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& - ( / P 3 ) / 3 4 0 / ( - 4 * * G 8 ( 5 1 0 2 d(x) = 0 & A

&n = 2 3 * 5 + / ( * 0 3 5 ) 4 * * G 8 ) ( 5 1 ) 8 2 g(x) = 0 & @

&yy(x) 2 7 J 4 / D 3 F 6 * 3 ) F + * 7 / G J / 0 0 � n [ x o � n [ ì

- 4 * * G 8 ( * ) * 4 . / 5 / , 8 * 2 y = y1(x) + v(x) 6 * 3 ) F + / , - ( 6 ) / 0
y′1 + v′ + p(x)y1 + p(x)v = g(x) + d(x)y2

1 + 2d(X)y1v + d(x)v2 (6)

& - 4 * * G 8 - ) 4 . / / 1 8 4 * - 6 9 ( * 2 6 * 3 ) F y1 ( 5 4

y′1 + p(x)y1 = g(x) + d(x) · y2
1

& K - 4 * * G 8 8 ( 5 1 0 *

v′ + v (p(x) − 2d(x)y1) = d(x) · v2x

& - + * 7 / - 0 * 3 ) F G 2 v' 5 / ( * 0 3 5 ) 4 * * G 8 ( * 0 + P - *
K



. / 5 / , 8 & - + * 7 / 4 ( z(x) 3 G 4 9 2 y = y1(x) + 1
z(x) + / , - ( . P 6 ) / 0 j n r n b x � [ \

&z(x)' 5 j n [ o p n b - 4 * * G 8 . / ( 5 1 8 *

( * ( 9 * 0 / 4 G 2 y1(x) 6 * 3 ) F - ) 4 e / C * - ( G / G 6 * 5 G J 5 ) J 1 ( G / 2 * S - D / G 5̂ Ŷ Z [ g Z& / ( ( 9 - / * D / 5 5

� � � � � � � � � � � � � � � � � � � �

Z \ n [ r Z o a s̀ Ŷ d Y X

c 9 4 D 5 ( 6 ) / 0 - ) * 4 G - 4 * * G 8

y′ = F (x) ·G(y) (7)

. * G 3 0 S 4 *

dy

dx
= F (x)G(y)

dy

G(y)
= F (x)dx

∫
dy

G(y)
=

∫

F (x)dx + C

& e * C 5 . ) * 4 1 * 7 5 0 * 2 C F 4 8 . / 0 * G . / 0 9 8 - G + P 3 9 J / 0 0

c 3 * ) F Z̀ ] a \

(
x2 + 1

) (
y2 − 1

)
dx+ xydy = 0

dy

dx
= − (x2 − 1)(y2 − 1)

xy

y

y2 − 1
dy =

(

−x− 1

x

)

dx+ C (y 6= ±1, x 6= 0)

∫
y

y2 − 1
dy =

∫ (

−x− 1

x

)

dx+ C

1

2
ln
∣
∣y2 − 1

∣
∣ = −x

2

2
− ln |x| + C

& / ( ( 9 - 6 * 3 ) F ( - 0 * G 4 3 4 C 3 P / - * S *

) 4 . / / 1 8 4 * - G . * G 8 2 6 * 3 ) F 4 * - y = ±1 / 9 - 4 3 0 * 2 * 0 3 C - G ) * 0 * 3 ) F - ) 4 1 * 7 5 0& / ( ( 9 - 6 * 3 ) F - ( * ( 9 * 0 / 4 4 * - * 2 - 4 * * G 8 -

& / 3 ( * P 0 / C 6 * 3 ) F - 0 * 9 8 2 / ( ( 9 - / * D / 5 - /v + 6 ) / 0 * 0 / 4 G 2 - S 9 6 * 3 ) F

y = ±1

/ ( ( 9 - 6 * 3 ) F - 8 + 5 * 0 4 ( 4 * - & - 4 * * G 8 - ) 4 C F 4 8 4 * - . P G - 4 3 0 * 2 x = 0 ) 4 1 * 7 5 0& / 3 ( * P 0 / C 6 * 3 ) F 4 * - x ≡ 0 . P . P ( * C ( G / 3 F C 8 L 3 + . * G 3 * 5 +

& / ( ( 9 - 6 * 3 ) F ( e C * 0 - 6 * 3 ) F 4 * - n [ b a ] p n h � a [ j r̂ Y d Z [ \ ] Z

& I - C 3 P 2 / ( ( 9 - 6 * 3 ) F - ) 4 J ) F ( * 0 9 G 8 - G J / 0 0

ln
∣
∣y2 − 1

∣
∣ = −x2 − lnx2 + C

∣
∣y2 − 1

∣
∣ =

e−x
2

x2
C

* 0 / 4 4 * - * &C = 0 3 * 5 + ( 5 1 ) 8 y = ±1 2 - S 6 * 3 ) F 5 & 6 * 3 ) F - ( G - / 0 G - 4 C 3 P - / - * S *& / 3 ( * P 0 / C 6 * 3 ) F

) 4 5 / J 3 - ( 6 ) / 0 ( 5 4 2 ec > 0' G . * G 8 2C > 0 2 - 4 * * G 8 - ( G / 0 * G 4 3 J * ) / F 5 3 G 4 9& . / / 3 ( * P 0 / C - ) * 0 * 3 ) F - ) 1 / 7 5 * 2 D ( J * 8 - L 3 + - 8 ) * 3 D F - / 7 / ( + R ( 9 ( C

� a s o [ [ \ h̀ j n b b y Z o a a s̀ b s j a \ n x n a � a n i k r s̀ Ŷ d Ŷ

3 ) * / 1 S J D F G 8 . / / 1 G . * G 8 2 ) / 3 4 0 / ( - 4 * * G 8 ( + * ( / + F - ( L 3 * , 6 / 4

&y′ = f(x, y) - 4 * G 8 - - 0 * ) 0̂ Y f k r s̀

2 ) / 8 / 0 F - 7 * 1 0 (x0, y0) ) 4 ( / 9 8 -

{

α < x < β

γ < y < δ

6 5 ( 8 5 ) * F / , 3 ∂f
∂y

' * f(x, y)' G J / 0 0

&y(x0) = y0 - ( J ) - - / 4 0 ) ) 4 . P . / / 1 8 - 7 / J / * 7 J 4 6 * 3 ) F ( v 0 - - 4 * * G 8 ( . / / 1 / S 4

2 (α, β)' 5 ( 9 * 8 G (x0−h, x0+h) 2 . / / * C 8 ( * 3 D 0 / 4 5 . / / 1 - S 6 * 3 ) F j a n b o i a b Z � a [ i g& (α, β) ) * F / , 3 - ( * 3 D 0 / 4 ( 9 5 4 1 * * 7 * 4 (& - S C 3 * 1 ) 3 P C 8 5 4 5 * ) 4 ( 4 / - * 2 Q Picard R 7 3 4 1 / F ) D / G - 0 * 9 8 - J 9 * - - _ Z x y a Z

7



. * G 3 0 * - 7 / 3 F - 4 * * G 8 - &

{

y′ = y
1
3

y(0) = 0

c 3 * ) F j a ò ] a \

∫
dy

y
1
3

=

∫

dx + C (y 6= 0)

y
2
3

2
3

= x+ c

y
2
3 =

2

3
· (x+ c)

( 5 1 0 * - ( J ) - - / 4 0 ) ) 4 5 / , 0

0 =
2

3
(0 + c)

⇒ c = 0

c ) G 3 * F 8 - 3 * , 5 ) * 0 * 3 ) F - ( 9 ) 4 4 , 8 0

y
2
3 =

2

3
· x

y = ±
(

2

3
· x
) 3

2

& Q & & & / 3 ( * P 0 / C R 6 * 3 ) F 4 * - . P G - 4 3 0 2 y = 0 5 / , 0 . 4 2 6 9 * 8 9

& & & ) * 0 * 3 ) F - G * ( G 6 4 9 G /

) * 0 * 3 ) F - / * 5 / 3 ( - 5 / C -

f(x, y) = y
1
3

∂f

∂y
=

1

3y
2
3

( + * 2 x 3 / , ( + G - 7 * 1 0 ( 9 5 2 (0, 0) ) 4 e / 1 8 - 6 5 ( 8 5 3 * 5 + - F / , 3 4 ( ) / 1 ( J - ) 3 S P 0 -& . / / 1 ) 8 * 0 / 4 ) * 7 / J / - / 4 0 ) 6 9

Z n p s Z̀ ] a \

y′ = y2

y(0) = 1

- F / , 3 - / , 1 0 * F - &y = − 1
x−1 2 - ( J ) - / 4 0 ) ) 5 , - 3 J 4 ( 2 - 0 * 3 ) F G - 7 / 3 F - 4 * * G 8. / / 1 2 ) * / ( 4 1 * ( - 6 * 3 1 + F v + 2 6 * 3 ) F - * 2 y / F ( ) / 1 ( J - ) 3 S P 0 - . P * 8 9 2 3 * G / 8 - ( 9 5& (−∞, 1)' 5 1 3

A' I 2 O _ � n b n ] [ j b Z q b̀ Z

K ' N 2 A E 2 A A 2 A @

j r h a p Z [ a q � Z \ n [ r Z a a s̀ Ŷ d Y d

y′ = f(ax+ by + c) (8)

c 5 / , 0

z(x) = ax+ by + c

z′(x) = a+ by′ = a+ b · f(z)

&z' * x' 5 - 7 / 3 F - 4 * * G 8 * S *
dz

a+ b · f(z)
= dx (a+ b · f(z) 6= 0)

∫
dz

a+ b · f(z)
=

∫

dx+ c

Z̀ ] a \ b

y′ = (x+ y)2

8



c 5 / , 0

z = x+ y

dz

dx
= 1 + y′ = 1 + (x+ y)2 = 1 + z2

dz

1 + z2
= dx

∫
dz

1 + z2
=

∫

dx+ c

arctan z = x+ c

arctan (x+ y) = x+ c

) G 3 * F 8 - 3 * , 5 y ) 4 4 * , 8 ( G * 3 7 . 4

x+ y = tan (x+ c)

y = tan (x+ c)

e 0 + - ) 3 / J 5 5 7 J * / 8 5 J / P G - ( . / D / + ( G / 2 - ( J ) - ) / / + 5 - 0 * ) 0 G 9̂ Y t Z [ g Z& 6 * 3 ) F - ( G . / 4 ) 8 -

c - ( J ) - - ) / / + 5 ( ) G 3 * F 8 - 3 * , 5 6 * 3 ) F 4 , 8 Z̀ ] a \ b

y′ = −x
y

y(0) = −2

∫

ydy = −
∫

xdx+ c1

y2

2
= −x

2

2
+ c1

y2 = −x2 + c

- ( J ) - - / 4 0 ) / F (

4 = 0 + c

c = 4

y = ±
√

4 − x2

y(0) = −2

& - ( J ) - - / 4 0 ) / F ( + 5 1 0 - S * 2 6 * 9 0 y ( G ) * 0 * 3 ) F - 8 7 J 4 1 3 G G / P 7 0

j a i n a \̀ j a o a a s̀ Ŷ d Y f

&x / F ( * / F P 4 / 0 G ) 4 3 * S P 0 2 ( P + 8 6 * ) 0 Z̀ ] a \

x2 + y2 = c

d

dx

(
x2 + y2

)
=

d

dx
(c)

