZF*_a@�IF�^`\#Y�m%^�B�_[JAjk_a\v\#Y�\+@�JAjkh

λ0
_ab"F*_ahi_aF*^�\#Y�\A^

f�^ZW�K�BE^X_ab�D*n
λ0
D�BONP_aW�b�³#¶[²A¶�¸%¶a¶�²s�§o³#®	·

λ0 = − inf

∫ b

a
uL [u] dx
∫ b

a
ru2dx

^ZmANP^`_a@�hiI�I>@�I>BEF*_a_ajkFZN
u
^Z_a�#jkh	BEmTb0KSb"\l~rBEF�_[mAhi_[@�^

< H



{i_[@�\#Y�\A^}|i@
puu

′

∣∣∣
b

a
≤ 0

^ZmANP^}_a@�hiIqI@�~k_a_[j?F
u
b"K;b�B

q ≤ 0
~k@ Û ¶[¶�¸%¶�¸#°9ú�¶[¯�Ç�©aÇ�±~?_[_ab"_[b0N

±�§oÄ%®d±

λ0 = − inf

∫ b

a
uL [u] dx
∫ b

a
ru2dx

= − inf

∫ b

a
u

[(
pu

′

)′

+ qu

]
dx

∫ b

a
ru2dx

= − inf

∫ b

a
u
(
pu

′

)′

+ qu2dx
∫ b

a
ru2dx

= − inf

[
upu

′

∣∣∣
b

a
−
∫ b

a
u

′

pu
′

+ qu2dx

]

∫ b

a
ru2dx

≥ 0

(λ0 ≥ 0) ⇒ λ > λ0 ≥ 0

b0Nq\%Yam#B�\#Ya\lD;NPWº¸%¶aÓe²#
u

′′

+ λu = 0

u
′

(0) = 0

u (1) − u
′

(1) = 0

p = 1, q = 0
RMBEIhTÁ�®�²#o¾

quu
′

∣∣∣
1

0
= u (1) u

′

(1) − u (o) u
′

(0)

= u
′

(1)
2

> 0

λ < 0
J%BED�\ljrBMU#D�h>=

λ < 0
ROK;I_CROK;bv~?_[_ajkIF�@�bv_a@�hiI^

u = ae
√
−λx + be

√
−λx

0 = u
′

(0) =
√
−λ (a − b)

⇒ a = b ⇒ u = a
(
e
√
−λx + be

√
−λx

)

a
(
e
√
−λx + e

√
−λx

)
= u (1) = u

′

(1) = a
√
−λ
(
e
√
−λx − e

√
−λx

)

e
√
−λx − e

√
−λx

e
√
−λx + e

√
−λx

=
1√
−λ

^Z@CBMBONPF�b

tanh x − 1

x
=

ex − e−x

ex + e−x
− 1

x
= 0

λ = −x2 _ab"_[b0N�\#Y�\+REI>BEh>^Z|i^XRMBEJ%Im%^ x > 0
U#_aW�_CRMBEJ%Im+Nr_
\%BED�j�JAm%VPF

h > 0
_[^Z_�¸A¶[Óe²%

< y








u
′′

+ λu = 0
u (0) = 0

hu
′

(1) + u
′

(1) = 0

b0Nòf�^ZF�BEIVq^ZJ#BE�#D*n�\%Ya\AB*\#Y�m+@��#Fë= G
f
λn → ∞ ROK;b�B	nZU#_[W�_C\%Ya\�NP_ [

kπ + π
2 , (k + 1)π + π

2

] \1]j¬b0K;D;N�^Z@�J%^×= p
Á�®�²#Z¾

jrBMU#D�h
q = 0

= G

quu
′

∣∣∣
1

0
= u (1)u

′

(1) − u (0) u
′

(0)

= −hu2 (1) ≤ 0

= ~k_a_[b"_ab0N�\%Ya\TRE_a@tROK;b
λ = 0

u = ax + b

0 = u (0) = b

u = ax

h (a) + a = 0

a (h + 1) = 0

(h > 0) ⇒ a = 0

\#Y�\+BEh�_[@
λ = 0

ROK;b
λ > 0

u = a sin
√

λx + b cos
√

λx

0 = u (0) = b

u = a sin
√

λx

ha sin
√

λ +
√

λa cos
√

λ = 0

(a 6= 0) ⇒ tan
√

λ = −
√

λ

h

un =
\#YamA^*B\#Y�\A^t@CBE^��1BEI>_aW�^�B

h
~k@}�1BEI_[WXNP_

tan
b"Nò~kBEW�I�b0K;D�ROK;b

a sin
√

λnxREF�VPhl= p
h (x) = tan x +

x

h
lim

x→(π
2
+kπ)+

f (x) = ∞

lim
x→(π

2
+kπ)−

f (x) = −∞

NqRMBMBE_�K�B*\�]jkDsNPJ%BON�NP_CROK;b

f
′

(x) =
1

cos2 x
+

1

h
> 0

= \1]j¬b0K;D�U#_aW�_�NPJ#BONr^
^�U#_[W�_�\#Y�m�NP_�\#Y�\�b0K;b�~?_[_ab"_[b0N�{i_a@�|i@

puu
′

∣∣∣
b

a
≤ 0

~k@CBr~?_aNrF*F�\#Y�\ ∞ ~?_[F�_a_[j Û Ä%³#·
NPF�ICNP^Zb�REI_ah�ROK;b 〈u, v〉 =

∫ b

a
tuvdx = 0

c�Ya@}\#Y�m%^¬IJ#U#V»f�_aJ#BE|iW�F?n>\%Yam � BE@òf�_[J%b�BEc�Jon~rBONrJ%b+JAF�BEb0K�f�^�m1NP^t_a@�hiI�I@�IF*_a_ajkF*B�^�mA_[�#J
f
~?@Pn�I>BE_[�#j?h	BEm%^�D�W�J%F*blVP_aVPD�K�\%Yam%D~?_[F*U#jkF

an
I>BE_[F��#\TI?BE_a�#jkhiBEm

un
JANr@�K

f =
∑

anun (x)
^�U#_[W�_�^�J%BE�#D

f(x)
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~k_am%c�@�^�_ah�N�I>@�b�BEmAK;h	B�I_am%_a�#m%V
un
W�jk_ah

f (x) =
∑

anun (x) Û ¶[«�ª�½A«�È�®�°�¶�§
rf (x) un =

∑
anrunum

∫ b

a

rf (x) undx =

∫ b

a

∑
anrunum

^ZF�_aK;V�J#U#Vq�1BEm%^Zb�JANPm%@tROK;b
[a, b]

N�Y�F*D�I>BEVPh�K;I^XWoBEI_am%^�]mANrFX_[m%b
∫ b

a

∑
anrunum =

∑∫ b

a

anrunum

c�Y�@�^ZF�B
∑∫ b

a

anrunum = am

∫ b

a

ru2
mdx

BEhib"D�_[j

am =

∫ b

a
rf (x) undx
∫ b

a
ru2

mdx

I_[_a\AD�b0NÎ^ZmANr^�_a@�hiI�I>@}IF�_[_ajkF*BRE_[\�]>BEjkF�bs^ZJ%_a|icdB^Zm%_a�#J
f
~k@qf�^ZW�K�BE^�_ab"D�nóÅ�¾#°�«

an =
JANP@�K ∑

anun
J#BO]^L|i@

un
~?^X\#Y�m%^oNºI>_aJ#BE|iW�F�BE@¬I_[JAb1BEc�JSb"_aD�BE_abl~kJ#BO]CN

[a, b]
D+N�YaF�D

f (x)
bvVPh�K;IF R

b

a
rf(x)undx

R

b

a
ru2

mdx

Z®�²1Ç�±
J%F*BEb0K�^Z�#_[m%j?^X\A�;BEF�F*b�VPh[K;I>FLJ#BO]^XI@�|?^�U�BEj?hiD�|i@

x0
{iD�^�mA_[�#JT@�b

f
~?@ô= G

= f+(x0)+f−(x0)
2

ũn = un
q

R

b

a
ru2

ndx

~k_aJ%_[U#cdFTJ%F*BEb0K�I>BE_aF*�#\1^sI>BE_[�#j?h	BEm%^TIJ#U#V�I@�~?_[b"F�J%hiFs~?@ô= p
an =

∫ b

a
rf (x) ũndx

JANr@�K
f (x) =

∑
anũn

|i@
WoBEI_[mA^*B

sin
(

nπx
L

)
, cos

(
nπx
L

) \#Yam�pPNP_
λn
b0K;bvI_aJ#BE|iW�F�^X^Z_[\1D�bt= <

f (x) =
∑

an sin
(nπx

L

)
+ bn cos

(nπx

L

)

JANr@�K

an =
2

L

∫ L

0

f sin
(nπx

L

)
dx

bn =
2

L

∫ L

0

f cos
(nπx

L

)
dx

b0 =
1

L

∫ L

0

fdx

^ZJ#BE�#D�J#BO]^`I@�~k_aF�N(BEJT~k_aF�\Am%b

f (x) =
a0

2
+

∞∑

n=1

an sin
(nπx

L

)
+ bn cos

(nπx

L

)

f�I>_aJ#BE|iW�F*^X^Z_a\AD�b�jkJTRMBOK;h>^Z_[_aJ#BEmlJ#BO]�n
f
b0N�^�_a_aJ#BEm+J%BO]�BE^Z|

