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:mi`yepa oc qxewd

minly mixtqn - dwihnzix` •
zexeag •

mibeg •
miiteq zecy •

dwihnzix` 2
miirah mixtqn - N

(miililyd llek) minly mixtqn - Z
.b z` wlgn a - a|b

y jk micigi q, r ∈ Z yi b, a ≥ 1 lkl

b = q · a + r

0 ≤ r < a

.a-a b zwelg ly zix`y `ed r
?r-e q z` mi`ven cvik

,iynn x xear

bxc ≤ x ≤ bxc+ 1

q =
⌊

b

a

⌋

r = b−
⌊

b

a

⌋
a

l"v

a ≤ b−
⌊

b

a

⌋
a < a

⌊
b

a

⌋
a ≤ b < a +

⌊
b

a

⌋
a =

(
1 +

⌊
b

a

⌋)
a

xzeia lecb szeyn wlgn 2.1
greatest common divisor (a, b) = gcd (a, b) oneqi

.xzeia lecb szeyn wlgn - a"bnn ,ilniqwn szeyn wlgn - n"nn

:dnbec
(8, 12) = 4

(3, 12) = 3
(3,−12) = 3
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a"bnn z`ivnl mzixebl` 2.1.1
.qt`n dpey mdn cg` .a < b-y gipp

:zix`y mr wlgp

b = qa + r

(a, b) = (r, a)

=
(

b−
⌊

b

a

⌋
a, a

)

miyere ,mieey b− ⌊
b
a

⌋
a, a ly ilniqwnd wlgnde a, b ly ilniqwnd wlgnd ik gikedl epilr :dgked

.zeey miwlgnd zeveaw izyy dgkedd ici lr z`f
.b− ⌊

b
a

⌋
a z` wlgn x-y i`ceeae ,b z` wlgne ,a z` wlgn x f` ,x|a, b gipp

onqp .x|b− ⌊
b
a

⌋
a, a gipp .ipy oeeik

b =
(

b−
⌊

b

a

⌋
a

)
+

⌊
b

a

⌋
a

.x|b okle ,mdipy z` wlgn x

qcilwe` mzixebl` 2.1.2
:`ad mzixebl`a n"nn `evnl ozip zrk

.ohwd xtqnde zix`yd ly n"nnd z` mi`vene ,zix`y mr ohwa lecbd xtqnd z` miwlgn .1

.ilniqwnd szeynd wlgnd `ed wlgnd ,0 zix`yl miribn xy`k .2

.hlwa zix`ipil zeikeaiq

y jk minly x, y miniiw ,0 mdipy `ly a, b lkl 2.1 dprh

ax + by = (a, b)

m = min {ax + by|a, b ∈ Z, ax + by > 0}
d = (a, b)

:d ≤ m-y d`xp
.d ≤ m okle d ≤ ax + by okle ,d|ax + by okl ,by z`e ax z` wlgn d

: m ≤ d ,jetd oeeik
.m ≤ (a, b) = d okle m|a, b hxtae ,m|ax + by ,x, y lkly d`xp

.dveawd ixa` lk z` wlgn dveawa ilnipin xai` lk xnelk
.ax + by z` wlgn epi` m-y jk x, y miniiw ,dlilyd jxc lr

ax + by = qm + r

0 < r < m

r = ax + by − qm

= ax + by − q (ax0 + by0)
= a (x− qx0) + b (y − qy0) < m

.m zeilnipinl dxizq
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-y (qcilwe`) mcew epgked x, y z`ivn

d = (a, b) =
(

b−
⌊

b

a

⌋
a, a

)

y gipp
(

b−
⌊

b

a

⌋
a

)
x′ + ay′ = d

a

(
y′ −

⌊
b

a

⌋
x′

)
+ bx′ = d

ep`vn f` y = x′-e x = y′ − ⌊
b
a

⌋
x′ xegal lkep

ax + by = d

a b
⌊

b
a

⌋
x y

51 81 1 8 -5
30 51 1 -5 3
21 30 1 3 -2
9 21 2 -2 1
3 9 3 1 0
0 3 3 0 1

.mixf b-e a-y mixne` (a, b) = 1

.a|c f` (a, b) = 1-e a|bc m` 2.2 dprh

-y jk x, y miniiw :dgked

ax + by = 1

acx + bcy = c

.a|c okl .a|bc-y oeeik a-a wlgzn `ed mb ipyd xaegnd .a-a wlgzn oey`xd xaegnd

ipey`x xtqn 2.2
.±1,±p md micigid eiwlgn m` ipey`x `xwi p

miipey`x ly dltkn `ed 1 ≤ n irah lk 2.3 dprh

.pi = qπ(i) ,π dxenz zniiwe k = l f` miipey`x pi, qi-e n = p1...pk = q1...ql m` 2.4 dprh