2x+ 2y
dy

dx
= c

) / ( ( 9 - 4 * * G 8 3 * 5 +

ψ(x, y)′ =
∂ψ

∂x
+
∂ψ

∂y
· dy
dx

- J F G 8 - - 0 * ) 0 . 4
ψ(x, y) = c

ψ ) 4 3 * S P 0 2 - / ) * 0 * 3 ) F * ( 4 G ) / ( 4 / , 0 3 F / 7 - 4 * * G 8 4 * , 8 ( 8 v +

∂ψ

∂x
+
∂ψ

∂y
· dy
dx

= 0

M(x, y) +N(x, y)y′ = 0

M(x, y)dx +N(x, y)dy = 0

9



c G L 9 ψ(x, y) ) 8 / / 1 . 4

M(x, y) =
∂ψ

∂x

N(x, y) =
∂ψ

∂y

&ψ(x, y) = c 4 * - - 4 * * G 8 - 6 * 3 ) F S 4

- 4 * * G 8 - - 0 * ) 0̂ Y u Z [ \ ] Z

M(x, y)dx+N(x, y)dy = 0 (9)

- / , 1 0 * F 9 y ) 4 - 8 4 ) - 5 3 / 7 P 8 ψ(x, y) = c 3 G 1 - G L 9 ψ(x, y) - / , 1 0 * F ) 8 / / 1 . 4c G L 9 * x ( G - 3 / S P

{
∂ψ
∂x

= M(x, y)
∂ψ
∂y

= N(x, y)

&ψ(x, y) = c - / - / S 4 - 0 * 3 ) F * 2 ) 1 / * 7 8 - 4 * * G 8 ) 4 3 1 0 O - 4 * * G 8 - S 4

' G 8 2D Q 3 G 1 D * G F R . * J ) 5 ) * F / , 3 ∂M
∂y
, ∂N
∂y 2M(x, y), N(x, y) - 0 / / - )̂ Y w k r s̀& O - 4 * *' 3 P D 0 / 4 - / 4 0 ) 4 3 1 0 ( 4 8 G 8 G 6 * / * * G - R ∂M∂y = ∂N

∂x
⇐⇒ ) 1 / / * 7 8 O - 4 * * G 8 - / S 4& Q ) * / ( / 5

& ) 1 / * 7 8 - 4 * * G 8 - G L 9 ( / J 3 9 - 4 * - ) * / ( / 5 3 P D 0 / 4 - / 4 0 ) G - 4 3 0 ⇐ _ Z x y a Z' G L 9 ψ(x, y) G / 2 ) 1 / / * 7 8 4 / - . 4

∂(M)

∂y
=

∂2ψ

∂y∂x

=
∂2y

2x∂y
=
∂(N)

∂x

Q & & - S 9 * - G 8 * 4 2 @ * 4 R G * ( G / F 0 / 4 8 + * 7 / D F G 8 - S *

& 1 / F C 8 ) * / ( / 5 3 P D 0 / 4 - / 4 0 ) G - 4 3 0 ⇒c G L 9 Q x ( G - / , 1 0 * F 9 y ) 4 - 3 / 7 P 8 G R ψ ) 8 / / 1 6 9 4 G - 4 3 0

{
∂ψ
∂x

= M(x, y)
∂ψ
∂y

= N(x, y)

* S 9 ψ - 0 5 0

ψ(x, y) =

∫ x

M(x, y)dx+ h(y)

∂ψ

∂y
= N(x, y) =

∫ x ∂M

∂y
(x, y)dx + h′(y)

c G - 4 3 0 2 3 8 * ( 9 &y' 5 1 3 / * ( ) 6 9 4 h(y)' G L / 9 * - ( G /

N(x, y) −
∫
∂M

∂y
(x, y)dx

&y' 5 1 3 / * ( ) 6 9 4

& C F 4 ) ) ) 3 S P 0 - 2 x / F ( - S / * D / 5 3 * S P 0 G 9 G ) * 4 3 - ( 1 / F C 8

∂N

∂x
− ∂M

∂y
= 0

Z̀ ] a \ b
(
3x2 + 6xy2

)
dx = +

(
5x2y + 4y3

)
dy = 0

m ) 1 / * 7 8 4 / - . 4 -

∂M

∂y
= 12xy =

∂N

∂x

10



& ) 1 / * 7 8 6 9 4 4 / - *' G L 9 ψ - / , 1 0 * F G F J 0

{
∂ψ
∂y

= 3x2 + 6xy2

∂ψ
∂y

= 6x2y + 4y3

ψ (x, y) =

∫ x (
3x2 + 6xy2

)
dx+ h(y)

= x3 + 3x2y2 + h(y)

∂ψ

∂y
= x2y + h′(y)

6 9 ( * 2 - 4 * * G 8 - ( G N' - * - S F 4

x2y + h′(y) = 6x2y + 4y3

h′(y) = 4y3

h(y) = y4

/ 9 ( 5 1 ) 8 *

ψ(x, y) = x3 + 3x2y2 + y4 = c

) D / G - ) * 4 - / ( + ) * F 9 ( . / C 0 8 . 4 2 ) / G 4 3 � j i n a \̀ Z p p n o Z o a a s̀ s y Z [ i a Z̀& . * ) C / * 5 8 ( . / + / P 8 2 6 * 3 ) F

i n a \̀ � q̀ b Z o a a s̀ j o � Z Ŷ d Y t
Z̀ ] a \ b

−ydx = xdy

∂M

∂y
= −1

∂N

∂x
= 1 6= −1

' G L 9 ψ 4 * , 8 ( - C 0 0 & ) 1 / * 7 8 4 ( - 4 * * G 8 - 6 9 ( *

{
∂ψ
∂x

= −y
∂ψ
∂y

= x

ψ =

∫ x

−ydx+ h(y)

ψ = −yx+ h(y)

∂ψ

∂y
= −x+ h′(y) = x

h′(y) = 2x

& . / / 1 ) 8 4 ( ) * / ( / 5 3 P D 0 / 4 - / 4 0 ) *

& 1x2

' 5 - 4 * * G 8 - ) 4 ( * F 9 ( - C 0 0
− y

x2
dx+

1

x
dy = 0 (x 6= 0)

∂M0

∂y
=

−1

x2
=
∂N0

∂x

/ 7 9 7 + R ) / 3 * 1 8 - - 4 * * G 8 - 6 * 3 ) F 8 ( - * * G * 2 + * 7 / - 0 * 3 ) F * ) 1 / * 7 8 4 / - - 4 * * G 8 -Q x = 0

- 4 * * G 8 - 2 . - 5 - ( F 9 - 3 J 4 ( G L 9 µ = µ(x, y) - / , 3 P D 0 / 4 / 8 3 * P 4 * , 8 ( * 0 / ) 3 D 8& ) 1 * / 7 8
A A



µ · /M(x, y)dx+N(x, y)dy = 0

(µM) dx+ µNdy = 0

c ) * / ( / 5 3 P D 0 / 4 / 4 0 ) . / / 1 ) 8 . 4 1 3 * . 4 ) 1 / / * 7 8 - 4 * * G 8 - *

∂µM

∂y
=
∂µN

∂x

& ∂z∂x = zx x / F ( z ( G ) / 1 ( J ) 3 S P 0 6 8 C 0̂ Y z Z [ g Z

µyM + µMy = µxN + µNx

c . / 4 5 - . / / D 3 F - . / 3 1 8 5 * S - 4 * * G 8 5 ( F D 0

&x' 5 1 3 / * ( ) µ' µ = µ(x) . 4 & A

µMy = µ′(x) ·N + µNx

µ (My −Nx) = µ′ ·N
µ′(x)

µ(x)
=

My −Nx
N

& - S 9 µ . / / 1 * - 0 * 9 0 - J 0 - - / S 4 2 x' 5 1 3 / * ( ) (v 0 - / * D / 5 - . 4

∫
µ′(x)

µ(x)
dx =

∫
My −Nx

N
dx

ln |µ(x)| =

∫
My −Nx

N
dx

µ(x) = e
R My−Nx

N
dx

( 5 1 0 2 y' 5 1 3 / * ( ) - µ 2 3 8 * ( 9 2µ = µ(y) . 4 & @

µ′(y)M + µMy = µNx

µ (My −Nx) = −µ′(y) ·M
µ′(y)

µ(y)
= −My −Nx

M

µ = µ(y) . / / 1 / 9 2 * 0 / ) J 0 - S 4 * &y' 5 1 3 / * ( ) 6 9 4 / * D / 5 - . 4 - . / 1 7 * 5 2 6 4 9 . P& - 0 * 9 0

µ(y) = e−
R My−Nx

M
dy

x' 5 1 3 * L 4 / * ( ) 4 * - . 4 * 2 My−Nx

N 2 My−Nx

M ) 4 G F J ( 6 ) / 0 2 / G + 8 6 F * 4 5̂ Y � Z [ g Z& (v 0 - 8 7 J 4 4 * - µ / S 4 2 y' 5 * 4

c 3 * ) F Z̀ ] a \

xdx+
(
x2 + y2 + y

)
dy = 0

- / , 3 P D 0 / 4 / 4 0 ) 1 * 7 5 0
∂M

∂y
= 0 6= ∂N

∂y
= 2x

1 * 7 5 0

My −Nx = −2x

−My −Nx
M

=
−2x

x
= 2

6 9 ( *

µ(y) = e
R

2dy = e2x

12



c - / , 3 P D 0 / 4 - . 3 * P 5 ( * F 9 0

e2yxdx + e2y
(
x2 + y2 + y

)
dy = 0

/ 9 ) 1 / * 7 8 6 9 4 - 4 * * G 8 -

∂M

∂y
= 2e2y =

∂N

∂x

& ) 1 * / 7 8 - * * G 8 9 - 4 * * G 8 - ) 4 . / 3 ) * F * / G 9 + *

{
∂ψ
∂x

= e2yx
∂ψ
∂x

= e2y
(
x2 + y2 + y

)

6 9 ( *

ψ =

∫ x

e2yxdx + h(y)

= e2y
x2

2
+ h(y)

e2y
(
x2 + y2 + y

)
=

∂ψ

∂y
= e2yx2 + h′(y)

h′(y) = e2y
(
y2 + y

)

. / ( 5 1 8 * . / 1 ( J 5 - / , 3 P D 0 / 4 . / / 8 + F . / + , 5 8

h(y) =
e2y · y2

2

6 9 ( *

ψ(x, y) =
e2y

2

(
x2 + y2

)
= c

&y' 5 1 3 * 4 x' 5 1 3 / * ( ) G - / , 3 P D 0 / 4 . 3 * P 6 / 4 G J / 0 0� � n [ x o � n [ ì

&x, y ( G z - J * 0 - / , 1 0 * F 5 / * ( ) µ = µ(x, y) / ( * 4 ) * C 0 ( / 4 7 9

µyM + µMy = µxN + µNx (10)

2 * S - 4 * * G 8 5

µy =
dµ

dz
· ∂z
∂y

= µ′(z) · zy

µx =
dµ

dz
· ∂z
∂x

= µ′(z) · zx

6 9 ( *

µ′(z) · zyM + µMy = µ′(z) · zxN + µNx

µ (My −Nx) = µ′(z) [zxN − zyM ]

µ′(z)

µ(z)
=

My −Nx
zxN − zyM

. / ( 5 1 8 * 2 L / G 8 - ( 6 ) / 0 * - 0 * 9 0 - 3 4 G - - 2 z' 5 1 3 / * ( ) / * D / 5 - 6 9 4 . 4 *
µ(z) = e

R My−Nx

zxN−zyM
dz

&x · y' 5 / * ( ) G - / , 3 P D 0 / 4 . 3 * P G / G + * 7 / . 4 6 * 3 ) F 4 , 8 Z̀ ] a \ b

z = x · y
µ = µ(z)