<��







(
xv

′

)′

+ λ
x
v = 0 1 < x < e

v (1) = v
′

(e) = 0

¸A¶[Óe²#

\%Yam#B�\#Y�\T@��#Fë= G
c�Ya@L\%Yam%^oNqI>BEJ%_�NP_C^Z@�J%^×= p
\%YamTb"N�h�Ya@L^ZJ#U#V�@��#Fë= <

= b1Yahi^`\%Yam%^�b"N�b"b"K�BEFL^Z_aJ#BEm+J%BO]b
f(x) = (ln x)

2 − 2 lnx
W�Im�= H

Á�®�²#Z¾
\#Y�\TNr_>~?@tjkBMU#D�hP= I_aJ%b�BEc�Js^Z_[\1D�^LROK;b

p (x) = x > 0, q = 0, r = 1
x

> 0
= G~k_a_ab�_ab0N

pvv
′

∣∣∣
b

a
= ev (e) v

′

(e) − 1v (1) v
′

(1) = 0

I@CBMBONPF (
xv

′

)′
+ λ

x
v = 0

^�@�BMBONPF*^Ú= ~k_a_[b"_ab0N�{i_[@q\%Ya\XROK;b
q ≤ 0

~?cdB
v

′

(x) = du
dt

dt
dx

= u
′

x

~kcdB
u (t) = v (x)

D�_a�#h
x = et ~?_[D�_[�#F�ROK;bTJ%b"_[_[BE@

D�_a�#h>ROK;b (
xv

′

)′

=
(
xu

x

)′
= u

′′

x

~kcdB

u
′′

x
+

λu

x
= 0

u
′′

+ λu = 0(
v (1) = v

′

(e) = 0
)
⇒ u (0) = 0

u
′

(1)

e
= u

′

(1) = 0

λ = 0
~k@

u = ax + b

u (0) = 0 ⇒ b = 0

u
′

(1) = 0 ⇒ a = 0

= \#Y�msRE_a@LJ%F*BEb"K
λ > 0

~k@
u = a sin

√
λt + b cos

√
λt

(u (0) = 0) ⇒ b = 0

u = a sin
√

λt(
u

′

(1) = 0
)
⇒ a

√
λ cos

√
λ = 0

√
λ =

(π

2
+ nπ

)
, n = 0, 1, 2, ...

λ =
(π

2
+ nπ

)2

un = sin

(
π

(
1

2
+ n

)
t

)

vn = sin

(
π

(
1

2
+ n

)
ln x

)
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c�Ya@L^Z@�J%hT= p
∫ e

1

rvnvm =

∫ e

1

1

x
sin

(
π

(
1

2
+ n

)
ln x

)
sin

(
π

(
1

2
+ m

)
ln x

)
dx

(t = ln x) =

∫ 1

0

sin

(
π

(
1

2
+ n

)
t

)
sin

(
π

(
1

2
+ m

)
t

)
dt

=
1

2

∫ 1

0

cosπt (n − m) − cosπt (n + m + 1) = 0

b"F�J%hihT= <
∫ e

1

rvn =

∫ e

1

1

x
sin2

(
π

(
1

2
+ n

)
ln x

)
dx

=

∫ 1

0

sin2

(
π

(
1

2
+ n

)
t

)
dt

=

∫ 1

0

1

2
− 1

2
cos (π (1 + 2n) t) dt =

1

2

⇒ ṽn =
vn√∫ e

1
rvn

= 2vn =
√

2 sin

(
π

(
1

2
+ n

)
ln x

)

b"b0K�BEF�^Z_aJ#BEmlJ#BO]CK
f(x) = (ln x)2 − 2 ln x

~rBONPJ�= H

an =

∫ e

1

1

x

√
2 sin

((
n +

1

2

)
π ln x

)(
(ln x)2 − 2 ln x

)
dx

(t = ln x) ⇒ =

∫ 1

0

√
2 sin

((
n +

1

2

)
πt

)(
t2 − 2t

)
dt

... =
2
√

2
((

n + 1
2

)
π
)3
(

cos

(
n +

1

2

)
π − cos 0

)

=
−2

√
2

((
n + 1

2

)
π
)3

\1]j?D+]mANPFXm#Ya\l|i@CB

(ln x)
2 − 2 lnx =

∞∑

n=1

−4
((

n + 1
2

)
π
)3 sin

((
n +

1

2

)
π ln x

)

N�YaF�D�I>BEVPh�K;I^XI>BE@�J%blREI_[h+±�²1Ç�±

|fn (x)| ≤ 4
((

n + 1
2

)
π
)3 ∼ 1

n3

J#BO]^XVPJA]CNrJ%_�BMB*b"N
M
^XREW�D�FX_[m%b�_[|i@�VPh�K;IFL_[JAm%VPFXJ#BO]F�RO]j¬J%F*BEb"K= N(YaF�D�VPh�K;IF

	Ê������kÏrÊeÊeÐ�Í  �ÒxÑ
¶a¸�½A¶a¼d¶[¾TÇZ½A² �0ÕaÔwÕaÔ

= I>BMBE�#jk^`_ab�BE@X]\AF�b�I_[F�J%ItI?U;U;BED�FX^�m1N�~?\�~rBEW��1_ab�BEF`J%F*BEW�FX_[BONP\�J%�;B��ABEJ%@L]>BEFXRMBEIh~rBEj?_[F�^
[a, b]

~rBEW�^¬b1BED�_aj
C
]>BEF*^�I>BEm%_am%�

ρ
REF�VPhS= ]>BEF�^}�ABEIDL~rBEWtJ%�;BEhØ@�b0N×~k_aW�_[h�F
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^ZV(BEJ%m%^�IVPF�=
x0
D�_[D�V

∆x
�1J#BE@�D�]>BEF�^ZF�^ZV(BEJ%mSb"\Sb0K;IVPhÖ= �1IW�^�W�]CN

A
=
x
J%_a�Sb"\J#BED�\%B

CρA∆X
^ZV(BEJ%m%^}I@�IW�@q^ZJ#BO]J%mAF�]¹I>BEb"\A^Zb�^oN(BEJ#U#^}^�_ac�J%hi@�^¨=

ρA∆x = m^ZJ#BO]J%m%FZ]^XI@�I>BEb"\A^Zbl^oN(BEJ#U#^X^Z_[c�J%hi@�^
E (t)

REF�VPh?=
CρA∆xu (x, t)

I>BMU;_aW�_
u (x0, t)@�_a^

u (x, t)
b��2{	F`]>BEF�^`b0KSb0N

E (t) =

∫ b

a

CρAu (x, t) dx

⇒ E
′

(t) =

∫ b

a

CρAut (x, t) dx (10)

{iJ#BE|i@�FX~?J#BE|~rBEW�N�\%BMU#_CI>BE_[mA�#I>FX_ah�N�U#�#FL=
E

′ Ib�b�BOK;^L^Z_[c�J%h�@�Ds_[BEhi_�NP^�D��#j¬I@�BEhib"D�_[j{	BEJ%ms^ZJ#BO]JAm%F�]^`NrJ%m%^Zb�_[b"h	BE_a�#J#BEm#BEJAmS~rBEW�^XIF�_[JA|?D��#j?N�W�_ahi^`^Z_[J%BEm�= ~k_aJ%jkb�~k_aF*W�~k_
q
REb"^�b� 

∆x
�1J%BE@�D�^ZV(BEJ%m%D�~rBEW�^XI>F�_aJ%|D��#j}= j?W�J%F�b��ABEm%^�_[b"h	BE_a�#J#BEm

q = −k̃A

(
u (x0 + ∆x, t) − u (x, t)

∆x

)

q = −k̃Aux

~rBEW�F`^Z@��;BEICKs~?J%c�h�]>BEF*^�b0N�^Z_ac�J%hi@�DT_�BEh�_aNP^�=
q = −k̃A∇u

U#F*_aF�Ib"ID�= ^�_a_aJ#BEm�jrBEW�^Z|I>BMBE�#jk^L��J#Us@��;BE_"!xVPh�K;h�N
E

′

= −k̃Aux (a, t) + k̃Aux (b, t)

= k̃A ux (x, t)|ba

=

∫ b

a

k̃Auxx (x, t) dx (11)

(10) , (11) ⇒ =

∫ b

a

CρAut (x, t) dx

⇒ CρAut (x, t) = k̃Auxx (x, t)

ut − kuxx = 0 k =
k

Cρ

~kc9^Z�#jk^
ux (a, t) = 0

~?@CB?�lU#_aF*I�^Z�#jkD`^ZJ#BO]J%mAF�]^
u (a, t) = 0

b0NPF*b�^ZmANÎ_a@�hiI= ~kBEW�JAD�\1FLRE_[@�  U;U;BED�F
Û ¶a·d�°�«`oª�²A¾;±��Å�¶�°9È�o¶a·	ÓQ®	«�®d±�±�¶[Ç�È�Áa®�²%Z¾ �0ÕaÔwÕ�Ù

ut − kuxx = 0 0 < x < L, t > 0

REF�_�BEh_a@�hiI
ux (0, t) = 0 t > 0

ux (1, t) = 0 t > 0

_aIb�W�I>^�~rBEW
u (x, 0) = f (x)