.n lr divwecpi` :dgked
.ipey`x n - qiqa

.miipey`x ly dltnk dbvdl ozip m ,m < n lkl divwecpi`d zgpd
1 < a < n wlgn n-l - crv

n = ab

1 < b < n

divwecpi`d zgpd itl okl
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a = p1...pk

b = q1...ql

n = p1...pkq1...ql

:ztqep zgked
(jildzd lr xefgpe mvnvp f` ik) p1 = qi-y jk i miiwy ze`xdl witqn :dgked

p1|q1...ql

.mixf md mipey miipey`x ipy (p1, q1) = 1 f`e p1 6= q1 zxg` ,ep`vn p1 = q1 m`
.p1 = qi xy`k xvri jildzd ... p1|q2...ql jildzd lr mixfeg

dltkn `ed n ≥ 2 lk f` .miipey`xd zxcq 2 = p1 < p2 < ... mipnqn mizrl

n = pα1
1 ...pαk

k

.αi ≥ 0
:n"nnd z` jk `evnl lkep

a = pα1
1 ...pαk

k

b = pβ1
1 ...pβk

k

(a, b) = pγ1
1 ...pγk

k

γi = min {αi, βi}

zeliwy qgi 2.3
.S dveawd lrn ix`pia qgi `ed a, b ∈ S xy`k (a, b) mixecq zebef ly R sqe` 2.5 dxcbd

R ⊂ S × S

. (a, b) ∈ R ⇔ a b onqp

m` zeliwy qgi `xwi ˜ 2.6 dxcbd

a a zeiaiqwltx .1

b a ⇐ a b zeixhniq .2

a c ⇐ a b, b c zeiaihifpxh .3

ze`nbec

S = Z .1
.a ≤ b m` a b

.zeliwy qgi `l .ixhniq eppi` j` iaihifpxh ,iaiqwltx qgid

.mc` oa eze` md m` e` ,ipyd cil cg` miayei mihpcehqd m` a b .dzika mihpcehq S .2
.iaihifxh eppi` j` ,ixhniq ,iaiqwltx qgid
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.xir dze`n a, b m` a b .3
.zeliwy qgi .iaihifxhe ixhniq ,iaiqwltx qgid

S = Z .4
.ibef a− b m` a b

.ibef `ed 0-y oeeik envrl lewy a

.ibef −a mb f` ibef a m`y oeeik ,ixhniq qgi
f` a b, b c m`

a− c = (a− b) + (b− c)

a c okl

n elecen zeliwyd qgi .5
n|a− b m` a ≡ b (mod n)

.xeyina miyleyn S .6
.mitteg T1, T2 m` T1 T2

zeliwy zwlgn 2.3.1
.el milewyd mixai`d zveaw `id a ly zeliwyd zwlgn 2.7 dxcbd

C (a) = {b ∈ S : b a}
.zexf zeveawl agxnd z` zewlgn zeliwyd zewlgn

C (a) = C (b) ⇔ a b 2.8 dprh

C (a) ∩ C (b) = ∅ ⇔ a 6� b 2.9 dprh

.C (a) = C (b) l"v a b :dgked
.z ∈ C (b)-y gikepe ,z ∈ C (a) xgap

.z ∈ C (b) ,z b-y raep zeiaihifpxhd on okl a b la` ,z a
.a b l"ve C (a) = C (b) ,ipy oeeik
.a b okle a ∈ C (b) mbe b ∈ C (b)

.a � b f` C (a) ∩ C (b) = ∅
.C (a) ∩ C (b) 6= ∅-y dlilyd jxc lr gipp .a b

.dgpdl dxizqa a b f` la` .z b mbe z a o`kn .z ∈ C (a) ∩ C (b) miiw

.zeliwy zewlgn cegi`k wxtzn agxnd .zexf e` ,zedf e` od zeliwy zewlgn 2.10 dpwqn

n elecen zeliwyd qgi 2.4
n | a− b m` a ≡ b (mod n) 2.11 dxcbd

.V0, V1, ..., Vn−1 .n `ed zepeyd zeliwyd zewlgn xtqn .1

:n = 3 xear lynl

V0 = ...− 3, 0, 3, 6, ...