� � � �   ¡ ¢ £ � ¤ ¢ ¤ ¥¦
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µyM + µMy = µxN + µNx

µy =
dµ

dz
· ∂z
∂y

= µ′(z) · x

µy =
dµ

dz
· ∂z
∂x

= µ′(z) · y

A A j [ � a x �
A B 2 A H

7 5 ( 5 ) J 4 - D / G 5 ' A K

� � � § � � � � � � � � � � � �̈

& ) / 0 P * 8 * - ) / ( 4 / , 0 3 F / 7 - 4 * * G 8 4 3 1 ) - 4 * * G 8 - S 4 y′ = F
(
y
x

) . 4
Z̀ ] a \ b

y′ =
4x3 − 2y2x

7yx2

) 1 * ( J / 7 / ( + ) / 0 P * 8 * - ( - 4 * * G 8 - ) 4 L * F - ( 6 ) / 0 6 9 ( + * 2 - 1 S J - ) * 4 G / 3 5 * J 8 ( 9 5

x3' 5 - 0 9 8 * - 0 * 8

y′ =
4 − 2

(
y
x

)2

7 y
x

- / , 1 0 * F R λ ( 9 ( . 4 h 3 7 C 8 ) / 0 P * 8 * - - / , 1 0 * F 4 / - f(x, y)' G . / 3 8 * 4̂ Y X l Z [ \ ] Z. / / 1 ) 8 Q 3 F C 8 * 4

f(λx, λy) = λhf(x, y)

2 h 3 7 C * ) * 4 8 ) * / 0 P * 8 * - ) * / , 1 0 * F M(x, y), N(x, y)' G 9 y′ = M(x,y)
N(x,y) . 4̂ Y X X Z p g k

& Q y′ = ϕ( y
x
)' 9 - ) * 4 . * G 3 ( 6 ) / 0 2 3 8 * ( 9 R ) / 0 P * 8 * - 4 / - ) / ( 4 / , 0 3 F / 7 - - 4 * * G 8 - S 4

& t(x, y) = M(x,y)
N(x,y) - 0 8 5 6 0 * 5 ) 0 _ Z x y a Z

t(λx, λy) =
M(λx, λy)

N(λx, λy)
=
λhM(x, y)

λhN(x, y)
=
M(x, y)

N(x, y)

&0 3 7 C 8 ) / 0 P * 8 * - - / , 1 0 * F 4 / - - 0 8 - G * 0 ( 5 / 1

&λ = 1
x

c 5 / , 0 2 D 3 F 5

y′ = t(x, y) = t(1,
y

x
)

& ) / 0 P * 8 * - ) / ( 4 / , 0 3 F / 7 - 4 * * G 8 / - * S *

� a [ j r Z j i n p y k Ŷ f Y X

( 5 1 ) 8 * 2 y′ = F (x
y
) - 0 * ) 0 - ) / ( 4 / , 0 3 F 7 - - 4 * * G 8 ( 3 * S J 0 * yx = v(x) 5 / , 0

y = v(x)x

y′ = v′x+ v

v′x+ v = F (v)

&v' * F' 5 - 7 / 3 F - 4 * * G 8 ) ( 5 1 ) 8 *

dv

dx
x = F (v) − v

∫
dv

F (v) − v
=

∫
dx

x

&x 6= 0 2F (v) − v 6= 0 1 * 7 5 ( G / *
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Z̀ ] a \ Ŷ f Ŷ

&x > 0 3 G 4 9 2 xy′ =
√

x2 − y2 + y 3 * ) F

y′ =

√

1 −
(y

x

)2

+
y

x

x > 0 3 * 5 + 2 . / 3 1 8 ( 7 / 3 F - ( G / 2 / ( ( 9 x 3 G 4 9 &x > 0 3 G 4 9 1 3 + , 5 ( 6 ) / 0 * S - C 0 9 -&x < 0 3 * 5 + *
2 v = y

x

v′x+ v =
√

1 − v2 + v

(x 6= ±1)

∫
dv√

1 − v2
=

∫
dx

x
+ c

arcsin v = lnx+ c

arcsin
y

x
= lnx+ c

2 ) G 3 * F 8 - 3 * , ( - 4 * * G 8 - ) 4 4 / 5 - ( * 0 0 * , 3 5 . 4 *

y

x
= sin (lnx+ c)

y = x sin (lnx+ c)

c . / / 3 ( P * 0 / C ) * 0 * 3 D F 1 * 7 5 0&y = x 2 3 8 * ( 9 2 xy = v = 1

x · 1 =
√

x2 − x2 + x = x

& / 3 ( * P 0 / C 6 * 3 D F * - S *

m . / / * C 8 + * 5 1 c 3 * 5 + / ( ( 9 - 8 + 5 * 0 4 * - . 4 -

x =? x sin (lnx+ c)

sin (lnx+ c) = 1

c =
π

2
− lnx

& / 3 ( * P 0 / C ) 8 4 5 4 * - 6 * 3 D F - * 2 + * 5 1 * 0 / 4 6 9 ( * 2 x' 5 / * ( ) G c * - S *

& / 3 ( * P 0 / C 6 * 3 D F 4 * - y = −x / 9 ) * 4 3 - ( 6 ) / 0 2 - 8 * 7 6 F * 4 5

© � � ª « � � ¬ � � � � � � § �  � � � � � ® � � � � �̄

L 9 ϕ2(x, y) = c - / 0 G - J F G 8 ) G 1 * 5 8 &ϕ1(x, y) = c ) * 8 * 1 + ( G - J F G 8 - 0 * ) 0& - 3 G / ) / * * S ) ( 5 1 ) 8 ϕ2

' 8 5 / , 0 * ϕ1

' 8 P / , 0 ( G - G / P F ) 7 * 1 0 ( 9 5 G

� n b Z j Z Ŷ t Y X

ϕ1(x, y) = c

3 7 5 8 4 / - * S - * * G 8 & - / ) * 0 * 3 ) F - ( 4 G ) / ( 4 / , 0 3 F / 7 - - 4 * * G 8 - ) 4 . / 3 S J G 8 & A& Q c R + * 5 1 ) ( * D 0 4 / - * 6 * G 4 3

&y′2 = − 1
y′1

' G . / G 3 * 7 & @

& - ( 5 1 ) - G ) / ( 4 / , 0 3 F / 7 - - 4 * * G 8 - ) 4 . / 3 D * F & B

j a ò ] a \ Ŷ t Ŷ

&y = cx2 - J F G 8 - ( + ( 9 ) C 0 j a b a � [ r

( 5 1 0 * c' - ) 4 ° ( J 0 2 ) * 4 * * G 8 - / ) G 8 &y′ = 2cx ( 5 1 0 * 3 * S P 0 & A
y′ = 2

y

x2
x

y′ =
2y

x

G * 3 7 0 & @

y′ = − x

2y

& ) 5 , / 0 - - J F G 8 - ( G - 4 * * G 8 - * S
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& - ) * 4 3 * D F 0 * 2 - 7 / 3 F - 4 * * G 8 / - * S & B

∫

ydy = −
∫
x

2
dx+ c

y2

2
= −x

4

2
= c

x2

4
+
y2

2
= c

& ) * C F / ( 4 ) J F G 8 / - * S

. - * x 3 / , ( + . - / S 9 3 8 G . / ( P + 8 - ) J F G 8 ( ) 5 , / 0 - - J F G 8 - ) 4 4 , 8 0 � n b ] g̀&y 3 / , ( . / 1 / G 8& c . C * / 7 3 * (c, 0)' 5 . S 9 3 8 G . / ( P + 8 2 3 8 * ( 9

(x− c)
2

+ y2 = c2

2 (x− c) + 2yy′ = 0

c = x+ yy′

x2 − 2xc+ c2 + y2 = c2

x2 − 2x (x+ yy′) + y2 = 0

y′ =
y2 − x2

2xy

/ 7 / ( + ) 0 ) / 0 ) 5 , / 0 - - J F G 8 - 2 - 0 * ) 0 - ) / ( 4 / , 0 3 F / 7 - - * * G 8 - / - * S

y′ =
2xy

x2 − y2

. , + 5 4 / - * S - 4 * * G 8 2 ( 5 4 2 ) / 0 P * 8 * - - 4 * * G 8 / - * S

dx

dy
=
x2 − y2

2xy

2 - 0 * G 4 3 - - 4 * * G 8 - ( G 6 * 3 D F ( - - S - 0 * 3 D F *

x2 + (y − c)2 = c2

- J F G 8 ( ) / ( 0 * P * ) 3 * 4 - J F G 8 4 , 8 j a h r n b o ± j a b a � [ r n Z

x2

a2
+

y2

a2 − 1
= 1

& ) * ( * 5 3 F / - * ( 4 |a| < 1 . 4 * ) * C F / ( 4 * ( 4 S 4 |a| > 1 . 4

6 2x
a2

+
6 2yy′
a2 − 1

= 0 / · a2
(
a2 − 1

)

xa2 − x+ a2yy′ = 0

a2 =
x

x+ yy′

a2 − 1 =
x− (x+ yy′)

x+ yy′
=

yy′

x+ yy′

x62

6 x (x+ yy′) − y 62

6 yy′ (x+ yy′) = 1 / · y′

xy (y′)
2

+ y′
(
x2 − 1 − y2

)
− yx = 0

+ / P - ( 8 v + 2 6 9 ( + * 2 ) G 3 * F 8 - 3 * , 5 P , * 8 * 0 / 4 y' - & - 0 * ) 0 - - J F G 8 - ( G - 4 * * G 8 - / - * S&y′ . * 1 8 5 − 1
y′

5 / , 0 2 ) 5 , / - - J F G 8 - 8 G ) / ( / 4 , 0 3 F / 7 - - 4 * * G 8 (
xy

(

− 1

y′

)2

− 1

y′
(
x2 − 1 − y2

)
− yx = 0 / · y′2

xy − y′
(
x2 − 1 − y2

)
− (y′)

2
yx = 0

- - S * S - 4 * * G 8 2 6 8 / C / 7 9 7 + ( 5 4 & 3 * ) F ( G / G ) / ( 4 / , 0 3 F / 7 - Q . / 5 , 8 @ R - 4 * * G 8 - * S *& - 0 * ) 0 - - J F G 8 - ( G ) / ( 4 / , 0 3 F / 7 - - 4 * * 8 (

. - - / ) * 0 * 3 D F 2 3 8 * ( 9

x2

a2
+

y2

a2 − 1
= 1

A K



( * 5 , / 0 ) * C F / ( 4 - 2 3 8 * ( 9 & - 8 , + ( ) / ( 0 * P * D 3 * 4 2 ) / ( 0 P * D 3 * 3 * D * 4 4 / - - J F G 8 - 2 3 8 * ( 9& L F - - * ) * ( * 5 3 F / - (' 3 D F - ) ( F 9 8 2 3 8 * ( 9 2 ca = −1' G ) * 4 3 ( 6 ) / 0 2 ) / 3 * 1 8 - ) / ( 4 / , 0 3 F / 7 - - 4 * * G 8 - 8& ) / ( 0 * P * ) 3 * 4 * D * 4 4 / - * S - J F G 8 * 2−1 4 / - ) * 0 *

2 ≤ n ∈ N ! | } V % ? " ! T ; " ² % ? T ? ? { V ³

L(y) = y(n) + an−1(x)y
(n−1) + . . .+ a1(x)y

′ + a0(x)y = g(x) (11)