I>BEF*_a@�I¬_a@�hiI
f

′

(0) = 0

f
′

(L) = 0
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{iF�B
XT

′

= kX
′′

T
^Z@CBMBONPF�D�~?_[D�_a�#F

u (x, t) = X (x) T (t)
~?_aNrm%W�F Á�®�²#o¾;±¬�Å�¶�°~k_ab"D�j

X
′′

X
=

T
′

kT
= −λ

X
′′

+ λX = 0

RMBONP@�J%^X_[@�hiI^�F
X

′

(0) T (t) = 0

⇒ X
′

(0) = 0

X
′

(L) T (t) = 0

⇒ X
′

(L) = 0

b�_aD�BE_[bv~?J#BO]CN�I>_a_a\AD�BEhib"D�_[j
X

′′

+ λX = 0

X
′

(0) = X
′

(L) = 0

λ = 0
~k@t= ~k_a_ab�_ab0N�\#Ya\TRE_a@LJ%F�BEb0K

q = 0, pxx
′ |L0 = 0

~?cdB
X = ax + b

x
′

= a

x
′

(0) = x
′

(L) = 0 ⇒ a = 0

λ > 0
J%BED�\T=

X0 = 1, λ0 = 0
J%F*BEb"K

x = a sin
√

λx + b cos
√

λx

x
′

=
√

λ
(
a cos

√
λx − b sin

√
λx
)

X
′

(0) =
√

λa ⇒ a = 0

X
′

(L) = −
√

λb sin
√

λL√
λL = nπ, n = 1, 2, 3, ...

λn =
(nπ

L

)2

Xn = cos
(nπ

L
x
)

^�J%BO]J%m%FZ]^Xb"N�jkb"W�^�I>@�@��#F�h
T

′

n + λnkTn = 0

Tn = cne−λnkt

Tn = cne−(nπ
L )2

kt, n = 0, 1, 2, ..

ÂABEVPD�b

un = c0 +

∞∑

n=1

cne−(nπ
L )2

kt cos
(nπx

L

)

^Zb"W�I^Z^X_[@�h�I>F

f (x) = u (x, 0) = c0 +

∞∑

n=1

cn cos
(nπx

L

)

=
f
b0NqWoBEI_am%^`_am%bv~?_[b"D�jkF�~?_[F*U#jkF�^�I@CB
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ut − uxx = 0 t > 0, 0 < x < π
ux (x, 0) = ux (π, t) = 0 t > 0

u (x, 0) = 3
4 cosx − 1

4 cos 3 0 < x < π

¯�«�ÓQ®	ª

c1 =
3

4

c3 = −1

4
cn = 0

u (x, t) = 4
3e−t cosx − 1

4e−9t cos 3x
|i@CB

_[|i@




ut − uxx = 0 t > 0, 0 < x < π
ux (x, 0) = ux (π, t) = 0 t > 0

u (x, 0) = πx2

2 − x3

3 0 < x < π

¯�«�ÓQ®	ª

c0 =

∫ π

0

(
πx2

2 − x3

3

)
1dx

∫ π

0
1dx

=
1

π

∫ π

0

(
πx2

2
− x3

3

)
1dx =

π3

12

cn =

∫ π

0

(
πx2

2 − x3

3

)
cos (nx) dx

∫ π

0
cos2 nxdx

=
2

π

−2

n3

(− cosnx

n

)∣∣∣∣
π

0

=

{
0 n = 2k

− 8
πn4 n = 2k + 1

u (x, t) =
π3

12
+

∞∑

k=0

−8

π (2k + 1)
4 e−(2k+1)2t cos (2k + 1) x

Z¶a·	ÓQ®	«�®d±�¯�¸+§�©aª;« �0ÕaÔwÕ��

ut − kuxx = F (x, t) 0 < x < t, t > 0

ux (0, t) = ux (L, t) = 0

u (x, 0) = f (x)

^ZF*_a@�IF�^`I_[hicdBEF*BE^Z^`^Z@CBMBONPF�D�~?_[D�_a�#F
u (x, t) = XT

U#J%m%BEFLRMBEJ%Ims~k_�NPm%W�F
XT

′

= kx
′′

T

X
′′

X
=

T
′

kT
= −λ

b"_[D�BE_ab�~kJ%BO]CN�~?_[J%I>BEm
x

′

(0) = x
′

(L)
_[@�hiIF

X
′′

+ λX = 0

X
′

(0) = X
′

(L) = 0

RMBEJ%Im+IJ#BE�s~k_aF�N(BEJ+= \#Y�m
Xn

\%Ya\
λn
~?_[b"D�jkF*B

u (x, t) =
∑

XnTn

f¡N(YaF�DSI>BEVPh�K;I^`NP_aN�^ZW�hi^ZD*n�^Z@CBMBONPF�D�D�_[�#h
∑

XnT
′

n −
∑

kX
′′

nTn =
∑

XnT
′

n −
∑

k (−λXn) Tn

=
∑

Xn

(
T

′

n + kλTn

)
= F (x, t)

42



@�D�^`REm#BE@�D�J%BO]b
F
I@�W�Im%h

F (x, t) =
∑

cn (t) Xn

∫ b

a

XmF =
∑

cn (t)

∫ b

a

XnXm = cm

∫ b

a

X2
m

⇒ cm =

∫ b

a
XmF

∫ b

a
X2

m

⇒
∑

Xn

(
T

′

n + kλTn

)
=

∑
cn (t) Xn

J#BEIm%hrROK;b

T
′

n + kλTn = cn (t)

Ib"D�j?I>FZNXb"_aD�BE_abP~kJ#BO]CN`I>_a_a\AD




ut − uxx =
(
2x − x2

)
e−t t > 0, 0 < x < 1

u (x, 0) = sin πx
2 0 ≤ x ≤ 1

u (0, t) = 0
ux (1, t) = 0

¯�«�ÓQ®	ª
I_ahicdBEF�BE^Z^`^Z@CBMBONrF*D

u = XT
ID��#^ZF

X
′′

+ λX = 0

X (0) = X
′

(1) = 0

λ = 0
~k@�= ~k_a_[b"_ab0N�\%Ya\TRE_[@LJ%F*BEb0K

pxx
′ |10 = 0

~kcdB

X = ax + b

⇒ b = 0

X = ax

X
′

(1) = a = 0

⇒ X = 0

λ > 0
~?@

X = a sin
√

λx + b cos
√

λx

X (0) = 0 ⇒ b = 0

X
′

(1) = −a
√

λ cos
√

λ = 0

λn =
(π

2
+ nπ

)2

Xn = sin
(π

2
+ nπ

)
x

RMBEJ%ImTIJ#BE�

u (x, t) =

∞∑

0

Tn sin
(π

2
+ nπ

)
x
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^Z@CBMBONrF*D�D�_[�#h
∞∑

0

T
′

n sin
(π

2
+ nπ

)
x −

∞∑

0

Tn

(π

2
+ nπ

)2 (
− sin

(π

2
+ nπ

)
x
)

= e−t
(
2x − x2

)

⇒
∞∑

0

[
T

′

n + Tn

(π

2
+ nπ

)2
]

sin
(π

2
+ nπ

)
x = e−t

(
2x − x2

)

∞∑

0

cn sin
(π

2
+ nπ

)
x = e−t

(
2x − x2

)

cn (t) =

∫ 1

0 e−t
(
2x − x2

)
sinx

(
π
2 + nπ

)
dx

∫ 1

0
sin2 x

(
π
2 + nπ

)
dx

... =
4e−t

(
π
2 + nπ

)3

~k_aJ%I>BEm
n
b0K;b

T
′

n +
(π

2
+ nπ

)2

Tn =
4e−t

(
π
2 + nπ

)3

Tn = e−(π
2
+nπ)2

n2t

[∫
4e−t

(
π
2 + nπ

)3 e(
π
2
+nπ)2

t

]

= e−(π
2
+nπ)2

n2t



 4e

“

( π
2
+nπ)2−1

”

t
+ cn((

π
2 + nπ

)2 − 1
)(

π
2 + nπ

)3





u (x, t) =

∞∑

0


 4e−t

((
π
2 + nπ

)2 − 1
)(

π
2 + nπ

)3 + cne−(π
2
+nπ)

2
t


 sin

(π

2
+ nπ

)
x

sin
(π

2
x
)

= u (x, 0) =
∞∑

n=0

(β0 + cn) sin
(π

2
+ nπ

)
x, βn

=



 4((
π
2 + nπ

)2 − 1
)(

π
2 + nπ

)3





1 = β0 + c0

0 = βn + cn

c0 = 1 − β0

cn = −βn

çwè���ÊeÍkÊ��òÏ?é��#��ÐáçxÏrè2É$	%�&��'dåCÍ  �Ò�ê

w (x, t)
^Z_a�#jkh	BEm�NPm%W�h





utt − uxx = F (x, t) 0 < x < t, t > 0

αu (0, t) + βux (0, t) = a (t) t ≥ 0

γu (L, t) + δux (L, t) = b (t) t ≥ 0

u (x, 0) = f (x) 0 < x < L

ut (x, 0) = g (x) 0 < x < L

I>_ahicdBEF*BE^T@�bP^�_a\AD

~k\
v
J#BED�\l^ZNPU;W�^Z_[\1D�J#BEIm%h	B

v = u − w
J%_[U#c�h>|�@CB*~?_[h	BEIhi^�^�m1NP^`_a@�hiI�I@�I>F�_a_[j?F�N
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~k_ahicdBEF�BE^�^�m1N�_a@�hiI
vtt − c2vxx = F (x, t) −