V1 = ...− 2, 1, 4, 7, ...

V2 = ...− 1, 2, 5, 8, ...

Z = V0 ∪ V1 ∪ V2

(≡n) n elecen zeliwy ly zecgein zepekz
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a + c ≡n b + d f` c ≡n d ,a ≡n b m` .1
-y oeeikn :dgked

n | a− b

n | c− d

(a + c)− (b + d) = (a− b) + (b− d)
n | (a + c)− (b + d)

ac ≡n bd mbe

a = b + xn

c = d + yn

ac = (b + xn) (d + yn) = bd + n (nxy + xd + by)
n | ac− bd

zeliwyd z`eeyn z` mvnvl ozip f` ,mixf n-e a m` .b ≡n c if` ab ≡n ac mbe (a, n) = 1 m` .2
.mvnvl xeq` mixg` mixwna .a-a

-y oeeikn :dgked

n | ab− ac = a (b− c)
n | b− c

b ≡n c

dnxt ly ohwd htynd 2.5
if` ((a, p) = 1 xear z`f d`xp dyrnl) 1 ≤ a ≤ p− 1-e ,ipey`x p 2.12 htyn

ap−1 ≡p 1

p = 7; a = 2 dnbecl

ap−1 = 64 ≡ 1 (mod 7)

dlaha opeazp
i ia (mod p)
1 a
2 2a
3 3a
... ...

p− 1 (p− 1) a
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ia 6≡p ja if` 1 ≤ i < j ≤ p− 1 m` 2.13 dnl
.dxizql eprbd okle miniiwzn `l mdipy .p | a e` p | j−i if` p-a wlgzn did (j − i) a myxtd m`

:htynd zgked

zexeyd lk z` letkp m` .zg` mrt weica 1, . . . , p − 1 mixtqnd lk miriten dlaha zecenrd izya
:oeieeiy lawp dipya zg`

1 · 2... · (p− 1) ≡p (a) (2a) (3a) ... (a) (p− 1)

dltknd xcq z` dpyp

1 · 2... · (p− 1) ≡p ap−1 · 1 · 2... · (p− 1)

okle ((p, (p− 1)!) = 1) (p− 1)!-a mvnvl ozip ,ipey`x p-y oeeikn

1 ≡p ap−1

-ipey`x mpi`y mixtqn leqtl ezxfra ozip .milecb mixtqn ly zeipey`x zwical iyeniy df htyn
.mi

zexeag 3
dxeagd zxcbd 3.1

miniiwzn m` (Group) dxeag `xwiz (G, ◦) .a ◦ b mixai` ipy lk oia dlert mr dveaw G 3.1 dxcbd

a ◦ b ∈ G miiwzn (a, b) ∈ G×G lkl :zexibq .1

(a ◦ b) ◦ c = a ◦ (b ◦ c):zeiaih`iveq` .2

a ∈ G lkl a ◦ e = e ◦ a = a :e dcigi xai` meiw .3

.b ◦ a = a ◦ b = e-y jk b = a−1 oneqiy cigi b miiw a ∈ G lkl :ikted xai` meiw .4

dxeagd zepekz 3.1.1
.cigi ilxhip xai` miiw 3.2 dprh

:e ixewnd ilxhipd xai`a eze` letkp .sqep ilxhip xai` f ∈ G gipp :dgked

f = ef = e

.cg` ilxhip xai` wx yi okl

.a−1 epnqpy b cigi iktd miiw a ∈ G lkl 3.3 dprh

.a-l miikted b, c gipp :dgked

ab = ac = e

b (ab) = b (ac)
(ba) b = (ba) c

eb = ec

b = c

9



zexeagl ze`nbec 3.2
zexenzd zxeag 3.2.1

({1, ..., n} lynl) ziteq dveaw A

.σ : A → A .dnvr lr A-n r"gg dwzrd `id (divhenxt) dxenz 3.4 dxcbd

dycg dxenz lawle oze` aikxdl ozip π, σ : A → A zexenz izy xear zexenz zakxd

π · σ : A → A

π · σ (a) = π (σ (a))