& e D * G 8 (α, β)' 5 . / F / , 3 ai(x)' * g(x) . / 8 7 1 8 - ( 9 G . / J / 0 8

6 * 3 D F yp' * ) / 0 P * 8 * - ( G / ( ( 9 6 * 3 D F yc ( G . * 9 C 9 6 ) / 0 - 4 * * G 8 ( G yg / ( ( 9 - 6 * 3 D F -/ D 3 F

yg = yc + yp

2 ≤ n ∈ N � � � � � � � � � � � � � � � � � � � � � � ® � �́ � � µ  � � � � � �

&x0 ∈ (α, β) / - ) * 2 (α, β)' 5 . / F / , 3 - / 8 7 1 8 G A A - 4 * * G 8 - - 0 * ) 0 d Y X k r s̀

- 3 * , - 8 - ( J ) - / 4 0 ) n . / / 1 8 - 7 / J / * 7 J 4 A A - 4 * * G 8 ( . / / 1 / S 4

y(x0) = y0

y′(x0) = y1
0

...

y(n−1)(x0) = yn0

& Q & & ) * 1 S J 5 3 5 * 7 8 4 ( R . / / ) * 3 / 3 G . / 3 F C 8 . - y1
0 . . . y

n
0 3 G 4 9

& (α, β) ) * F / , 3 - ( * 3 D 0 / 4 ( 9 5 . / / 1 - S 6 * 3 D F

j a ò ] a \ d Y X Y X

) / 3 4 0 / ( - 4 * * G 8 ( G 6 * 3 ) F - * * - ) y = x2 - / , 1 0 * F - G 6 9 ) / 4 ( + * 7 8 3 5 C - & A& 3 G / - ( 9 ( + . / F / , 3 - / 8 7 1 8 G II 3 7 C 8 ) / 0 P * 8 * -

&y1 ≡ 0 / ( 4 / * * / 3 D - 6 * 3 ) F - . / / 1 ) / 0 P * 8 * - ) / 3 4 0 / ( - 4 * * G 8 ( c 3 5 C -- ( J ) - - / 4 0 ) ) 4 1 * 7 5 0 * 2 y2 = x2 / 9 . P J / 0 0

y1(0) = 0 = y2(0)

y′1(0) = 0 = y′2(0)

@ . ) * 4 ) 4 . / 8 / / 1 8 G 2 II 3 7 C 8 - 4 * * G 8 ( . / 0 * G ) * 0 * 3 ) F @ ( * 9 / 5 9 * ( 5 1 ) -

&

{

y(0) = 0

y′(0) = 0

c - ( J ) - / 4 0 )

' 5 . / F / , 3 - / 8 7 1 8 G II 3 7 C 8 ) / 3 4 0 / ( - 4 * * G 8 ( G ) * 0 * 3 ) F @ / 9 6 9 ) / . 4 - & @' / G L 4 2 . / / * C 8 ( * 3 D 0 / 4 5 * S ) 4 * S ) * 9 ) * J - ) * 8 * 1 + / ) G R c 6 ( - ( 9 * 4 3 / (α, β)

m Q . / 0 * G . - / + * F& ) * 0 * G - 7 * 1 0 5 ) * 3 S P 0 - ( 5 4 Q y0 = x0 R 7 J 4 - ( J ) - / 4 0 ) 1 3 G . * G 8 2 6 9@ ) * / - ( ) * ( * 9 / 6 0 / 4 ) * F / , 3 - ( * 3 D 0 / 4 5 * S ( * S ) * 1 / G 8 - ) * 8 * 1 + @ 2 ) 4 S ) 8 * + (& / 0 G 3 7 C 8 ) / 3 4 0 / ( - 4 * * G 8 - ) * 4 ( G ) * 0 * 3 D F

( G 6 / + 3 P - * * - 8 Q L(y) = 0 R ) / 0 P * 8 * - ) / 3 0 / ( - 4 * * G 8 ( G ) * 0 * 3 D F - ) , * 5 1 d Ŷ Z [ g Zj n p ] à a Z j n [ o p n b Z o a a s̀ b s j a p a [ k r Z j q a � i 6 9 ( * L ) / 3 4 0 / ( - - / , 8 3 * F C 0 3 D -

e * 3 / , ( 9 c - / , / S * F 3 F * C - 6 * 3 1 + . / / 1 ) 8 ) / 0 P * 8 * - - 4 * * G 8 5 2 6 9 ( Y n [ a k i a � x [̀ o n Z& - ( G 6 * 3 D F . P 4 * - ) / 0 P * 8 * - ) / 3 4 0 / ( ( G ) * 0 * 3 D F ( G / 3 4 0 / (
(α, β) b a [ k p n o � j a n q i p a r b s j a b j � n o a j a b j d Y X Ŷ

. 4 (α, β) + D 1 5 ) / 3 4 0 / ( ) * / * ( ) y1(x), . . . , yk(x) ) * / , 1 0 * F - G . / 3 8 * 4 d Y d Z [ \ ] Z. / / 1 ) 8 G L 9 . / C F 4 . ( * 9 4 ( G C1, . . . , Ck . / 8 / / 1

C1y1(x) + C1y2(x) + . . .+ Ckyk(x) = 0

&x ∈ (α, β) ( 9 (
Z̀ ] a \ b

& Q R ( + 8 R ( * 3 D 0 / 4 ( 9 5 ) / 3 4 0 / ( - / * ( ) / ) ( 5 {x2, x3
} & A
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Q R ( + 8 R ( * 3 D 0 / 4 ( 9 5 ) / 3 4 0 / ( - / * ( ) {x, x2, 3x2 − x
} & @

& B

y1 = x2

y2 =

{

2x2 x ≥ 0

−x2 x < 0

&x < 0 3 G 4 9 * Q 2 · y1 + (−1) · y2 R ) / 3 4 0 / ( - / * ( ) - , * 5 1 - 2 x ≥ 0 3 G 4 9& ) / * ( ) / ) ( 5 6 - ) * / , 1 0 * F - 2 ) / 8 / 0 F - 7 * 1 0 9 0 ) 4 ( / 9 8 - ( * 3 D 0 / 4 ( 9 5 ( 5 4
j [ � a x �

2 B 7 * 8 + 2 ) * / 0 P * 8 * - •

A I . / ( / P 3 ) –

� J 2 *' 4 . / F / + C ∗

) F C * 0 L 3 7 5 A K –

@ E –

� � � § � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

- 4 * * G 8 - - 0 * ) 0

y(n) + an−1(x)y
(n−1) + . . .+ an(x)y

′ + an(x) = 0 (12)

& (α, β)' 5 . / F / , 3 - / 8 7 1 8 ( 9 G J / 0 0

& Q ) / 3 4 / 0 / ( - / , 8 3 * F C 0 3 D ( G 6 / + 3 P R / 3 * D 1 * 5 J 3 8 4 / - - / ) * 0 * 3 ) F - ) , * 5 1 G 3 9 S / 0

&n 4 * - n 3 7 C 8 A @ - 4 * * G 8 ( G ) * 0 * 3 ) F - 5 J 3 8 7 8 / 8 d Y f k r s̀

& ) * 0 * 3 ) F - 5 J 3 8 ( C / C 5 ) * * - 8 G 6 * 3 ) F ) * / , 1 0 * F n G / G - 4 3 0 _ Z x y a Z

Q . / 3 5 / 4 n ) ( + 5 R (v ) 5 ) * 0 * 3 ) F ) , * 5 1 4 , 8 0 & AQ x0 ∈ (α, β) R c . / / 1 8 - ( G 6 * 3 ) F y1(x), y2, . . . , yn * - /

y1(x0) = 0 y2(x0) = 0 · · ·
y′1(x0) = 0 y′2(x0) = 1

...
...

y
(n−1)
1 (x0) = 0 y

(n−1)
2 (x0) = 0 . . .

. . . yn(x0) = 0
y′n(x0) = 0

...

. . . y
(n−1)
n (x0) = 1

& - S 9 7 / J / 6 * 3 ) F G / 2 ) * 7 / J / * . * / 1 D F G 8 / F (' 5 6 0 * 5 ) 0 c (v ) 5 - , * 5 1 - G - 4 3 0

∀x ∈ (α, β) : c1y1(x0) + c2y2(x) + . . .+ cnyn(x) = 0

x = x0 3 * 5 + 2 D 3 F 5 *

c1y1(x0) + c2y2(x0) + . . .+ cnyn(x0) = 0

c1 + 0 + . . .+ 0 = 0

c1 = 0

( 5 1 0 * / * D / 5 - ) 4 3 * S P 0
0 · y′1(x0) + c2y

′
2(x0) + . . .+ c′nyn(x0) = 0

0 + c2 + 0 + . . .+ 0 = 0

c2 = 0

& (1 ≤ i ≤ n) ci = 0 . / ( 5 1 8 G 7 + x0 5 / , - ( * 3 * S P ( . / 9 / G 8 8 L 9 *

& ) * 0 * 3 ) F - 5 J 3 8 ( 9 ) 4 ) G 3 * F 6 9 4 {y1, . . . , yn} 2 (v 0 - - , * 5 1 - G - 4 3 0 & @( G (v ) 9 - 5 / ) 9 ( 6 ) / 0 4 * - G ) * 4 3 - ( G / 2 A @ - 4 * * G 8 ( G ( 9 6 * 3 ) F y(x) / - /& (v 0 - y1(x), . . . , yn(x)& * 0 ( G y' - ( G x0

' 5 - ( J ) - / 4 0 ) 5 G J 0

y(x0) = α1, y2(x0) = α2, . . . , y
(n−1)(x0) = αn
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- 0 5 0

ỹ = y(x0)y1(x) + y′(x0)y2(x) . . . + yn−1(x0)yn(x)

y(x) =' G - 4 3 0 . 4 & ) * 0 * 3 ) F ( G / 3 4 0 / ( e * 3 / , 4 * - G . * G 8 2 6 * 3 ) F 4 * - ỹ 6 9 ( +& - J 9 * - - . ( G * ) S 4 ỹ(x)&x0

' 5 ỹ(x) ( G - ( J ) - / 4 0 ) 1 * 7 5 0

ỹ(x0) = y(x0) · 1 + 0 + . . .

ỹ′(x0) = y′(x0) · 1
...

ỹ(n−1)(x0) = y(n−1)(x0)

. * / 1 D F G 8 8 * 2 x0

' 5 - ( J ) - / 4 0 ) . ) * 4 ) 4 . / 8 / / 1 8 - ỹ, y 2 ) * 0 * 3 ) F @ * ( 5 1 ) -

y(x) = ỹ(x) + 5 * 0 2 ) * 7 / J / *

& ) * 0 * 3 ) F - J 3 8 ( C / C 5 5 3 5 * 7 8 2 (v ) 5 ) * 0 * 3 ) F n * 4 , 8 0 A @ - 4 * * G 8 5 . 4 d Y t Z p i h̀

& ) * 0 * 3 ) F ( G ) / 7 * C / ) 9 3 + 8 . P 4 3 1 0 ) * 0 * 3 ) F - 5 J 3 8 ( C / C 5 d Y u Z [ \ ] Z

/ S 4 2 (v ) 5 ) * 0 * 3 ) F y1, . . . , yn . 4 d Y w Z p i h̀

yc = c1y1 + c2y2 + . . .+ cnyn

m ( v ) 5 6 9 4 ) * 0 * 3 ) F - n . 4 . / + 7 * / L / 4

c 6 ( - ( 9 3 7 P * 8 y1(x), . . . , yn(x) ( G 6 4 / 1 C 0 3 * * - d Y z Z [ \ ] Z

W (y1, . . . , yn) =
∣
∣
∣
∣
∣
∣
∣
∣
∣

y1(x) y2(x) . . . yn(x)
y′1(x) y′2(x) . . . y′n(x)

...
...