[
wtt − c2wxx

]

αv (0, t) + βvx (0, t) = 0

γu (L, t) + δux (L, t) = 0

u (x, 0) = f (x) − w (x, 0)

ut (x, 0) = g (x) − wt (x, 0)

w (x, t) =
(
A1 + B1x + C1x

2
)
a (t)+

(
A2 + B2x + C2x

2
)
b (t)

I>_ab"b0K;^T^ZJ#BE�#^ZF
w
NPm%W�hNPm#BEW}Ic�J#U�BEh�b�REI>BEhÖ~rBEhi_ab�BEm%^ = ~k_aF�_[_ajkIF}^ZmANP^�_a@�hiICN¨��K�~?_[J%W�BED�~k_aF*U;j?F*^�I@�NrK

u = v + w
~k_aD�_a�#F�~?_[JAI?BEm1NqJ%W�@�bv~k_aF�U#j?F`~k\�j?W�NPF*B

¯�«�ÓQ®	ª
utt − 4uxx = t sin 3x

u (0, t) = 0

ut (π, t) = 1

u (x, 0) =
X2

π2

ut (x, 0) = 0

Á�®�²#Z¾
w (x, t) =

(
A + Bx + Cx2

)
a(t) +

(
A2 + B2x + C2x

2
)
b (t)

=
(
A2 + B2x + C2x

2
)

0 = w (0, t) = A2

1 = ω (π, t) =
(
B2π + C2π

2
)

C2 = 0, B2 =
1

π

⇒ w (x, t) =
x

π ^oN(U#W�^Z_[\1DSJ#BEIm%h	B
v = u − w

J%_[U;c�h
vtt − 4vxx = t sin 3x − [0 − 4 · 0] = t sin 3x

v (0, t) = 0 − 0 = 0

v (π, t) = 1 − 1 = 0

v (x, 0) = u (x, 0) − w (x, 0) =
x2

π2
− x

π
vt (x, 0) = 0 − 0 = 0

I_ahicdBEF�BE^Z^`^Z@CBMBONrF*D�D�_[�#h	B
V = XT

NPm%W�h
vtt = 4vxx

T
′′

X = 4XT
′′

X
′′

X
=

T
′′

4t
= −λ

X
′′

+ λX = 0
I_ahicdBEF�BE^Z^`^ZmANP^X_a@�hiIDSD�_a�#h

X (0)T (t) = 0

X (π) T (t) = 0

X (0) = X (π) = 0
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RMBEJAI>mA^`IJ#BE��=
Xn = sin nx

\%Yam%^
λn = n2, n = 1, 2,

\#Ya\1^

v (x, t) =

∞∑

n=1

Tn (t) sin nx

I_ahicdBEF�BE^*{i_a@�^X^Z@CBMBONPF�D�D�_a�#h

∞∑

n=1

T
′′

(t) sin (nx) + 4

∞∑

n=1

T (t) n2 sin (nx) = t sin 3x

∞∑

n=1

(
T

′′

(t) + 4T (t) n2
)

sin (nx) = t sin 3x

(n 6= 3) ⇒ T
′′

(t) + 4n2T (t) = 0

Tn = an sin 2nt + bn cos 2nt

(n = 3) ⇒ T
′′

(t) + 36T (t) = t

T3 = a3 sin 6t + b3 cos 6t +
t

36

^Zb"W�I^�^X_a@�hiIDS_ab"b0K;^XRMBEJ%Im%^XI@tD�_a�#h

x (x − π) = v (x, 0) =
∞∑

n=1

Tn (0) sinnx

~k_aV(BEhi_aV}J#BO]b
x (x − π)

I>@�W�Im%h

1

π2
x (x − π) =

1

π2

∑
Cn sin nx

Cn =

∫ π

0 x (x − π) sin (nx) dx∫ π

0 sin2 (nx) dx

=
2

π

∫ π

0

x (x − π) sin (nx) dx

... =

{
8

n3π
n = 2k − 1

0 n = 2k

x (x − π)

π2
=

8

π3

∞∑

k=1

1

(2k − 1)3
sin (2k − 1) x =

∑
Tn (0) sin nx

⇒ T2k−1 (0) =
8

n3π3

T2k (0) = 0

_ah�N�^Zb�W�I>^X_a@�hiIDSD�_a�#h

0 = vt (x, 0) =

∞∑

n=1

T
′

n (0) sin nx

T
′

n (0) = 0
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RMBEJ%Im%^`I@t~>K;VPh

n = 3 ⇒ T
′′

3 + 36T3 = t

T3 (0) =
8

33π3

T
′

3 (0) = 0

0 = T
′

3 (0) = 6a3 cos 0 − 6b3 sin (0) +
1

36
= 6a3 = 0

a3 = − 1

6 · 36

b3 = T3 (0) =
8

33π3

n 6= 3, n = 2k − 1 ⇒ T
′′

n + 4n2Tn = 0

Tn (0) =
8

n3π3

T
′

n (0) = 0

Tn = an sin 2nt + bn cos 2nt

0 = T
′

n (0) + 2nan

an = 0

bn = Tn (0) =
8

n3π3

n = 2k ⇒ T
′′

n + 4n2Tn = 0

Tn (0) = 0

T
′

n (0) = 0

⇒ T2k ≡ 0

v (x, t) =

∞∑

k = 0
k 6= 0

8π

(2k − 1)
3
π3

cos 2 (2k + 1) t sin (2k + 1) x

+

(
8

33π3
cos 233t sin 3x

)

+

[
− 1

36 · 6 sin 6t +
t

36

]
sin 3x

=

∞∑

k=0

8π

(2k + 1)
3
π3

cos 2 (2k + 1) t sin (2k + 1) x

+

[
− 1

36 · 6 sin 6t +
t

36

]
sin 3x

u = v + ω

u =
∞∑

k=0

8π

(2k + 1)
3
π3

cos 2 (2k + 1) t sin (2k + 1) x

+

[
− 1

36 · 6 sin 6t +
t

36

]
sin 3x +

x

π
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Áa®�²%Z¾;±�Z®	ª;¶[§o¶[®k±�¶[Óe²1·�¯Z±�¸%²AÓxÅ�·	¶�¯ �0Õ�Ù7ÕaÔ
±�¸%Ä%¶[²AªS¶[¯�·d Û ¶�¸%Ó�±�o¶a¶[Ç�È

uxx − c2uxx = F (x, t)

u (0, t) = a (t)

u (L, t) = b (t)

u (x, 0) = f (x)

ut (x, 0) = g (x)

U#_aW�_RMBEJ%Im%^×Å�¾#°�«
~?_[_ajkF

v
=
v ≡ 0

bAY��
v = u1−u2

J%_[U#cdh�^Z_[\1Dv^ZI>BE@`b0N�I>BEh	BEJ%Im
u1, u2

W�_[hih+±�§oÄ%®d±
vtt − c2vxx = 0

v (0, t) = v (L, t) = 0

v (x, 0) = vt (x, 0) = 0

^�_ac�J%hi@�^�b�JAc�]h�_[@�  JA_�U#c�h

E (t) =
1

2

∫ L

0

(
v2

t + c2v2
x

)
dx

v ≡ const ⇒ v ≡ 0
J%F*BEb0K

E = 0
W�_�K�BE^Zbv^ZJA]F*^

Et (t) =
1

2

∫ L

0

(
2vtvtt + c22vxvxt

)
dx

=

∫ L

0

vtvttdx +

∫ L

0

c2vxvxtdx

[(vxvt)x − vxxvt = vxvxt] ⇒ =

∫ L

0

(
vtvtt + c2 ((vxvt)x − vxxvt)

)
dx

=

∫ L

0

vt

(
vtt − c2vxx

)
+ c2 (vxvt)x dx

=

∫ L

0

c2 (vxvt)x dx

= c2vxvt

∣∣L
0

Et (t) = v2 (vx (L) vt (L) − vx (0) vt (0))

(v (0, t) = v (L, 0) = 0) ⇒ vt (0, t) = 0

vt (l, t) = 0

⇒ Et (t) = 0

⇒ E (t) = const

E (t) = E (0)

=
1

2

∫ L

0

v2
t (x, 0) + c2v2

x (x, 0) dx = 0

⇒ 1

2

∫ L

0

(
v2

t + c2v2
x

)
dx = 0

vt = vx = 0

v = const

v ≡ v (x, 0) = 0 ⇒ u1 = u2

H7�



I>BMU#_[W�_REI>BEh?REF*_[BEh_[@�hiI¨Å�¾#°�«
±�§oÄ%®d±

vtt − c2vxx = 0

vx (0, t) = vx (L, t) = 0

v (x, 0) = vt (x, 0) = 0

N�@CBE^`U;_aW�_a^`b�U#D�^Z^`J%D�UsBEI>BE@t^�W�K�BE^�^Xb0K
Et (t) = v2 (vx (L) vt (L) − vx (0) vt (0))