.xcqa dielz zexenz zakxd •
-y jk π dcigi zikted dxenz zniiw σ dxenz lkl •

π · σ = σ · π = id

.Sn = SA onqp A = {1, ..., n} m` .A lr zexenzd zveaw z` SA-a onqp Sn zexenzd zveaw

|Sn| = n!

Sn lr dakxdd zlert zepekz 3.2.2
π · σ ∈ Sn xxeb σ, π ∈ Sn :zexibq .1

.divwpet lk ly dakxdl oekp df - (σ · π) · τ = σ · (π · τ) :zeiaih`iveq` .2

((σ · π) · τ) (i) = σ ((π · τ) (i)) = σ (π (τ (i)))
(σ · (π · τ)) (i) = (σ · π) (τ (i)) = σ (π (τ (i)))

σ ∈ Sn lkl miiwnd e yi :dcigi xai` meiw .3

σ · e = e · σ = σ

e = id

miiwnd cigi τ miiw σ ∈ Sn lkl :ikted xai` meiw .4

σ · τ = τ · σ = id

zeixhniqd zxeag 3.2.3
.mixai` n lr zeixyt`d zeixhniqd lk - Cn
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oezip xy` 1, ..., 4 lr zexenzd odn .oeryd oeeik cbp 1, 2, 3, 4 mixtqenn eicewcewy raexn oezp dnbec
?xeyind aeaiq i"r yeninl

Rπ
2

=
(

1 2 3 4
2 3 4 1

)
dxenzd i"r 1, 2, 3, 4 micewcewd z` xiari oeryd oeeik cbp π

2 -a aeaiq •

Rπ =
(

1 2 3 4
3 4 1 2

)
dxenzl mi`zn oeryd oeeik cbp π-a aeaiq •

R 3π
2

=
(

1 2 3 4
4 1 2 3

)
•

R0 = Rπ

(
1 2 3 4
1 2 3 4

)
:zedfd zxenz z` ozi `ln aeaiq •

zeixhniqd zexenzd zveaw z` onqp

C4 =
{

id = R0, Rπ
2
, Rπ, R 3π

2

}

.dakxdd zlertl qgia S4 zepekz 4 lk z` zniiwn C4 dveawd :dprh

.dakxdl xebq C4 .1

Rα ·Rβ = Rα+β

.π2 ly dletk `ed onekq mb π
2 ly zeletk α, β-y oeeikn

.zexenz ly dakxd lk enk ziaih`iveq` C4 .2

.R0 - dcigi xai` miiw .3

ikted xai` miiw .4

R−1
α = R−α

zetqep ze`nbec

:xeyina mitewiy •

S0 =
(

1 2 3 4
2 1 4 3

)

Sπ
4

=
(

1 2 3 4
3 2 1 4

)

Sπ
2

=
(

1 2 3 4
4 3 2 1

)

Sπ
2

=
(

1 2 3 4
1 4 3 2

)

cegi` zveaw la` .dcigi xai` dl oi` ik dakxdd zlertl qgia dxeag dppi` mitewiyd zveaw
.dxeag ok` `id D4 miaeaiqde mitewiyd
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dnbecl :zexibq .1

Sπ
4
◦ S0 =

(
1 2 3 4
3 2 1 4

)
◦

(
1 2 3 4
2 1 4 3

)
=

(
1 2 3 4
2 3 4 1

)
= Rπ

2

:xvwl xyt` mle` ltkd gel x`y z` zipci wecale jiyndl ozip

Rα ◦Rβ = Rα+β

Sα ◦ Sβ = R2(α−β)