. . .
...

y
(n−1)
1 (x) y

(n−1)
2 (x) . . . y

(n−1)
n

∣
∣
∣
∣
∣
∣
∣
∣
∣

Z̀ ] a \ b

W (x, sinx) =

∣
∣
∣
∣

x sinx
1 cosx

∣
∣
∣
∣

W (y1, . . . , yn) ≡ 0 S 4 (α, β) + D 1 5 - / * ( ) {y1(x) . . . yn(x)} - , * 5 1 - . 4 d Y � k r s̀

x ∈ (α, β) ( 9 (
Z̀ ] a \

W (x,−2x) =

∣
∣
∣
∣

x −2x
1 −2

∣
∣
∣
∣
= −2x+ 2x = 0

4 ( 2 c1, . . . , cn . / 8 / / 1 2 3 8 * ( 9 & (α, β)' 5 - / * ( ) y1, . . . , yn - , * 5 1 - G J / 0 0 _ Z x y a Z' G L 9 2 E . ( * 9

c1y1(x) + c2y2(x) + . . .+ cnyn(x) = 0

c 3 * S P 0

c1y
′
1(x) + c2y

′
2(x) + . . .+ cny

′
n(x) = 0

...

c1y
(n−1)
1 (x) + c2y

(n−1)
2 (x) + . . .+ c(n−1)

n (x) = 0

- 0 * G 6 * 3 ) F G / (v 0 - ) 9 3 + 8 ( G + * 7 / & . / 8 ( + 0 n' 5 ) * 4 * * G 8 n ( G ) 9 3 + 8 * 0 ( 5 / 1 *) , / 3 D 8 . 4 1 3 * . 4 C F 4 8 - 0 * G 6 * 3 ) F G / n× n ) / 0 P * 8 * - ) 9 3 + 8 ( 2 + * 7 / 9 * & C F 4 86 4 / 1 C 0 * 3 * * - ⇐⇒ C F 4 ( - * * G . / 8 7 1 8 - ) D 0 0 / 8 3 D 7 ⇐⇒ & - 9 / F - 4 ( . / 8 7 1 8 -& C F 4 ( - * * G

. - y1, . . . , yn' G 9 (α, β)' 5 7 5 ( 5 x0 - 7 * 1 0 5 W (y1, . . . , yn) = 0 . 4 d Y X l k r s̀& (α, β)' 5 - / * ( ) {y1, . . . , yn} S 4 n 7 C 8 A @ - 4 * * G 8 ( G ) * 0 * 3 ) F -

( * * 3 D 0 / 4 5 . / / 0 G - 8 7 J 4 1 3 . / / 1 / y1, . . . , yn ) * 0 * 3 ) F n ( G W' - d Y X X Z p i h̀c (α, β) ) * F / , 3 -

) * ( ) G / 2 3 8 * ( 9 ∀x ∈ (α, β),W = 0' G * 4

& ) * ( ) / 4 G / * 2 ∀x ∈ (α, β),W 6= 0' G * 4

&W ≡ 0' * . / / * ( ) ) * 0 * 3 ) F - / S 4 W (x0) = 0 . 4 / 9
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- 8 P * 7 ( 3 G 4 5 d Y X̂ Z [ g Z

W (x, sinx) =

∣
∣
∣
∣

x sinx
1 cosx

∣
∣
∣
∣

&x = 0 - 7 * 1 0 5 . 4

- / 8 7 1 8 G - 4 * * G 8 6 / 4 G 6 8 / C 2 - 0 * 3 J 4 - - 4 * * G 8 - ) 4 . / / 1 8 * 0 / 4 W' G . / ( 5 1 8 . 4& - / ) * 0 * 3 ) F * ( 4 G Q x = 0 2 - 8 P * 7 ( R ) / ) / / + 5 - - 7 * 1 0 5 . / F / , 3

sinx' * x' G L 9 * 2 3 G / - ( 9 ( + . / F / , 3 - / 8 7 1 8 G - 4 * * G 8 6 / 4 G L 9 * - Z̀ ] a \ Z � s̀ Z& - / ) * 0 * 3 ) F . -� * 9 * 6 9 ) / 4 ( G 6 4 9 8 2 - / 3 * 4 ) ( - 3 / ) C * S * W (x = 0) = 0 2 A - D / G

- 3 / ) C / - G S / 4 6 4 9 G / * y′1(x) = cosx, y′2(x) = 1 2 @ - D / G

& - / ) * 0 * 3 ) F sinx' * x' G - 4 * * G 8 - ) 4 - 5 0 5 2 B - D / G

y′′ + p(x)y′ + q(x)y = 0

y1 = sinx 5 / , 0

− sinx+ p(x) cosx+ q(x) sin x = 0

p(x) + q(x)x = 0

p(x) = −q(x)x
− sinx+ q(x) (−x cosx+ sinx) − 0

q(x) =
sinx

sinx− x cosx

& E ' 5 e / , 3 * 0 / 4 (v 0 - . 7 1 8 -

& ) / D 0 P ( 4 L 3 7 5 - 4 * * G 8 - ) 4 - 0 5 0 2 H - D / G

∣
∣
∣
∣
∣
∣

y y′ y′′

x 1 0
sinx cosx − sinx

∣
∣
∣
∣
∣
∣

= 0

Y b � o j o x h a p � j a p a [ j r � s̀ j s Z b n b �̀ X̂ Z o a a s̀ b s W � Z j o n q̀

W = ce−
R

an−1(x)dx

- 4 * * G 8 . / / 1 8 W' G ) * 4 3 - ( 1 / F C 8 _ Z x y a Z

W ′ + an−1(x)W = 0

2 - 0 * 3 ) F S 4 *

W = ce−
R

an−1(x)dx

n = 2 3 * 5 + - J 9 * - - ) 4 . / P 7 0' G - 4 3 0

W ′ + aq(x) ·W = 1

W =

∣
∣
∣
∣

y1 y2
y′1 y′2

∣
∣
∣
∣

W ′ =

∣
∣
∣
∣

y′1 y′2
y′1 y′2

∣
∣
∣
∣
+

∣
∣
∣
∣

y1 y2
y′′1 y′′2

∣
∣
∣
∣

- 4 * * G 8 - ) 4 . / 8 / / 1 8 y1, y2 ( 5 4
=

∣
∣
∣
∣

y1 y2
−a1y

′ − a0y1 −a1y
′
2 − a0y2

∣
∣
∣
∣

= l2 → l2 + a0l1

∣
∣
∣
∣

y1 y2
−a1y

′
1 −a1y

′
2

∣
∣
∣
∣

= −a1

∣
∣
∣
∣

y1 y2
y′1 y′2

∣
∣
∣
∣
− (a1)W

/ S 4 2W (x0) + * 7 / . 4 d Y X d Z [ g Z

W (x) = W (x0)e
−

R

x

x0
am−1(x)dx
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¶ � � � · � � � �̧ ¹ � � � § � � � � � � � � � � � � � � � � � �́ � � � � � � � � � � � � � � � « � � � �

y1(x) ¹ � � � � � �

& A @ - 4 * * G 8 ( G 7 J 4 6 * 3 ) F y1(x) 6= 0 + * 7 / 2 n = 2 J / 0 0

X Z k n s d Y d Y X

/ * D / 5 5 6 0 * 5 ) 0

(
y2
y1

)′

=
y′2y1 − y′1y2

y2
1

=
W (y1, y2)

y2
1

y2
y1

=

∫
W

y2
1

dx

y2(x) = y1(x)

∫
W

y2
1

dx

& ( 5 4 ) 4 J C * 0 / F ( . / 5 G J 8 W ) 4 *
Z̀ ] a \

x2y′′ + 3xy′ + y = 0

&y1 = 1
x 2 - ( G 7 J 4 6 * 3 ) F + * 7 / . 4 - 4 * * G 8 - ) 4 3 * ) F) / G 4 3

W = c · e−
R

3
x
dx = c1e

−3 ln|x| =
c

x3

y2 =
1

x
·
∫ c

x3

1
x2

dx =
1

x

∫
c

x
dx =

1

x
[c ln |x| + d]

c = 1, d = 0 3 * J 5 ( 6 ) / 0

y2 =
ln |x|
x

4 * - / ( 9 - 6 * 3 ) F - 2 / 0 G 7 , 8

y =
1

x
[c ln |x| + d]

º n > 2 � b � ] » Z n p s Z k n s d Y d Ŷ

&y1(x) 6= 0 2 - ( G 7 J 4 6 * 3 ) F 8 + * 7 / * n′ 3 7 C 8 ) / 0 P * 8 * - - 4 * * G 8 - 0 * ) 0 G J / 0 0

+ / , - ( / 0 * / P - . 4 -

y2(x) = v(x)y1(x)

& 6 * 3 ) F 4 * - y2 2 v(x) = c 3 * 5 + ) * J F ( / 9 e 6 9
5 / , 0

y = v(x) · y1(x)
y′ = v′(x)y1(x) + v(x)y1(x)

y′′ = v′′(x)y1(x) + 2v′(x)y1(x) + v(x)y1
- 4 * * G 8 (

y′′ + p(x)y + q(x)y = 0

v′′(x)y1(x) + 2v′y′1 + vu′1 +

+p(x)y′1v + pp(x)y1v
′ + q(x)c · y1 = 0

v′′y1 + v′ (2y1 + p(x)y1) + v (y′′1 + p(x)y′1 + q(x)y1) = 0

v′′y1 + v′ (2y1 + p(x)y1) = 0
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( 5 1 0 * v′ = u(x) 5 / , 0 ' 3 7 C ) 7 3 * - + , 5 0

u′y1 + u (2y′1 + p(x)y1) = 0

& 3 * ) F ( 6 ) / 0 G 2 ) / 0 P * 8 * - 2 6 * G 4 3 3 7 C 8 - 4 * * G 8

v(x) =

∫

u(x)dx

&y2(x)' 5 . / 5 / , 8 *

�́ � · � ª µ́ � � � µ �́ · � � � � § � � � � � � � � � � � � � � � � � � � �̈

L(y) = any
(n)(x) + an−1y

(n−1)(x) + . . .+ a1y
′(x) + a0y(x) = 0

& . / 3 F C 8 Q 0 ≤ i ≤ n R ai 3 G 4 9

& / - G ( 9 x0

' 5 - ( J ) - / 4 0 ) n ( 9 ( . / / 1 ) / ) * 7 / J / * . * / 1 D F G 8

� a [ k r b Z g q Z

y = erx

& + * 7 / 4 ( r 3 G 4 9

L(erx) = erx
[
anr

n + an−1r
n−1 + . . .+ a1r + a0

]
= 0

`(r) = 0 ) / 0 / / F * 4 - - 4 * * G 8 - ) 4 3 * ) F ( G /

& `(r0) = 0 ⇐⇒ L(y) = 0 ( G 6 * 3 ) F y = er0x

� a s o [ Z [ ì d Y f Y X

`(ri) = 0 ⇐⇒ yi = erix S 4 Q . / D * G F R . / 0 * G * . / / G 8 8 . / / 0 / / F * 4 - . / G 3 * G - ( 9 . 4
c - 8 P * 7 (

y′′ − 7y′ + 10y = 0

) / 0 / / F * 4 - - 4 * * G 8 ( 3 * 5 + 0

r2 − 7r + 10 = 0

(r − 5) (r − 2) = 0

r1 = 5 r2 = 2

/ S 4

y1 = e5x y2 = e2x

/ ( ( 9 - 6 * 3 ) F -

yc = c1e
5x + c2e

2x

& ri 6= rj
i 6= j

' 5 3 5 * 7 8 . 4 2 - / * ( ) / ) ( 5 4 * - {yi}ni=1 = {erix}ni=1 6 9 4 G J / 9 * 0

W (er1x, . . . , ernx) =

∣
∣
∣
∣
∣
∣
∣

rr1x . . . ernx

...
rn−1
1 erx rn−1

n ernx

∣
∣
∣
∣
∣
∣
∣

( 5 1 0 * ernx - 3 * G ( 9 8 4 / , * 0
= er1x+r2x+...+rnx

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1
... 1

r1 r2 rn
...