⇒ (vx (L) = vx (0) = 0) ⇒ = 0

(#)�ç*�òÉ�Ë�å+�1ÊeÍ&	Ê��,�ÎÉPçdç-�.(  �Ò/
Û ®�§�±�Z¶a¶[Ç�È10�Z®	ª;¶[§Z¶2�0Õ��7ÕaÔ





ut − kuxx = F (x, t) 0 < x < L, t > 0

ux (0, t) = a (t)

ux (L, t) = b (t)

u (x, 0) = f (x)

I>BMU#_[W�_REI?BEh?REF�_�BEh_a@�hiI>B�^Zb0K;_aJ#US_[@�hiI¨Å�¾#°�«

v = 0
b1Ya�

v = u1 + u2
~k_aJ%_�U#c�F�I>BEh	BEJAI>m

u1, u2
~k_aW�_ahiFô±�§oÄ%®d±

vt − kvxx = 0

vx (0, t) = vx (L, t) = v (x, 0) = 0

^Z_[c�J%h�@�b"J%c	]hi_a@L~k_aJ%_[U;c�F

E (t) =
1

2

∫ L

0

v2 (x, t) dx

Et (t) =

∫ L

0

vvtdx

= k

∫ L

0

vvxxdx

= k

[
(vvx)|L0 −

∫ L

0

vxvxdx

]

= k

[
v (L, t) vx (L, t) − v (0, t) vx (0, t) −

∫ L

0

v2
xdx

]

(vx (0, t) = vx (L, t) ∧ v (0, t) = v (L, t)) ⇒ = −k

∫ L

0

v2
xdx ≤ 0

⇒ ∀x < y, E (x) ≥ E (y)

E (0) =
1

2

∫ L

0

v2 (x, t) dx = 0
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I>J%U;c�^ZFX_ah�NqU#�#F
E (t) ≤ E (0) = 0

~k_a_ajkIF
t ≥ 0

b0K;blROK;b

E (t) =
1

2

∫ L

0

v2 (x, t) dx ≥ 0

⇒ E (t) = 0

⇒ v2 = 0

⇒ u1 = u2

α, β > 0
BED�N�D�J#BE\AFX_a@�hiIb�~?ck^Zh	BOK;h>^Zhi\1]^ë±�²AÇ�±

v (0, t) + αvx (0, t) = 0

v (L, t) + βvx (L, t) = 0

⇒ v (0, t) = −αvx (0, t)

⇒ v (L, t) = −βvx (L, t)

(vvx)|L0 = v (L, t) vx (L, t) − v (0, t) vx (0, t)

= −αvx (L) + βvx (0)

Û ®�§�±�o¶[¶aÇ�È�¸S¿ °�¸#§�±�À Û ®	«�¶a³�½A«�±�Á�®�²�½1Ç �0Õ��7Õ�Ù
b0N�RMBEJ%Im�f�J#BEc�V�~rBEW�ID�^Zm%_a�#J+^Z_a�#jkh	BEmon

u ∈ c
(
D
) _[^Z_�Å�¾#°�«

(∆u = uxx + uyy + uxx) ; ut − k∆u = 0

~?cdB
QT = {(x, y, z, t) | (x, y, z) ∈ D, 0 ≤ t ≤ T} REF*VPh

∂pQT = {(x, y, z, t) | (x, y, z) ∈ ∂D, 0 ≤ t ≤ T} ∪ {(x, y, z, 0) | (x, y, z) ∈ D}
|i@�= I_ab�BED�J%mA^`^ZmANP^

max
QT

u = max
∂pQT

u

±�§oÄ%®d±
^ZW�hi^ZD;N�^oNP\1F*b�W�_aK�BEh>=

ut − k∆u < 0 ⇒ maxQT
u = max∂P QT

u
W�_�K�BEhT= G= U#D�b�DsI>_ab�BED�JAm%^X^ZmANPDSb"D�jkIF�Ü VPj?F*^

ut − k∆u < 0= ~kBEF*_aVPjkF`b"D�jkIFLROK;bvBED�^Zm%_a�#J
u
~rBEVPW�J#BEc�V�~kBEW�I

QT
±�§oÄ%®d±

I_[F�_ahiml^*U;BEj?hiDSb"D�j?IF`~rBEF�_[VPj?F*^�~k@ñf�@Pn
p = (x1, y1, z1, t1)

ut (p) = 0

∆ (p) ≤ 0

J%F*BEb0K
ut (p) − k∆u (p) > 0

= RMBEIhibv^ZJ%_aIVPD
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c�c�DSb"D�j?IF`~rBEF�_[VPj?F*^�~k@ñf�D*n
p2 = (x, y, z, T )

_[|�@
ut ≥ 0

∆ (p) ≤ 0

RE_[U#\�|i@CB*= ^�m1NPD�@�b�B
(x, y, z) ∈ D

_�K
ut − k∆u ≥ 0

= RMBEIhibv^ZJ%_aIVPD
ε > 0, v = u − εt

J%_[U#c�h
ut − k∆u = 0

W�_ahih= ]mANPF�^XIW�K�BE^ë= p
vt − k∆v = (u − εt)t − k∆ (u − εt)

= ut − ε − k∆u

= −ε < 0

⇒ max
QT

v = max
∂P QT

v

u = v + εt

≤ max
Qt

(v + εT )

≤ max
Qt

(v) + max
Qt

(εT )

= max
∂P QT

v + εT

⇒ ∀ε > 0, u ≤ max
∂P QT

v + ε

⇒ u ≤ max
∂P QT

v

(v = u − εt) ⇒ u ≤ max
∂P QT

(u − εt)

(t > 0, ε > 0, max (u − εt) ≤ max u) ≤ max
∂P QT

u

^ZJ%j?FXb0K;D��1@t= ~rBEF�_[VPj?FXBEI>BE@�WoBEIm%^X~kBEW�ID�b"D�j?I>^Zbvb�BOK;_s¿�¶�¸#°�À�±�²1Ç�±
max

QT \∂pQT

u ≤ max
∂pQT

u

~kW¬_�K;^oNÃBE@
t = 0

\Ac�J%DtI_[F�_[h�m`^�U�BEj?hiD�~?W¬_aK;^¬]>BEF�^oN»BE@º^Zjk_a|i_am%^}Ihi_[W�D�Fë±�²AÇ�±= I>BMBE�#jkD
|i@

ut − k∆u = 0
~?@L^Z]>BONrms^ZhijkVPFë±�²AÇ�±

min
QT

u = min
∂pQT

u

J%J%BEc
vt − k∆v = 0

BEh�_[@�JA^*B
max v = −min u

|i@
v = −u

²AÈ�³�±
−min

QT

u = max
QT

v

= max
∂pQT

v

= − min
∂pQT

u
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min u
~?cdB�U#D�b"D�^ZmANPD

maxu
J%J#BEc

ut − k∆u < 0
~k@µ¿O±�¸1¸%Ä;±�ÀC½1¼w§�± Û ®	«�¶[³�½1«�±�Å�¾#°9«U#D�b"DS^ZmANPD

IJ%I>BEVrN
u
b0N�_ab"F*_aVPjkF�^`��J%\A^XI@�@��#F�¸A¶[Óe²#

ut − 17uxx = 0

u (0, t) = −π2

u (π, t) = 0

u (x, 0) = x2 − π2 = f (x)

VPh�K;IFqb"D�jkIF�NôJ%BO]^�^ZmANÃ_[@�hiIÎIF�_[_ajkF*BP~k_a_[F�\Am�^�JA_[|icdBP^Zm%_a�#J
f (x)

NÃRED�_�K_am%b�n�^ZmANPDsVPh[K;I>F
u
b0N}~rBEF�_[VPj?F*^�ROK;b�BZ^�mA_[�#Jvb�BED�c?I_a_[�#j?h	BEm%b�J%F*BEb"KS=

u
bÖN�YaF�D

u (0, x) =
 
u (0, t) = −π2 {iD�b�D�jkIF�~rBEW�ID�~rBEF�_[VPj?F*^ T

b0K;b�= f�~rU;BEjk^L]mANPF�^=
maxu = 0

K�Y�^�Vq=
u (π, t) = 0

BE@
x2 − π2

u =
^Z_[\1D�^ZI>BE@ºb"NôI>BEh	BEJAI>m

u1, u2 Û ®�§�±�o¶a¶[Ç�È�¸#°»Á�®�²#o¾;±�Z®	ª;¶[§o¶a¸X�²%§Z¯�±�§oÄ%®d±= ~k_ahicdBEF�BE^`~?_[@�hiI�~?\�I>_ahicdBEF*BE^`^Z_[\1DSJ%I>BEm
u1 − u2=

u = 0 ⇒ u1 = u2
ROK;b�B

min u = 0
~kcdBZ^�m1NPD�b"D�j?I>^

max u = 0

Z®�È�¶�ÿ�¶2�0Õ��7Õ��
I>BE_[\1D�^�I>J%U;V�b0N�~?_[m%_a�#JlI>BEh	BEJ%Im

un
~k@ëÅ�¾#°�«

unt − k∆un = F

u (a, t) = an (t)

un (b, t) = bn (t)

u0 (x, 0) = fn (x)

b1BED�c�^`I_[_a\ADsb"N�ÂA_a�#JTRMBEJ%Im
u
~?cdB

ut − k∆u = F

u (a, t) = a (t)

u (b, t) = b (t)

u (x, 0) = f (x)

JANr@�K
an (t) → a (t)

bn (t) → b (t)

fn (x) → f (x)