Sα ◦Rβ = Sα− β
2

:dgked

Sα ◦ Sα− β
2

= R2(α−α+ β
2 ) = Rβ

Sα ◦ Sα ◦ Sα− β
2

= Sα− β
2

= Sα ◦Rβ

zexeagl ze`nbec cer 3.2.4
.dlibxd xeaigd zlert mr G = Z •

.mly xtqn `ed mixtqn mekq .miiwzn :zexiyw .1
.xeaiga ueaiwd weg :zeiaih`iveq` .2

.qt` :dcigi xai` .3
.−a `ed a-l ikted xai` .4

.zila` e` ,ziaihhenew z`xwp dxeagd a, b lkl ab = ba miiwzn G dxeaga m` 3.5 dxcbd

+ mr G = R •
+ mr miilpeivx G = Q •

.ikted xa` oi` 0-l ik dxeag dppi` idef - ltkd zlert G = R •
:dxeag idef .ltkd zlert mr G = R∗ = R \ {0} •

.ab 6= 0 a, b 6= 0 lkl .zexibq .1
.ltkd zlert itl :'veq` .2

.1 dcigi xai` .3
. 1a : a-l ikted xai` .4

.ikted oi` xai` s`l ±1 hrnl .dxeag dppi` ef .ltkd zlert mr G = Z \ {0} •
.dxeag `id ltkd zlert mr G = Q∗ = Q \ {0} •

dlertd .qt`n dpey zevixhnd ly dhppinxhcd xy`k 2× 2 lceba zevixhnd lk G = GL2 (R) •
.ltkd dlert `id

zltknl deey dltknd zhppinxhc .2× 2 dvixhn `id dltknd .A, B ∈ GL2 (R) :zexiyw .1
.AB ∈ GL2 (R) mb okle ,zehppinxhcd

12



A

(
x
y

)
= ici lr A : R2 → R2 zix`ipil dwzrd zbvin A =

(
a b
c d

)
:zeiaih`iveq` .2

(
a b
c d

)(
x
y

)
=

(
ax + by
cx + dy

)

-y ze`xdl mivex epgp`

A (BC) = (AB)C

zeivwpet zakxd lkl dpekp ef dcaer .zeix`ipil zewzrdl miiwzn oeieeydy ze`xdl witqn

(A (BC))
(

x
y

)
= A

(
B

(
C

(
x
y

)))

((AB)C)
(

x
y

)
= A

(
B

(
C

(
x
y

)))

.I :dcigi xai` .1

:ikted .2
(

a b
c d

)−1

=
1

ad− bc

(
d −b
−c a

)

R∗ weica idef G = GL1 (R) •
?dxeag idef m`d SLn (R) = {A ∈ GLn (R) | detA = 1} •

.zehppinxhcd zltkn wegn zraep zexibq .1
.zewzrd zakxdn zraep zeiaih`iveq` .2

I dcigi xai` .3
:ikted xai` .4

1 = |I| =
∣∣AA−1

∣∣ = |A|
∣∣A−1

∣∣ =
∣∣A−1

∣∣

n elecen zeix`yd zxeag 3.3
.a +n b = (a + b) (mod n) dlertd mr Zn = {0, . . . , n}

.0 `ed ilxhipd xai`d
xy`k b didi a-l ikted

b =
{

n− a 1 ≤ a ≤ n− 1
0 a = 0

.n elecen zeix`y ly zixeaig dxeag z`xwp ef dxeag

-y jk a ∈ G miiw mr n xcqn zilwiv dxeag `id G 3.6 dxcbd

G =
{
1, a, a2, . . . , an−1

}

-e

an = 1
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:1 xtqnd ixeaig ici lr dixag lk z` lawl ozipy dpekzd ef dxeagl

Zn =



1, 1 + 1, 1 + 1 + 1, . . . , 1 + · · ·+ 1︸ ︷︷ ︸

n−1

, 1 + · · ·+ 1 = 0︸ ︷︷ ︸
n





lr mixneyy xeyina miaeaiqd zxeag Cn dxeaga mb epi`x ef dpekz .zilwiv dxeag idef okl
.micewcew n mr llkeyn rlevn icewcew

Z∗ dxeagde Zn-a ltkd zlert 3.3.1
.Zn-a icigid j ≡n ab ici lr j = a · b xicbp

?dxeag `id (Z, ·) m`d
.ikted oi` 0-l

.df dveawa ikted oi` 2 xtqnl .dxeag eppi` Z4 \ {0} lynl .cinz `l ?dxeag (Z \ {0} , ·) m`d