. . .
...

rn−1
1 rn−1

2 . . . rn−1
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

6 9 ( * - 7 0 * 8 3 7 ' 6 4 * ( G - D 0 0 / 8 3 D 7 - / - * S

= er1x+r2x+...+rnx

n∏

i > j
i, j = 1

(ri − rj) 6= 0

. / 5 9 * 3 8 ( + . P e 1 ) 6 * + / D * ) * 4 d Y X f Z [ g Z
@ @



n p s Z [ ì d Y f Ŷ

& . / 7 * 8 , . / 5 9 * 3 8 . / 3 F C 8 P * S G / . / G 3 * G - 6 / 5 G J / 0 0

r1,2 = α± iβ

3 ( / * 4 ) 4 J C * 0 5 . / G 8 ) G 8

eiθ = cos θ + i sin θ

* / - /

ỹ1 = e(α+iβ)x = eαx (cosβx+ i sinβx)

ỹ2 = e(α+iβ)x = eαx (cosβx− i sinβx)

y1 =
ỹ1 + ỹ2

2
= eαx cosβx

y2 =
ỹ1 − ỹ2

2i
= eαx sinβx

( 9 6 9 ( * 2 / 3 * D 1 * 5 J 3 8 4 / - ) * 0 * 3 ) F - ) , * 5 1 2 ) / 0 P * 8 * - - 4 * * G 8 5 / 9 ) * 0 * 3 ) F . P * ( 4& 6 * 3 ) F 4 / - ) * 0 * 3 ) F ( G / 3 4 0 / ( e * 3 / ,

( G ) * ( ) - / 4 ) 4 * C 3 - / 4 ( (v 0 - ) * / 3 4 0 / ( - ) * / , 0 / 5 8 * 1 - G ) * 4 3 - ( 6 ) / 0 d Y X t Z [ g Z& ) * 0 * 3 ) F - ) , * 5 1

) / 0 / / F * 4 - - * * G 8 ( . / 3 5 * + &y′′ − 2y′ + 10y = 0 c 6 * 3 ) F j a ò ] a \

r2 − 2r + 10 = 0

r1,2 =
1 ±

√
1 − 10

1
= 1 ± 3i

y1 = ex cos 3x

y2 = ex sin 3x

yc = ex (c1 cos 3x+ c2 sin 3x)

2 ) F C * 0 - 8 P * 7 *

) / 0 / / F * 4 - - 4 * * G 8 - &y(6) − y = 0 c 3 * ) F

r6 − 1 = 0

r6 = cis2π

r1...6 = cis
2πk

6
|k=0,1,...5

= cis
1

3
πk|k=0,1,...5

r1 = 1 r2 =
1

2
+ i

√
3

2

r3 = −1

2
+ i

√
3

2
r4 = cisπ = −1

r5 = −1

2
− i

√
3

2
r6 =

1

2
− i

√
3

2

y1 = ex y2 = e
x
2 cos

√
3

2
x

y3 = e−
x
2 sin

√
3

2
x y6 = e

x
2 sin

√
3

2
x

y4 = e−
x
2 sin

√
3

2
x y5 = e−x

yc =

k∑

i=1

ciyi(x)

n s n b s Z [ ì d Y f Y d

. - + / , 0 G ) * 0 * 3 ) F - k > 1 / * 5 / 3 8 / G 8 8 r0 . 4

y1 = er0x

y2 = xer0x

...

yk = xk−1er0x
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Z̀ ] a \ b

y′′ − 6y′ + 9y = 0

r2 − 6r + 9 = 0

(r − 3)
2

= 0

+ / , 0

y1 = e3x y2 = xe3x

yc = e3x (c1 + c2x)

@ ¼ B . * G / / 5 . / G 8 ) G 8 2 / * 5 / 3 . + . / / G 8 8 4 ( . / G 3 * G . / + / F * 8 . 4 d Y X u Z [ g Z

j r h a p Z̀ ] a \

y(7) + 2y(5) + y′′′ = 0

r7 + 2r5 + r3 = 0

r3
(
r4 + 2r2 + 1

)
= 0

r1,2,3 = 0
(
r2 + 1

)2
= 0

r2 = 1 ∧ r2 = −1

r6,7 = ±i r4,5 = ±i

c ) G 3 * F 8 - 3 * , 5 ) * 0 * 3 ) F - ) 4 . * G 3 0 *

y1 = e0x = 1 y2 = x

y3 = x2

y6 = x cosx y4 = e0x cosx = cosx

y7 = x sinx y5 = e0x sinx = sinx

& 6 * 3 ) F 4 * - y = xmer0x + * 7 8 3 / 5 C 0 _ Z x y a Z

* 8 9 - 4 3 ) ) / 0 / / F * 4 - 4 * * G 8 - 2 ) / G 4 3

`(r) = (r − r0)
k · . . .

6 9 ( *

`(r0) = 0

`′(r0) = 0

...

`(k−1)(r0) = 0

1 * 7 5 0

L(xm · erx) = L

(
∂m

∂rm
(erx)

)

=

) * 5 3 * + 8 - ) * 3 S P 0 - ) * F / , 3 5 1 + *

∂m

∂rm
(L (erx)) =

∂m

∂rm
[erx`(r)]

= C0
mx

merx`(r) + C1
mx

m−1erx`′(r) + . . .

. . .+ Cm−1
m xerx · `m−1(r) + Cmme

rx`(m)(r) = 0

k − 1' - * ) 3 S P 0 7 + C F 4 ) 8 . * 0 / ( * F - S 4 2 `(r) ( G k / * 5 / 3 8 G 3 * G 4 * - r0' G . * G 8 *& r0' 5

� n b n ] [ j d Y f Y f

& - ) * 4 3 S J G & - 4 * * G 8 - ( G / ( ( 9 - - 0 * 3 ) F + * 7 / & A

yc = c1x+ c2e
−x + c3e

2x cosx+ c4e
2x sinx+ c5

& I ' - 3 7 C 6 9 ( * ( v ) 5 ) * 0 * 3 ) F I 6 4 9 G /

r1,2 = 0 r3 = −1

r4,5 = 2 ± i
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c ) / 0 / / F * 4 - - 4 * * G 8 - ) 4 - 0 5 0

r2 (r + 1) (r − (2 + i)) (r − (2 − i)) = 0
(
r3 + r2

) (
r2 +Br + C

)
= 0

−B
1

= 2 + i+ 2 − i = 4

B = −4 (B = −2Re(z0))

C

1
= (2 + i) (2 − i) = 5

(

C = |z0|2
)

(
r3 + r2

) (
r2 − 4r + 5

)
= 0

r5 − 3r4 + r3 + 5r2 = 0

y(n) . / 5 / , 8 2 ) / 0 / / F * 4 - - 4 * * G 8 - ) 4 * 0 ( 5 / 1 G 3 J 4 (

y(5) − 3y(4) + y′′′ + 5y′′ = 0

) / 3 4 0 / ( - 4 * * G 8 ( G 6 * 3 ) F ) * * - ( y = x3 - / , 1 0 * F - - ( * 9 / / + 5 D n - S / 4 3 * 5 + & @m 3 G / - ( 9 ( + . / F / , 3 - / 8 7 1 8 G n 3 7 C 8 ) / 0 P * 8 * -& ) * J F ( H / * 5 / 3 8 ) * / - ( r = 0 L / 3 , 2 . / + * 5 1 . / 8 7 1 8 . + - 4 * * G 8 3 * 5 + 2 ) / G 4 34 / - ) / 0 / / F * 4 - - 4 * * G 8 - ) 3 * , 2 3 8 * ( 9

`(r) = r4 · (. . .) = 0

& . / + * 5 1 . / 8 7 1 8 . + - 4 * * G 8 ) * J F ( G / n ≥ 4 3 7 C 8- 3 / ) C * S * y1(0) = 0 = y2(0) / S 4 y1 ≡ 0' G . * G 8 6 9 ) / 4 ( n = 1& 6 * 3 ) F * ) * 4 3 * 5 + . / - S - ( J ) - / 4 0 ) Q B R @ . / 8 / / 1 / 1 6 9 ) / 4 ( n = 2, 3

L(y) = g(x) � � � § � � � � ¶ � � � � � � � � � � � � � � � � � �  � � � � � � � � � � « � � �̄

( G / ( ( 9 6 * 3 ) F ( G . * 9 C 4 * - ) / 0 P * 8 * - ' / 4 - 4 * * G 8 ( G / ( ( 9 6 * 3 ) F / 9 3 9 S 0 2 ) / G 4 3& ) / 0 P * 8 * - ' / 4 ( G / 3 D F 6 * 3 ) F * ) / 0 P * 8 * -

& ) / 0 P * 8 * - ' 4 - ( G / D 3 F - 6 * 3 ) F - 2 yp ) 4 4 , 8 0 2 ) + 9

� ǹ \ ì j o a a s Z d Y t Y X

) * 3 * , - 8 ) J 4 8 6 / 8 / e P 4 * . / + * 5 1 . - - 4 * * G 8 - / 8 7 1 8 3 G 4 9 1 3 - 8 / G / / * S - D / Gc ) * 4 5 -

. * 0 / ( * F •

D 0 0 * F C 1 4 •

& sinβx/ cos βx •

Z̀ ] a \ b

y′′ + y = x2

&yp = Ax2 + / , 0

y′′p = 2A

2A+Ax2 = x2

c . / 8 7 1 8 - * * G 0

x0 : 2A = 0 → A = 0

x1 : 0 = 0

x2 : A = 1

& - 3 / ) C 6 4 9 G / *
yp = Ax2 +Bx+ C + / , 0

y2A+Ax2 + Bx+ C = x2

x0 : 2A+ C = 0

x1 : = B = 0

x2 : A = 1

yp = x2 − 2
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Z n p s Z̀ ] a \

y′′ + y′ = x2

Ax2 +Bx+ C + / , 0

2A+ 2Ax+B = x2

& & & 6 9 ) / 4 ( - S *

& & & 7 5 * + - S * yp = x
(
Ax2 +Bx+ C

)
= Ax3 +Bx2 + Cx + / , 0

j n s n b s Z̀ ] a \ b s [ n q i j

y′′ = x2

+ / , 0 *

yp = x2
(
Ax2 +Bx+ C

)

Z̀ ] a \ \ a g a

y′′ − 4y′ + 3y = e3x

yP = Ae3x + / , 0

9Ae3x − 4 · 3Ae3x + 3Ae3x = e3x

0 · e3x = e3x

& ) / 0 P * 8 * - - ( G 6 * 3 ) F - - / - . , + 5 - S *

&y = xe3x c ) 0 1 * ) 8 - + , -

k p p a r h i o � g Z̀ ] a \

y′′ − 6y′ + 7y = e7x

yp = Ae7x + / , 0

49Ae7x − 42Ae7x − 7Ae7x − 7Ae7x = e7x

0A = 1

& ) / 0 P * 8 * - - ( G 6 * 3 ) F 4 * - Ae7x 2 3 8 * ( 9

& 6 * 9 0 - 6 * 3 ) F - 4 * - 2 xAe7x + / , 0 - ) +
Z k n s Z

Pm(x),m ∈ N •

m / 0 / / F * 4 G 3 * G - / - E . 4 - –

yp = Qn(x) . / + , / 8 S 4 2 4 ( . 4 ∗
yp = XSQm(x) . / + / , 8 S 4 2S / * 5 / 3 8 2 6 9 . 4 ∗