=
limn→∞ un (x, t) = u (x, t)

|i@
b"\lb"K;IVPhs±�§oÄ%®d±

vn = u − un

~k@L|i@ |vn| ≤ ε̃
bAY��

|an − a| ≤ ε

|bn − b| ≤ ε

|fn − f | ≤ ε

~k_a_ajkIF
−ε < min vn ≤ vn ≤ max vn < ε

⇒ |vn| ≤ ε
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~k_a_[j?I>F
vn
J#BED�\l_aK

vnt − k∆vn = 0

−ε < v (a, t) = an − a < ε

−ε < v (b, t) = bn − b < ε

−ε < v (x, 0) = fn − f < ε

^ZD��#^�_�Ya\
Xn

\#Yam
λn
\%Ya\)~k_ab�D�jkFsb�_aD�BE_[b�~?J#BO]CN�I_a_[\1DlRMBEJ%Im#B�~k_ahiICNPF�I>U;JAm%^�_iY�\ Û ®	¶�½b"N

u =
∑

XnTn

~?_[b"D�jkF�^Z@CBMBONrF*D
∑(

T
′

n + λTn

)
Xn = F

... =
∑

FnXn

b0NqRMBEJAI>m
Tn
I@tJ%F*BEb0K

T
′

n + λTn = Fn

|i@
un =

∑
XnTn

unt
I?BEJA|ic�hi^�J#BO]t= f�VPh�K;IF�J%BO]`NP_ZW�_�K�BEh�U#_[FZN�_aJ#BE_aJ%m%@�^�W�hi^ZD�n�^�@�BMBONPF�I@�~?_[_ajkF

a ≤ x ≤ b, 0 ≤ t ≤ T
NrK�^Zm%_a�#J

u
Nò^�W�hi^ZD�= VPh�K;IF

unxx
I?BEJA|ic�hi^�J#BO]�VPh�K;IF

x = a, x = b
^ZD��#^�^ZNr\AF�blBE_[^Z_�~?_[hicdBEF*BE^Z^`^ZmANP^`_a@�hiI

αu (a, t) + βux (a, t) =
∑(

αXn (a) + βX
′

n (a)
)

Tn = 0

^�m1NP^`_a@�hiIDSD�_[�#h
TnXn = f (x) = u (x, 0) =

∑
Tn (0)Xn

T
′

n + λTn =
b0N×RMBEJAI>m

Tn
~k@}ROK;b+~k_a_[j?IF�^ZmANP^t_[@�h�I�~kc�|i@

Tn (0) = an
~k@|�@

Fn, Tn (0) = an

u =
∑

XnTn

BEhib"D�_[jk= RMBEJ%Im
u =

∑
ane−kλnt + bnekλnt

W�_aK�BEh�N�_[@�hiIDS~k_a@�hiI^�B*^Z@CBMBONPF�^XI@t~?_[F�_a_[j?F
f�~?N�ÂA_a�#J

u
b1BED�c�^`|i@CB	n

a ≤ x ≤ b, t ≥ 0
~rBEW�IDSN�Y�F*D�VPh[K;I>F ∑

un
= G

@CBE^¹b�BED�cd^¹|�@CB	n
a < x < b, t ≥ 0

~rBEW�ID¬N�YaF�D¬VPh�K;IF ∑
unt,

∑
unxx

= p= f
uxx, ut

IJ%|ic�hi^
~k_aJ%m%VPFòJ#BO] ∑

Mn
NkK |un (x, t)| ≤ M̃n

^Z@�J%h�J#BO]^ÎI?BEVPh[K;I>^ÎI>BE@�J%^Zb�_[U%K= f�VPJA]CNP_[BMB�b0N
M
^XRMBE_aJA]_[JAjón�VPh�K;IF

53



~kcdB
u (0, t) = u (π, t)

N
ut − uxx = e−t sin 3x, 0 < x < π, t > 0

J#BED�\�¯�«�ÓQ®	ª
~k_ab"D�j?F`=

u (x, 0) =
(

x
π

)2 −
(

x
π

)

u (x, t) =
1

8

(
e−t − e−9t

)
sin 3x − 8

π

∞∑

k=0

sin (2k + 1)

(2k + 1)
2 e−(2k+1)2t

VPh�K;IFXJ#BO]^`b0N�b"b0KSJAD�_a@
|vn (x, t)| ≤ 1

(2k + 1)
3

ROK;b
t ≥ 0, 0 ≤ x ≤ π

b"\�N�YaF�DXVPh�K;IF ∑
vn
VPJA]CNPJ%_[BMB?b0N

M
^�m#Ya\�|i@CBb"\Tb0K;IVPhr= ~>N�Â1_[�#J

v
b�BED�cd^

|vnt
| =

∣∣∣∣
sin (2k + 1)x

2k + 1
e−(2k+1)2t

∣∣∣∣
VPh�K;IFX~?_[J%mAVPF`J#BO]�b0N�_[b"b0KSJAD�_a@�=

t ≥ ε
b0K;b

ε > 0
W�jk_ah

|vn| ≤ e−(2k+1)2ε

= I?BMU#_aW�_�NP_ROK;bv~kBEW�I^`b"\�N�YaF�D�VPh�K;IF ∑
vnt

M
^�m#Ya\l|i@CB

= D�]_a^�IJ#U#cdBEFL~rBEW�^�I>_a_a\AD�Å�¾#°�«
^Z_a\AD�b�J%F*BEb0Kº²%È�³�±

ut − kuxx = F (x, t)

αu (a, t) + βux (a, t) = A (t)

γu (b, t) + δux (b, t) = B (t)

ª;¶�§o¶9RMBEJ%Im Û ¶a¶�½»= ^ZmANP^q_a@�hiIÎI>@ºI>BEF�_[_ajkF*B�_ah�NÃJ#U#VPFqI>BEJ%_a|ic F, f
JANP@�KÕ È�¶�ÿ�¶

û :T.��sâó.2ý £43T£ 8A81Ýò¥�ü à�£ ýØâ9ý : £ 8A81Ýº¥ 5

�kË�å+��� 6�ÒxÑ
∆u = 0

I_ah	BEF*JA^`I@�J%jkh
D (∆u = 0)

~kBEW�ID�VPb"m%b�I@CBMBONPFLI@tIF�_[_ajkF�^
u
±�²1ª�Ó�±

¶�¸�½1¶a¼�¶a¾+°9®�²A¶a¾
~k_ab"D�j?F

ut = 0
~rBEW+J#BE|i_am�RE_a@�JAD�K#NrK�REF*|Z_aJ%W�@�~kBEWsc��#_

ut−k∆u = 0
b0N¬RMBEJ%Im

u
= G_[BMBE_aNPb�\1_[c�^oNÎ_[J%W�@�^�U;BEjkh�b"K;DX^ZJ#BO]JAm%F�]^¬I@�cd�#_a_aF

∆u = 0
JAF�BEb0KÎ=

∆u = 0= b�j>NPF
∂D

_iY�\lNrJ%m%h�N�_[b"F�_[h�_[F`W�]CNPFXc��#_[F
∆u = 0

= p
Û ¶�¯�·d Û Ç�±�¯�®	®�°�«

^�b0K;_aJ#U {∆u = 0 D

u = f ∂D

= G

^ZmANrbvb"F*J#BEh?RMBMBE_�K;^`IJ%|ic�hk= REF�_[BEh {∆u = 0 D

∂nu = g ∂D

= p
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RMBEVP@CBEmsI@CBMBONrF�I@�JAjkh
∆u = f

±�²Aª;Ó�±
∫

∂D
gds = 0

REF�_�BEhI_[_a\AD�b�_�Y[BEj?bv_aW�JAK;^`_a@�hiIÃÅ�¾#°9«
= _�Y[BEj?bv_[W�JAK;^�_a@�hiI ∫

∂D
∂nu = 0

b1Ya�¹±�§ZÄA®d±RMBEJ%Im
u
W�_ahih

0 =

∫

D

∆udxdy =

∫

D

∇ · (ux, uy) d

(
∆u = uxx + uyy,∇ =

(
∂

∂x
,

∂

∂y

)
, ∆u = ∇ · (ux, uy)

)
⇒ =

∫

∂D

n · (ux, uy) ds

(∫

D

∇ · φdxdy =

∫

∂D

~n · φdx

)
⇒ =

∫

∂D

∂nuds

é�Ê��"ç-�.(¹æ�é7��éqÉPçdç-�.( 6�Ò�ê
_[BEhi_aNÃ\1�#D�h

∂B
^�m1NPD

∂nu = g
REF�_�BEh� 

∂B
^ZmANPD

u = f
^Zb0K;_aJ#U =

B
b�BEc�_[\1D

∆u = 0~?_[hiICNPF
x = r cos θ

y = r sin θ

r =
√

x2 + y2

θ = arctan
y

x
w (r, θ) = u (x, y)

NPmAW�hk=
uxx + uyy = 0 ⇔ wrr + wr

r
+ wθθ

r2 = 0
IJANPJ1NP^Lb�b0Ks_[m%b

w (r, θ) = R (r) θ (θ)