Z∗n = {0 ≤ a ≤ n− 1 | (a, n) = 1} xicbp 3.7 dxcbd

.dxeag `id (Z∗n, ·) 3.8 dprh

:zexiyw :dgked

(b, n) = (a, n) = 1
⇓

(ab, n) = 1

.Zn-a illk ote`a miiwzn :zeiaih`iveq`
.n-l xf 1 :dcigi xai`

:ikted

(a, n) = 1
⇓

∃x, y : ax + ny = 1
ax− 1 = −ny

ny | ax− 1
ax ≡ 1 (mod n)

xegal xyt` f`

a−1 = x (mod n)

?Z∗n-a mixai`d xtqn edn 3.3.2∣∣Z∗p
∣∣ = p− 1 ,ipey`x n = p xy`k •

wx ?p2-l mixf mpi` mixtqn dnk .p2-l mixfd p2 − 1-l 0 oia mixtqnd xtqn ,n = p2 xy`k •∣∣∣Z∗p2

∣∣∣ = p2 − p okl .p `ed mxtqny 0, p, 2p, . . . , (p− 1) p mixtqnd

.0, p, 2p, . . . ,
(
p2 − 1

)
p md p-a miwlgzny megza mixtqndy oeeikn

∣∣∣Z∗p3

∣∣∣ = p3 − p2 •
∣∣Z∗pn

∣∣ = pn − pn−1 •

14



(zebefa mixf pi) .n = pn1
1 pn2

2 · · · pnk

k xy`k •

|Z∗n| =
(
pn1
1 − pn1−1

1

) · · · (pnk
1 − pnk−1

1

)
3.9 dprh

.φ (n) zpneqne xlie` ziivwpet z`xwp ef dgqep
:ihxt dxwn

φ (pq) = (p− 1) (q − 1)

pq − 1-l 0 oia mixtqnd zveaw B-e p-a miwlgzny pq − 1-l 0 oia mixtqnd zveaw - A onqp
.q-a miwlgzny

φ (pq) = pq − |A ∪B| = pq − |A| − |B|+ |A ∩B| = pq − p + 1− q + 1− 1

dwzrd xicbp .zebefa mixf m1, . . . , mk eidi :dgked

F : Zm1,...,mk
→ Zm1 × · · · × Zmk

.m1 · · ·mk `ed geeha mixai`d xtqne ,m1 · · ·mk `ed megza mixai`d xtqn

F (x) = (x (modm1) , . . . , x (modmk))

:F (x) = F (y)-y gipp .(deey lcebd ik) r"gg F -y ze`xdl ic .lre r"gg `id dwzrddy d`xp

(x (modm1) , . . . , x (modmk)) = (y (modm1) , . . . , y (modmk))

xnelk

m1 | x− y

...
mk | x− y

:mixf m1, . . . , mk-y llba okl

m1 · · ·mk | x− y

xnelk

x ≡ y (mod m1 · · ·mk)

.r"gg F -e

ipiqd zeix`yd htyn 3.4
miiwnd cigi 0 ≤ x < m1 · · ·mk miiw a1, . . . , ak lkl .zebefa mixf m1, . . . , mk

x ≡m1 a1

...
x ≡mk

ak

15



jk x ∈ Zm1···mk
miiw okle 0 ≤ ai < mi ik dzr gipdl xyt` .lr `id F dwzrddy ep`xd :dgked

-y

F (x) = (a1, . . . , ak)

.mi`znd x-d z` `evnl dxidn jxc zpzep `l `id .ziaihwexhqpew dpi` dgkedd
.miieqn 1 ≤ i ≤ k-a oiirp ?yxetn ote`a x z` `evnl ji`

mi,

∏

j 6=i

mj


 = 1

xnelk ,df iktd z`ci-a onqp .Z∗mi
-a iktd yi

∏
j 6=i mj-l


∏

j 6=i

mj


 ci ≡ 1 (mod mi)

`ed (0,
∏

mi) oia `weec e`l) zkxrnl oexzt

x =
k∑

i=1

ai


∏

j 6=i

mj


 ci

:x ≡ a1 (mod m1) ik lynl d`xp

x ≡ a1

∏

j 6=1

mjc1 (mod m1)

zeidl c1 z` epxcbdy oeeikn .zix`yl xac minxez `l okle m1 ly zeltkn md mixaegnd xzi lk ik
:
∏

j 6=1 mj ly iktedd

x ≡ a1 (mod m1)