2P (x)eαx •

m / 0 / / F * 4 G 3 * G - / - α . 4 - –

yp = Qm(x)eαx . / + / , 8 S 4 2 4 ( . 4 ∗
yp = xSQm(x)eαx 2S / * 5 / 3 8 2 6 9 . 4 ∗

Pm(x)eαx sinβx * 4 Pm(x)eαx cosβx •

m / 0 / / F * 4 G 3 * G - / - α+ iβ . 4 - –

2 4 ( . 4 ∗

yp = eαx [Qm(x) cos βx+Rm(x) sinβx]

2 s / * 5 / 3 8 2 6 9 . 4 ∗

yp = xseαx [Qm(x) cos βx+Rm(x) sin βx]
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- 4 * * G 8 5 / D 3 F 6 * 3 ) F ) 3 * , 4 , 8 j a ò ] a \ \ a g

y′′′ + y′ = x+ x sinx

&Ly = gi(x) 2 - / + 5 ( / D 3 F 6 * 3 ) F 4 * - ypi

. 4

/ D 3 F - 6 * 3 ) F - S 4

yp =

m∑

i=1

ypi

&1 ≤ i ≤ m 2L(ypi
) = Gi(x) 6 * ) 0 _ Z x y a Z

L

(
m∑

i=1

ypi

)

=

m∑

i=1

L(ypi
) =

m∑

i=1

gi(x)

c ) / 0 / / F * 4 - - 4 * * G 8 - 2 ) / G 4 3

r3 + r = 0

r
(
r2 + 1

)
= 0 r1 = 0, r2,3 = ±i

& ) * / + 5 @' ( 7 / 3 F 0

Ly = x & A

ypI
= + / , 0 6 9 ( &S = 1 / * 5 / 3 8 2 6 9 m / 0 / / F * 4 G 3 * G - / - E . 4 - &m = 1

&x1 (Ax +B) =

Ly = x sinx & @

+ / , 0 2S = 1 / * 5 / 3 8 2 6 9 m / 0 / / F * 4 G 3 * G - / - 0 + i . 4 - &β = 1 2α = 0 2m = 1

ypII
= x1e0x [(Cx+D) cos 1x+ (Ex+ F ) sin 1x]

yp = ypI
+ ypII

c - 4 * * G 8 - ) 4 / G 8 8 a ( 9 ( 6 * 3 ) F n p s b n ] [ j

y′′ − 3y′ − 4y = eax

r2 − 3r − 4 = (r − 4) (r + 1) = 0

yc = c1e
4x + c2e

−x

& ) / 0 P * 8 * - - ( G 6 * 3 ) F - 4 * -

2 yp ) 4 4 , 8 0

a' 5 / * ( ) m / 0 / / F * 4 G 3 * G - / - a . 4 - 2m = 0 •

- 4 * * G 8 ( 5 / , 0 &yp(x) = Beax + / , 0 2 a 6= −1, 4 2 4 ( . 4 –

a2Beax − 3Baeax − 4Beax = eax

B
(
a2 − 3a− 4

)
= 1

B =
1

a2 − 3a− 4

yp =
ex

a2 − 3a− 4
(a 6= −1, 4)

5 / , 0 * 3 * S P 0 &yp(x) = Cxeax + / , 0 2S = 1 * / * 5 / 3 S 4 2 a = −1, 4 2 6 9 . 4 –

y′p(x) = eax (axC + C)

y′′p (x) = eax
(
a2xC + 2aC

)

eax
[
a2xC + 2aC − 3axC − 3C − 4xC

]
= eax

c . / 8 7 1 8 - * * G 0

x1 : C
(
a2 − 3a− 4

)
= 0

x0 : C (2a− 3) = 1

C =
1

2a− 3
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yp =







eax

a2−4a−3 a 6= −1, 4

− 1
5xe

−x a = −1
1
5xe

4x a = 4

/ D 3 F 6 * 3 D F ) 3 * , . * G 3 º � [ r a h ǹ » f Z̀ ] a \

y′′ − 4y′ + 4y = 2 + sin 2x+ e2x cos 2x

. / / 0 / / F * 4 . / G 3 * G 4 , 8 0

r2 − 4r + 4 = (r − 2)
2

= 0

r1,2 = 2

L(y) = 2 •

&ypI
= A + / , 0 6 9 ( * 2 / 0 / / F * 4 G 3 * G * 0 / 4 C F 4

Ly = sin 2x •
ypII

= B cos 2x+ C sin 2x + / , 0 ½ 4 ( m / 0 / / F * 4 G 3 * G 0 + 2i . 4 -

½ 4 ( m / 0 / / F * 4 G 3 * G - / - 2 + 2i . 4 - &Ly = e2x cos 2x •

ypIII
= e2x [D cos 2x+ E sin 2x]

•

yp =
3∑

i=1

ypi

Y � n [ k̀ [ r Z j o n q n [ o a ¾ yp j o n q̀ b̂ Z k n s d Y t Ŷ

& / - G ( 9 ) / 3 4 0 / ( - 4 * * G 8 ( - 5 * D

- 8 / 4 ) 8 - ) / 0 P * 8 - - ) / 3 4 0 / ( - - 4 * * G 8 - ( G / ( ( 9 6 * 3 ) F + * 7 / G . / J / 0 8

Ly = y(n) + an−1(x)y
(n−1) + . . .+ an(x)y

′ + a0(x)y(x) = g(x)

c 6 ( - ( 9 4 * - 6 * 3 ) F - *

yC = c1y1(x) + c2y2(x) + . . .+ cnyn(x)

c / D 3 F 6 * 3 ) F + / , 0 *

yp(x) = c1(x)y1(x) + c2(x)y2(x) + . . .+ cn(x)yn(x)

c 6 ( - ( 9 . / / ) * 3 / 3 G . / 4 0 ) n− 1 G * 3 7 0

c′1(x)y1(x) + c′2(x)y1(x) + . . .+ c′n(x)yn(x) = 0

c′1(x)y
′
1(x) + c′2(x)y

′(x) + . . .+ c′n(x)y
′
n(x) = 0

...

c′1y
(n−2)
1 (x) + . . .+ c′n(x)y(n−2)

n (x) = 0

(∗) c′1(x)y
(n−1)
n + . . .+ c′n(x)y(n−1)(x) = g(x) (∗)

& * / ) * 3 S P 0 * yp ) 4 L(y) = g(x) - 4 * * G 8 ( 5 / , - ( G /
a0 · |yp = c1(x)y1(x) + . . .+ cn(x)yn(x)

a1 · |y′p = c1(x)y
′
1(x) + . . .+ cn(x)y

′
n(x) + c′1(x)y1 + . . .+ c′n(x)yn(x)

︸ ︷︷ ︸

=0

a2 · |y′′p = c1(x)y
′′
1 (x) + . . .+ cn(x)y

′′
n(x) + c′1(x)y

′′(x) + . . . c′n(x)yn(x)
︸ ︷︷ ︸

=0

...

an−1 · |y(n−1)p(x) = c1(x)y
(n−1)x+ . . .+ cn(x)y(n−1)(x) + c′1(x)y

(n−1)
1 (x) + . . .

︸ ︷︷ ︸

=0

an · |y(n)
p (x) = c1(x)y

(n)
1 (x) + . . .+ cn(x)y

(n)(x) +

+ c1(x)y
(n−1)(x) + . . .+ c′n(x)y

(n−1)
n (x)
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6 c1(x) 6 L(y1)+ 6 c2(x) 6 L(y2)+. . .+ 6 cn(x) 6 L(yn)+c
′
1(x)y

(n−1)+. . .+c′n(x)y
(n−1) = g(x)

' G 4 * - /' n' - / 4 0 ) - 2 3 8 * ( 9

c′1(x)y
(n−1)
n + . . .+ c′n(x)y

(n−1)(x) = g(x)

) / 7 * C / - ) 9 3 + 8 - ( G 6 4 / 1 C 0 * 3 * - 4 * - . / 8 7 1 8 - ) / D 0 0 / 8 3 D 7 / 9 7 / J / 6 * 3 ) F - ( G /

0 6= + * 7 / 9 4 / - G 2 ) / 0 P * 8 * - - ) * 0 * 3 ) F ( G

& (−π
2 ,

π
2

) + D 1 5 y′′ + y = 1
cosx 3 * ) F Z̀ ] a \

2 A 5 ( G

r + 1 = 0

r = ±i

yc = c1(x) cos x+ c2(x) sinx

4 / , 0 2 / 0 G 5 ( G

yp = c1(x) cos x+ c2(x) sin x

c 3 * ) F ( * 0 / ( + G ) * 4 * * G 8 - / S 4

c′1(x) cos x+ c′2(x) sinx = 0

−c′1(x) sin x+ c′2(x) cosx =
1

cosx

j a n [ o p n b j o a a s̀ � a [ j r b [̀ [ i j k n s � [ y ¿ p

c′1(x) =

∣
∣
∣
∣

0 sinx
1

cos cosx

∣
∣
∣
∣

∣
∣
∣
∣

cosx sinx
− sinx cosx

∣
∣
∣
∣

=
0 − sin x

cosx

1

= − sinx

cosx

c′1(x) =

∫

c1(x)dx = ln cosx

c′2(x) =

∣
∣
∣
∣

cosx 0
− sinx 1

cos x

∣
∣
∣
∣

1
= 1

c2(x) = x

( 5 1 0

yp = cosx ln cosx+ x sinx

) / 0 P * 8 * - - 6 * 3 ) F ) 4 3 5 J 0 2 e * C 5 (
y = yc + yp

& H A' H H j [ � a x �

� � � � � � � � � � � � � À

E(y) = anx
ny(n) + an−1x

n−1y(n−1) + . . .+ a1xy
′ + a0y = g(x)
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Y j n p ] à a Z Z Z o a a s̀ Z a [ k r d Y u Y X

j n p ] à a Z � n o Z � a [ k r d Y u Ŷ

y = yc + yp

& ) 9 3 + 8 - ) 4 ( 8 3 0 ( 3 * 9 S & ) / 3 4 0 / ( ( 9 ( 2 7 / 8 ) 3 G F 4 2 . / 3 D 8 3 F - ) / , / 4 * � o Z k n s

/ F 9 - 8 G / / ( 6 ) / 0 4 ( 2 . / + * 5 1 4 ( . / 8 7 1 8 - G 6 * * / 9 ' . / 8 7 1 8 ) 4 * * G - � � Z k n s& 4 / - G

G 8 ) G - ( 6 ) / 0 2 ) 3 D * 8 - 3 * , 8 G(t) . + 2 . / + * 5 1 . / 8 7 1 8 5 - 4 * * G 8 - y(t)' 5 G 6 * * / 9& . / 8 7 1 8 ) 4 * * G - 5

[ a j r ¾ Z̀ ] a \ b

x3y′′ + x2y′′ − 2xy + 2y =
lnx

x

& 3 ( / / * 4 ) 4 * * G 8 / - * S

/ S 4 2 ) / 0 P * * - - 6 * 3 ) F ) 4 4 , 8 0 2 6 * G 4 3 - 5 ( G 5

1 · r (r − 1) (r − 2) + 1r (r − 1) − 2r + 2 = 0

(r − 1)
(
r2 − 2r + r − 2

)
= 0

(r − 1) (r − 2) (r + 1) = 0

/ S 4 2 . / 0 * G * . / / G 8 8 . - . / G 3 * G - ( 9

yc = c1x
1 + c2x

2 +
c3
x

Y (t)' 5 . / 8 7 1 8 ) 4 * * G - - C 0 0

g(x) =
lnx

x
= x−1 lnx

G(t) = g(et) = e−t ln et

= te−t

&s = 1 / * 5 / 3 8 2 6 9 m / 0 / / F * 4 G 3 * G - / - −1 . 4 - & . / 8 7 1 8 ) 4 * * G - / 3 G F 4

yp(t) = t (At+B) et

yp(x) = lnx (A lnx+B)
1

x

& . / 8 7 1 8 . / * * G 8 * - 4 * * G 8 ( . / 5 / , 8 2 . / 3 S * P

ln2 x

x
(A− 2A−A) +

12A lnx

x
− 10A+ 12B

x
=

n

x
x

A =
1

12

B =
−5

72

5 / , 0 . 4 G 3 5 ) C 8 2 x < 0 * 5 . * J ) 5 d Y X w Z [ g Z

−x = α

&y(α)' 5 - 0 * ) 0 ( - - S 3 ( / * 4 ) 4 * * * G 8 ( 5 1 ) )

! | } V Á % ? " ! T ; " ² Â % ? " ² T " # ; ! ~ " | % ? T ? ? { V % ? > ! < V = ? ! Ã ~ Ä
= ? { T !