R
′′

θ +
R

′

θ

r
+

Rθ
′′

r2
= 0

(
R

′′

+
R

′

r

)
θ = −Rθ

′′

r2

R
′′

+ R
′

r
R
r2

= −θ
′′

θ

_a|i@
r2R

′′

+ rR
′

R
= −θ

′′

θ
= λ

r2R
′′

+ rR
′ − λR = 0

θ
′′

+ λθ = 0

NPBEJ#U#hk^Zm%_a�#J
u
b"D�jkb)_�U%K

θ (0) = θ (2π)

θ
′

(0) = θ
′

(2π)
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Z¶[²A®	¼�§Z«�±`±�¶aÇ�È�¸TÁ�®�²#o¾
0 < θ < 2π, θ

′′

+ λθ = 0

θ (0) = θ (2π)

θ
′

(0) = θ (2π)

θn = an sin (nθ) + bn cos (nθ)

J%BEI>mAh
R
J#BED�\

r2R
′′

+ rR
′ − λR = 0

^Zh	BEJ%ImANqJAb�_[BE@�I>@�BMBONPF
Rn (r) = cnrn + dnr−n

R0 (r) = c0 + d0 ln r

ROK;b�ÂA_a�#J+RMBEJ%Im+~?_aNPmAW�F
r = 0

~?@�b�BEc�_a\AD�RMBEJ%Im
Dn = 0

w (r, θ) = α0 +
∞∑

n=1

rn (αn sin nθ + bn cosnθ)

f
r = R

JANP@�K�n
f (θ)

NP_C^Zb"K;_aJ#Us_a@�hiIb ±�¾#°ó±�¶�¯�·d�¶i©�Ç Û ¶a«�ª�½1«o±��¯�¶[ÿ�«
f (θ) = α0 +

∑
Rn (αn sinnθ + bn cosnθ)

α0 =

∫ 2π

0 fdθ
∫ 2π

0
1dθ

αn =

∫ 2π

0 f sinnθ

π

βn =
1

π

∫ 2π

0

f cosnθ

{
∆u = 0 x2 + y2 ≤ 1

u (x, y) = y2 x2 + y2 = 1

¯�«�ÓQ®	ª

f (θ) = y2 = (r sin θ)
2

= sin2 θ

=
1

2
− 1

2
cos (2θ)

_a|i@
α0 =

1

2
αn = 0

β2 = −1

2
βn = 0

w (r, θ) =
1

2
− 1

2
r2 cos 2θ

u (x, y) =
1

2
− 1

2

(
x2 − y2

)
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±�²1Ç�±

ROK;bvI\1D�]DSÂ1_[�#J
r−n I\AD;]D





∆u = 0

u (R1, θ) = f1

u (R2, θ) = f2

w (r, θ) = β0+α0 ln r+

∞∑

n=1

[
rn (αn sin nθ + βn cosnθ) + r−n (γn sin nθ + δn cosnθ)

]

= ^ZmANP^X_a@�hiI�_�Ya\TBED;N(BEW�_C~?_[F*U#jkF�^

R
æCÊQç�åË7(�é�Ê��"ç��8(��é�Ì*çwË*åºÉrç�ç��.(>é¬ä�Ê�æÏrÊ���É9�PæCÊ�è 6�Ò/

P ∈ B, ∆w = 0

P ∈ ∂B, w (R, θ) = f (θ)

~kBONPJ%h

w (r, θ) =
1

2π

∫ 2π

0

f(φ)dφ

+
∞∑

n=1

rn

[(
1

πRn

∫ 2π

0

f (φ) sin nφdφ

)
sinnθ +

(
1

πRn

∫ 2π

0

f (φ) cosnφdφ

)
cosnθ

]

f�^Z_a�#J%c	]hi_a@�~?_[\1�#D�F`BE_[m%b0N
φ
Ds_�BEb"I¬@�b�nob"J%c	]hi_[@�b

cosnθ, sin nθ
~k_aVP_[h[K;F

⇒ w (r, φ) =
1

π

∫ 2π

0

f(φ)dφ

[
1

2
+

∞∑

n=1

(
rn

Rn

)
[sin nφ sin nθ + cosnφ cosnθ]

]

=
1

π

∫ 2π

0

f(φ)

[
1

2
+

∞∑

n=1

(
rn

Rn

)
cos (φ − θ)

]
dφ

(
z = ρeiα =

( r

R

)
ei(φ−θ)

)
⇒ =

1

π

∫ 2π

0

f(φ)

[
1

2
+ <

∞∑

n=1

zn

]
dφ

=
1

π

∫ 2π

0

f(φ)<
(

1

2
+

z

1 − z

)
dφ

=
1

π

∫ 2π

0

f(φ)<
(

1

2

R2 − r2

R2 + r2 − rR cos (θ − φ)

)
dφ

RMBEVP@CBEm+IW�V(BEh?I@�BEhib"D�_[j

w (r, θ) =
1

2π

∫ 2π

0

f(φ)

(
R2 − r2

R2 + r2 − rR cos (θ − φ)

)
dφ

o®	·w½1³#«
b"J%c	]hi_a@�b�IW�IF

r, θ
_am%bv^ZJ%_a|ic

u ∈ c∞
= G

´ b�BEc�_[\1^X|�K;J%F�D��1JA\A^
u (0, 0)

JANP@�KS\A�;BEF�F*^�]m1NPFë= p

w (0, θ) =
1

2π

∫ 2π

0

f (φ) dφ

= b"c�\AF�^`b0N�\A�;BEF�F*^X@CBE^
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ÐSé+�,�$:/	Ê�Í>çwèQç�Í9�?Ê<;9	>ÊeÍ>çwækï*Í9�=)���Ð�Í 6�Ò> 
|i@

D
DsI>_ah	BEF�J%^�B

D
J%BEcdV(B�~rBEVPW�~rBEW�ID�^Zm%_a�#J

u
~?@

max
D

u = max
∂D

u

±�§oÄ%®d±
f
∆u ≤ 0

_aF�_[him�~kBEF*_aVPjkF�DS_�K�n�_[F�_ahiml~rBEF�_[VPj?FXRE_[@
u
{	b�ROK;b

∆u > 0
= G

J%_[U#cdh
ε > 0

b0K;b�= p
v = u + ε

(
x2 + y2

)

∆v = ∆u + ε (2 + 2)

∆v = 4ε > 0

^�U;BEjkh>b"K;D
u (x, y) ≤ u + ε

(
x2 + y2

)
= v

≤ max
D

v = max
∂D

v

= max
∂D

[
u + ε

(
x2 + y2

)]

≤ max
∂D

u + max
∂D

ε
(
x2 + y2

)

≤ max
∂D

u + εM

~>K;VPh
u ≤ max

∂D
u + εM

JAF�BEb0K
ε > 0

b0K;b
u ≤ max

∂D
u

½1¼�§*±`¿ Û ®	«�¶a·	¶[«�±�®QÀ Û ®	«�¶[³�½1«o±�Å*¾%°9« �0Õ��0ÕaÔ
|i@tI>_aF�_[him+~rBEF�_[VPj?FXI>U�BEj?hkNP_~k@�=

D
D�I_[h	BEF�J%^�B

D
J#BEc�V(B�~rBEVPW�~rBEW�ID�^Zm%_[�#J

u
~?@^Z\%BED�j

u

D
DsI>_aF�_[himl~kBEF*_aVPjkF`I>U;BEjkh

(x0, y0)
^Zb�_ab0NPD�W�_ahih+±�§oÄ%®d±

B0
Ds^�\ABED�j

u
W�_aK�BEh	B

(x0, y0)
D�_aD�V

B0
b�BEc�_a\TW�jk_ah�= G

^Z@�J%h
B0
DSI_[I>BEJ%_aJANq^�U;BEjkh

(x̃, ỹ)
_[^ZIö±�§oÄ%®d±

u (x̃, ỹ) = u (x0, y0)

^Zb"_[b0NPD�W�_ahih
u (x̃, ỹ) < u (x0, y0)

^ZD;N
(x̃, ỹ)

b"N
N
^ZD�_[D�V¬NP_C^Zm%_a�#J

u
N�RMBMBE_�K

(x, y) ∈ N, u (x, y) < u (x0, y0)
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\A�;BEF�F*^`]mANrF`_[mAb�=
(x0, y0)

D�_aD�V
(x̃, ỹ)

��J#U
B
b�BEc�_a\TJA_[D�\Ah

u (x0, y0) =
1

2π

∫

∂B

uds

=
1

2π

∫

∂B\N

uds +
1

2π

∫

∂B∩N

uds

(
1

2π

∫

∂B\N

uds ≤ u (x0, y0) ,
1

2π

∫

∂B

uds < u (x0, y0)

)
⇒ < u (x0, y0)

(x0, y0)
D�_[D�V¹f

D
DSb0K�BEF�^?nZb�BEc�_[\lb0K;^`\%BED�j

u
ROK;bv^ZJ%_aIV�I@�|	B

_�Ya\
(x0, y0)

I@X~?_[J%D�W�F�=
u (x0, y0) = u (x, y)