.m2, . . . , mk iabl l"pk

Z∗m1···mk

F−→ Z∗m1
× · · · × Z∗mk

3.10 dprh∣∣Z∗m1···mk

∣∣ =
∣∣Z∗m1

× · · · × Z∗mk

∣∣ hxtae Z∗m1
× · · · × Z∗mk

weica `id Z∗m1···mk
lr F ly dpenzd

.φ (m1 · · ·mk) = φ (m1) · · ·φ (mk) xnelk

x ∈ Z∗m1···mk
idi :dgked

p > 1 szeyn mxeb yi m1-le x modm1-ly dlilya gipp - m1, . . . ,mk-n cg` lkl xf x-y oeeikn
okl .mi-d zltknl xf x-y jkl dxizqa p | m1, x mb f`

F (x) = (x mod m1, . . . , x mod mk) ∈ Z∗m1
× · · · × Z∗mk

-y jk x ∈ Z∗m1···mk
miiw (a1, . . . , ak) ∈ Z∗m1

× · · · × Z∗mk
lkly ze`xdl xzep

F (x) = (a1, . . . , ak)

f`e p | mi, x-y jk p > 1-e i miiw did zxg` ik m1 · · ·mk-l xf x f` ,d`eeynd z` miiwnd x idi

p | x (modmi) ≡ ai

.dxizq efe ,mi-l xf `l ai f`e
.
∣∣Z∗m1···mk

∣∣ =
∣∣Z∗m1

× · · · × Z∗mk

∣∣-e r"gg `id F okl
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zeiwlg zexeag 3.5
onqp .dxeag (H, ·) m` dxeag-zz e` ziwlg dxeag `xwz H ⊂ G .(G, ·) dxeag dpezp 3.11 dxcbd

.H < G

.ab−1 ∈ H miiwzn a, b ∈ H lkl mm` g"z H ⊂ G 3.12 dprh

.ab−1 ∈ H miiwzny dxeagd zeneiqw`n xexa .g"z H ⊂ G gipp :dgked
.ab−1 ∈ H miiwzn a, b ∈ H lkl gipp

.G zeiaih`iveq`n zraep zeiaih`iveq`
.H-a dcigi xai` miiw okl 1 = aa−1 ∈ H dgpdd t"r f` a ∈ H gwp

.b−1 ∈ H mb okle 1b−1 = b ∈ H f` 1, b ∈ H gwp
.dxebq H dxeagd okle a

(
b−1

)−1 = ab ∈ H dgpdd t"r okle a, b−1 ∈ H
.dxeag H mekiql

ze`nbec 3.5.1
.G ly dxeag zz `id H .(nZ = {xZ : n | x}) H = 5Z-e G = (Z, +)

.xai` lkl iktd xai` dlikn dpi` `id ik dxeag zz dppi` H = {n : n ≥ 0} z`f znerl
wecal jixv .G ly dxeag zz idef m`d wecape H = {0, 3, 6, 9, 12} dveawd z` gwp .G = (Z15, +)

.ab−1 ∈ H mb a, b ∈ H lkl m`d

ab−1 = a− b

.a− b ∈ H okle 3 | a− b mb f` 3 | a, b m`

zilwiv dxeag .1
:n xcqn zilwiv dxeag `id Cn

Cn =
{
ai : 0 ≤ i ≤ a− 1

}

z` gwp k | n xear

H =
{

aki : 0 ≤ i <
n

k

}

-y oeeikn Cn ly dxeag zz idefe

akia−kj = ak(i−j) ∈ H

zekitd 2× 2 zevixhn G = GL2 (R) .2
.dxeag zz idef .H = SL2 (R) = {A : det A = 1} xgape