� � ª � �̈ �

& / G F * J - - 0 ) G 8 - t

& ) * 8 ( + 0 ) * / , 1 0 * F x1(t), . . . , xn(t)

x′1(t) = F1 (t, x1(t), x2(t), . . . xn(t))

x′2(t) = Fn (t, x1(t), x2(t), . . . xn(t))

...

x′n(t) = Fn (t, x1(t), x2(t), . . . xn(t))
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&xk(t) 4 * , 8 ( G / 2 ) * 0 * ) 0 ) * / , 1 0 * F Fk ) * / , 1 0 * F -
Z̀ ] a \ b

vx(t) = v1 (t, x1(t), x2(t))

vy(t) = v2 (t, x1(t), x2(t))

& 6 8 S ( G - / , 1 0 * F 9 1 / 1 ( J - ( G . * 1 / 8 . / G F J 8

&x2 (t0) = x1
0 2 x1(t0) = x2

0 ( G 8 ( 2 - ( J ) - / 4 0 ) . P * 0 9 ) /

2 3 ) * / - - * 5 P 3 7 C 8 ) 9 3 + 8 ( / 9 2 6 * G 4 3 3 7 C 8 ) * 9 3 + 8 ( + ) + 7 ( 1 / F C 8 f Y X Z [ g Z& 3 7 C ) 7 3 * - + , 5 ( 6 ) / 0
Z̀ ] a \ b

d2x1

dt2
= f1

(

t, x1(t), x2(t),
dx1

dt
,
dx2

dt

)

d2x2

dt2
= f2

(

t, x1(t), x2(t),
dx1

dt
,
dx2

dt

)

5 / , 0 & 6 * G 4 3 3 7 C ( / 0 G 3 7 C 8 - / , 1 0 * F - ) 4 7 / 3 * 0

y1(t) = x1(t) y3(t) = x2(t)

y2(t) =
dx1

dt
y4(t) =

dx2

dt

c ( 5 1 0 *

y′1 = y2 y′3 = y4

y′2 = f1 (t, y1, y3, y2,, y4) y′4 = f2 (t, y1, y3, y2,, y4)

x1(t)a11(t) = x1(t) + a12(t)x2(t) + . . .+ a1n(t)xn(t) + g1(t)

...

x′n(t) = an1(t)x!(t) + . . .+ amn(t)xn(t) + gn(t)

X(t) =






x1

...
xm(t)




 . / 8 7 1 8 - 3 * D 1 * &A(t) = (aij(t)) . / 7 1 8 - ) , / 3 D 8 ) 4 . / 0 8 C 8

g(t) =






g1(t)
...

gm(t)




 / G F * J - 3 5 / 4 - *

/ , / 3 D 8 5 / ) 9 5 *

X ′(t) +A(t)X(t) = g(t)

& ) / 0 P * 8 * - 4 3 1 ) ) 9 3 + 8 - 2 g(t) = (0) . 4 2 D 3 F 5
Z̀ a \ b

x′1(t) = 4tx2 − x1 + et

x′2(t) = x1 − 2x2 + 3x3

x′3(t) = 5x1 − x2 + x3 + t2

X(t) =





x1(t)
x2(t)
x3(t)





A(t) =





−1 4t 0
1 −2 3
4 −1 1





G(t) =





et

0
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- / 8 7 1 8 n2 + m ( 9 G J / 0 0 * X ′(t) = A(t)X(t) + g(t) ) 9 3 + 8 - - 0 * ) 0 f Ŷ k r s̀& t ∈ (α, β) / - ) * 2 & (α, β)' 5 . / F / , 3

- 3 * , - 8 - ( J ) - / 4 0 ) n . P . / / 1 8 - 7 / J / * 7 J 4 ) * 0 * 3 D F 3 * D 1 * ) 9 3 + 8 ( . / / 1 / S 4

x1 (t0) = x0
1

...

xn (t0) = x0
n

& . - G ( 9 . / 0 * ) 0 . / 3 F C 8 x0
k 3 G 4 9

(α, β) . / F / , 3 - * 3 D 0 / 4 ( 9 5 . / / 1 ( c 0 - ) * 0 * 3 ) F - 3 * D 1 * f Y d Z [ g Z

- D * G F ) 9 3 + 8 ( G 6 * 3 ) F Z̀ ] a \ b

X ′ =

(
1 −1
2 3

)

X

x′1 = x1 − x2

x′2 = 2x1 + 4x2

x2 = x1 − x′1

x′1 − x′′1 = 2x1 + 4 (x1 − x′1)

x1 = c1e
2t + c2e

3t

x2(t) = c1e
2t + c2e

3t −
(
2c1e

2t + ec2e
3t
)

& - / , 0 / 8 ( 4 - ) D / G - ) / / - * S

3 * D 1 * 9 * 3 D F - ) 4 . * G 3 0

X(t) =

(
c1e

2t + c2e
3t

−c1e2t − 2c2e
3t

)

Xc(t) = c1

(
e2t

−e2t
)

+ c2

(
e3t

−2e3t

)
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& + 5 G 3 / F C 8 3 * D 1 * X(7) 2 6 4 9

& @ 3 F C 8 3 * D 1 * ( G / G / ( G / 5 9 3 - X(2)
3

) / 0 P * 8 * - ) 9 3 + 8 ( G ) * 0 * 3 ) F 2 / 3 * D 1 * 5 J 3 8 X(1), . . .X(n) . 4 c - / , / S * F 3 F * C - 6 * 3 1 +& - 4 * * G 8 - ( G 6 * 3 ) F 3 * D 1 * 4 / - . - ( G ) / 3 4 0 / ( - / , 0 / 5 8 * 1 ( 9 . P S 4 2X ′ = A ·X
X(m) = A ·X(m) 6 * )

n∑

i=1

ciX
(1) = A

k∑

i=1

ciX
(1)

) / 5 3 4 0 / ( - / * ( ) ) * / , 1 0 * F / 3 * D 1 * ) , * 5 1 {X(1), . . . , X(n
}' G . / 3 8 * 4 j a b j j [ \ ] Z( 9 ( 2 c1X1 + . . . ckXk = (0)' G L 9 2 . / C F 4 . ( * 9 4 ( 2 c1, . . . , cn . / 8 / / 1 . 4 2 (α, β)' 5

& t ∈ (α, β)

&n 7 8 / 8 8 4 * - X ′ = AX ) / 0 P * 8 * - ) 9 3 + 8 ( G ) * 0 * 3 ) F - 5 J 3 8 f Y f k r s̀

( v ) 5 An×nX = 0 ) 9 3 + 8 ( G ) * 0 * 3 ) F / 3 * D 1 * X(1)(t), . . . , X(n)(t) . 4 f Y t Z p i h̀/ ( ( 9 - 6 * 3 ) F - S 4

XC = c1X
(1)(t) + . . . cnX

(n)(t)
& ) / 7 * C / ) 9 3 + 8

) 4 3 1 0 ) / 0 P * 8 * - n × n ) 9 3 + 8 5 (v ) 5 ) * 0 * 3 ) F / 3 * D 1 * n ( G - , * 5 1 f Y u Z [ \ ] Z& ) * 0 * 3 ) F ( G ) / 7 * C / ) 9 3 + 8

. / 3 * D 1 * n ( G W f Y w Z [ \ ] Z

W
(

X(1), . . . , X(n)
)

=
∣
∣
∣

(

X(1)
)(

X(2)
)

. . .
(

X(n)
)∣
∣
∣

S 4 (α, β)' 5 ) / 3 0 / ( - / * ( ) . / 3 * D 1 * ) , * 5 1 {
X(1), . . . , X(n)

} . 4 f Y z k r s̀
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c1 ·X(1) + · · · + cn ·X(n) = (0)
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=
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er1t
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α(i)
)}n

i=1
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W (. . .) =
∣
∣ er1t
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α(1)

)
er2t

(
α(2)

)
. . . ernt

(
α(n)

) ∣
∣

= er1ter2t . . . ernt
∣
∣
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α(1)

) (
α(n)

)
. . .
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) ∣
∣

& (v ) 5 . / / 8 , + . / 3 * D 1 * . - - / ) * 7 * 8 + n / 9 C F 4 8 - 0 * G - D 0 0 / 8 3 D 7 - *

er1ter2t . . . ernt = e(r1+r2+...+rn)t · C = etrace(A)t · C

& ( 5 4 ) 4 J C * 0 - G + 8 ( / - * S
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(
1 1
4 1

)

X

|λI −A| = 0
∣
∣
∣
∣

λ− 1 −1
−4 λ− 1

∣
∣
∣
∣

= (λ− 1)
2 − 4 = (λ− 3) (λ+ 1) = 0

λ1 = 3 λ2 = 1
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α2

)
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∣
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∣
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∣
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∣
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∣
∣
∣
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∣
∣
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∣
∣
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∣
∣
∣
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∣
∣
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Xc = c1e
2t

(
1
−1

)

+ c2e
3t

(
1
−2

)

c + / , 0 & 3 D 8 3 F - ) / , 4 / 3 4 * 5 G 8 ) G 0 2 / 0 G - 5 ( G 5

Xp = c1(t)e
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=
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z

(
1
1

)

+ c2e
−z

(
1
3

)

X(t) = c1t
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y2(t) = x2(t)

y2(t) =
dx2

dt

c ( 5 1 ) 8 *

y′1 = y1 + y2

y′2 = y3

y′3 = 2x1 + 2x2

( 5 1 ) 8 *





y1
y2
y3



 = c1
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3 P 0 � P ( ) 4 * * G 8 * 4

(
1 − x2

)
y′′ − 2xy′ + α (α+ 1) y = 0

B N
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- 0 8 - ( G ) * C 0 9 ) - - . * J ) G + * 7 / / S 4 2 g (x0) 6= 0' G - J 0 - 5 2 f(x)
g(x) 2 - 0 8 - / 5 P ( •
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