^Z@�J%h	B
D
DT_a^oNPb0K

(x, y)
W�j?_[h�= p|i@CB?= ~rU;BEjk^Xb�BEc�_a\AD�b0K�BEF�N

(xn, yn)
|[K;J%FL~k\

Bn
~?_[b�BEc�_[\Tb0N¹I_[m%BEVqIJANPJAN|i@¬f�RMBONP@�J+D�b0NÖn

B0
Ds\%BED�j

u

(x0, y0) = (x1, y1) ∈ B0

ROK�B
(xn, yn) = (xn+1, yn+1) ∈ B0

= b1Y�NrFX~k_ab�D�jkF�~k_[U;\1�
n
_[JAW�@

J#BEc�V�~kBEW�ID�^�b0K;_aJ#UsI_a_[\1D�bvI>BED�_[�#_[BZI?BMU#_aW�_T±�·w½1³#«
~k_aF*_a_ajkF

u1, u1
Z®	ª;¶[§o¶�§oÄ%®d±

{
∆u = f D

u = g ∂D

~?_[j?F
u = u1 − u2

|i@
{

∆u = f D

u = g ∂D

0 ≤ min
∂D

u ≤ u ≤ max
∂D

u = max0 = 0

⇒ u = 0 ⇒ u1 = u2

I>BEh	BEJ%Im
un
W�_ahih+o®�È�¶�ÿ�¶�§oÄ%®d±

{
∆u = f D

u = g ∂D

RMBEJ%Im
u
B
g → gn

W�_ahih
{

∆u = f D

u = g ∂D

~k@t=
v = g − gn

~k_a_[j?F
v
|i@

v = u − un
J%_[U#c�h?=

un → u
b1Ya�

−ε < g − gn < ε
⇒ −ε < v < ε
⇒ un → u
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�È�²1®	Ç�«�±�¶aÇ�È�¸TÁ�®�²#o¾So®	ª;¶�§o¶
{

∆u = f D

α ≥ 0, u + α∂nu = q ∂D

±�§oÄ%®d±
∫

D

(∇u · ∇v + v∆u) dxdy =

∫

∂D

v∂nuds

⇒
∫

D

(∇u · ∇v + v∆u) dxdy =

∫

∂D

u∂nuds

⇒
∫

D

|∇u|2 + u∆udxdy =

∫

∂D

u∂nuds

~k_a_[j?F
u = u1 − u2

I?BEhiBEJ%Im
u1, u2

W�_ahih
{

∆u = 0 D

α ≥ 0, u + α∂nu = 0 ∂D

∆u = 0, u = −α∂nu
^Z@CBMBONPF�D�~?_[D�_a�#F

0 ≤
∫

D

|∇u|2 dxdy

=

∫

∂D

−α (∂nu)
2
ds ≤ 0

⇒
∫

∇u = 0

⇒ ∇u = 0

^ZmAN�_[@�h�I�_am%b
u = 0

u1 = u2

Áa«�¶[®	·rZ¶a¶aÇ�È�¸TÁ�®�²#o¾;±�o®	ª;¶�§o¶
u = u1, u2

  I>BEh	BEJAI>m
u1, u2

W�_ahih+±�§oÄ%®d±
{

∆u = 0 D

∂nu = 0 ∂D

~rU;BEjk^`Â1_[\1VP^�_am%bv|i@�B

0 =

∫

D

|∇u|2 dxdy

⇒ ∇u = 0 ⇒ u = c

⇒ u1 = u2 + c

~rBEVPW�@�bv~kBEW�ID�^�b0K;_aJ#USI_[_a\AD�b�I>BMU#_aW�_RE_[@¨±�²1Ç�±

60



^Z_[\1D�b�¯�«�ÓQ®	ª
{

∆u = 0 x2 + y2 > 4

u = 1 x2 + y2 = 4

I>BEh	BEJAI>ms_[ICN}NP_
u1 = 1

u2 =
ln
√

x2 + y2

ln 2

REF�_�BEhCI_a_[\1D�b�I?BED�_a�#_CRE_[@¨±�²1Ç�±
²%¯�«�ª�±�¸%°º¯�«�ÓQ®	ª

{
∆un = 0 D

− d
dy

un (x, 0) = sin nx
n

∂D

|i@
un = − sinnx

eny − e−ny

∂n2

un 9n→∞ u
~rBEVPW�@�bv~rBEW�I>^LROK;b eny

n

BEFZKSc�^ZhiIF
un
|i@

ä?(>é�Í8(¹æÏ?é7��é�ÉPçdç��8(>é�äwÊ�ËCÉ8� 6�Ò@6
Á�®�°Ø¯o²+±�²�½1«






∆u = 0

u (a, y) = f (y)

u (b, y) = g (y)

u (x, c) = u (x, d) = 0

I>BEF�_[@�I>^X_a@�hiI��1J#USÂ1_[�#JTRMBEJ%Im%b
f (c) = f (d)

= g (c) = g (d) = 0

~k_ahiICNPF`I>U#J%m%^
u (x, y) = X (x) Y (y)

X
′′

Y + XY
′′

= 0

X
′′

X
=

−Y
′′

Y
= λ

X
′′ − λX = 0

Y
′′

+ λY = 0

X (x) Y (c) = X (x) Y (d) = 0

⇒ Y (c) = Y (d) = 0

|i@CB*=
X

′′

n − λnXn = 0
~k_aJ%I>BEm#B�~?_[D�_a�#F`=

Yn
\#Yam

λn
\#Y�\T^Zm%FX~?_[b"D�jkF

u =
∑

XnYn

ÂAV(BEh�^�^ZmANP^X_a@�hiIt_[m%b�~k_aD�NPW�F`~k_aF�U#j?F*^�I>@

61



±�¸1¸%Ä;±





∆u = 0

u (a, y) = f (y)

u (b, y) = g (y)

u (x, c) = h (x)

u (x, d) = k (x)

Ü BOK�B
f (c) = h (a)

b0NPF�b�~k_[U;BEjrU#jkD+I?BEF�_a@�I¬_[@�hiII_aJ#BEjkF�^`^Z_[\1D�^�RMBEJ%Im
w = v + u

= RMBONr@�J%^X^ZJ%jkF�^`b0N�I?BE_a\AD`px{ib�U#J%m%h
�1JA\A^�b"D�@¹I>BEF*_a@�I×_a@�hiIº~?_[_ajkI^}I_[J#BEj?F*^�^Z_[\1D�b0Nô^ZJ%j?F*D o®	«�¶[¯Z�¶[¯�·d�Á�®w½1¶i
ũ
Nrm%W�hl= RMBEjk_aI�Nrm%W�F¬ROK;bt= ~k_[U;BEjrU#jkD�I?BEmA_[�#J�@�bsI>BON(U#WtI?BE_a\AD`BEhiJ%�#_r�v@�bs~k_[U;BEjrU#jkDJA_�U#c�h|i@CB�= RMBEIhi^L��J%\Ab�^�^Z|>~k_[U;BEjrU#jkD+^�b0Nq�1J%\1^ZN�I_[hiBEF*J%^

û = u − ũ

= ~k_[U;BEjrU#jkDs�óNP_
û
J#BED�\%BNPmAW�h

ũ (x, y) = a1

(
x2 − y2

)
+ a2xy + a3x + a4y + a5

= ~k_[U;BEjrU#jk^�_[mAbv~k_aF�U#j?F*^�I>@�@��#F�h
¯�«�ÓQ®	ª






∆u = 0

u (x, 0) = 1 + sinπx

u (x, 1) = 2

u (0, y) = 1 + y

u (1, y) = 1 + y

Á�®w½1¶i
ũ (x, y) = a1

(
x2 − y2

)
+ a2xy + a3x + a4y + a5

ũ (0, 0) = 1 ⇒ a5 = 1

ũ (0, 1) = 2 ⇒ −a1 + a4 + 1 = 2

ũ (1, 0) = 1 ⇒ a1 + a3 + 1 = 1

ũ (1, 1) = 2 ⇒ a2 + a3 + a4 + 1 = 2

=
ũ (x, y) = 1 + y

|i@�B
a5 = 1, a4 = 1, a3 = 0, a2 = 0

b"D�jkh	B
a1 = 0

b"NrF*b�J%W�hJ%_[U;c�h
û = u − ũ

J%BEI>mAh	B





∆û = 0

û (x, 0) = 1 + sin πx − (1 + y)

û (x, 1) = 2 − (1 + y)

û (0, y) = 0

û (1, y) = 0
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~k_ahiICNPFXI>U#J%m%^`_�Ya\
X

′′

+ λX = 0

Y
′′ − λY = 0

~k_ab"D�j?F�~k_a@�hiI^ZF
Y (1) = X (0) = X (1) = 0

b0N�\%Ya\A^
X

′′

+ λX = 0

X (0) = X (1)

λn = nπ

Xn = sinnπx

b0N�RMBEJ%Im%^
Y

′′ − λY = 0

Y
′′

n − nπYn = 0

Yn = anenπy + bne−nπy

(Yn (1) = 0) ⇒ anenπ + bne−nπ = 0

bn = −ane2nπ

û (x, y) =

∞∑

n=1

an

(
enπy − e2nπ−nπy

)
sin nπx

^Zb"W�I^X_[@�h�I�_am%b�JANr@�K
sinπx = û (x, 0)

=

∞∑

n=1

an

(
1 − e2nπ

)
sin nπx

⇒ a1

(
1 − e2π

)
= 1

(n 6= 1) ⇒ an

(
1 − e2π

)
6= 0

⇒ a1 =
1

1 − e2π

an = 0

ROK;b

û =
1

1 − e2π

(
enπy − e2nπ−nπy

)
sin πx

u = ũ + û

=
1

1 − e2π

(
enπy − e2nπ−nπy

)
sin πx + 1 + y

z <