G = (R∗, ·) .3
.H < G f` H = R∗+ gwpe

.1 z` dlikn dppi` `id ik dxeag zz dppi` K = {x : x < 0} z`f znerl

ixehwe agxn zz .4

G =
(
R3, +

)
.5

ly zepexztd sqe` .ziy`xd jxc xaery edylk xeyin H = {(x, y, z) : x + 2y + 3z = 0} xgap
.G ly dxeag zz didz H okle R3 ly agxn zz `ed zix`ipil zkxrn

zexenzd zxeag .6
Cn ⊂ Dn ⊂ Sn

.zexenzd zxeag ly dxeag zz `ide zilixcdicd dxeagd ly dxeag zz `id ziaeaiqd dxeagd .7
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dxeag zz elecn zeliwy 3.5.2
xicbp f` g"z G > He dxeag G 3.13 dxcbd

a ≡ b (mod H)

.a−1b ∈ H m`

dnbecl
mixai`d .H = SL2 (R) < G = GL2 (R)

a =
(

1 0
0 2

)
, b =

(
2 0
0 1

4

)

ik a ≡ b (modH) miniiwn

det a−1b = det
(

2 0
0 1

2

)
= 1

zeliwy qgi `ed dxeag zz elecen zeliwy 3.14 dprh

:mi`pzd zyely z` miiwn `ed ik d`xp :dgked
a−1a = 1 ∈ H-y oeeikn a ≡ a .1

f` a ≡ b m` ik b ≡ a ⇔ a ≡ b .2

a−1b ∈ H

b−1a =
(
a−1b

)−1 ∈ H

f` b ≡ c-e a ≡ b m` .3

a−1b ∈ H

b−1c ∈ H

okle

a−1bb−1c = a−1c ∈ H

a ≡ c xnelk

zeliwyd zewlgn

:aH - H ly il`nyd hqewd `id H elecen a ly zeliwyd zwlgn 3.15 dprh

C (a) = {b : a ≡ b (mod H)} = aH = {ah : h ∈ H}

cg` cvn :dgked

ah ∈ aH ⇒ (
a−1

)
ah = h ∈ H ⇒ a ≡ ah

ipy oeeik

a ≡ b ⇒ a−1b = h ∈ H ⇒ b = ah
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?yi zeliwy zewlgn dnk .H = SL2 (R) ,G = GL2 (R) dnbecl

C

((
1 0
0 1

))
= SL2 (R)

C

((
1 0
0 2

))
=

(
1 0
0 2

)
SL2 (R)

.GL2 (R) `ed ocegi`y t 6= 0
(

t 0
0 1

)
SL2 (R) zexf zeliwy zewlgnl G z` wlgl ozip 3.16 dprh

⋃

a∈G

aH = G

miil`ny mihqewl wexit 3.5.3
aH = miiwzn bH-e aH zeliwy zewlgn izy lkl ik zeliwyd qgi zepekzn mircei epgp` 3.17 dprh

.
⋃

a∈G aH = G ok enke aH ∩ bH = ∅ e` bH
f` A = {a1, a2, . . .} onqpe a1, a2, . . . zeliwy zwlgn lkn cigi bivp xgap

⋃

a∈A

aH = G

mbe

aH ∩ bH = ∅ a 6= b ∈ A

.mixf mihqewl wexit eplaiwe (A z` epxga jk ik)

wexit yi f` .g"z H < G idze .ziteq G-y gipp

G =
t⋃

i=1

aiH

(zeliwyd zewlgn xtqn mb okle ,ziteq H)

:lcebd eze` mihqewd lkl 3.18 dprh

|aiH| = |ajH| = |H|

f`e H = {h1, . . . , hk} onqp :dgked

aH = {ah1, . . . , ahk}

m` la` .ahi 6= ahj mb i 6= j m`y ze`xdl ic

ahi = ahj

l`nyn a−1-a letkp

hi = hj

.dxizqa
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'fpxbl htyn 3.6
'fpxbl htyn 3.19 dpwqn

.|H| | |G| if` H < G ,ziteq G m`

if` .mixf mihqewl G ly wexitd G =
⋃t

j=1 ajH `di :dgked

|G| =
t∑

j=1

|ajH| =
t∑

j=1

|H| = t |H|

.t = (G : H) = |G|
|H| mipnqne ,G-a H ly qwcpi`d mb `xwi t

ze`nbec
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ex
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Z,
+

n
Z

=
{k

:n
|k
}

a
+

n
Z

{0
,1

,.
..

,n
−

1}
⋃ n

−
1

i=
0

(i
+

n
Z)

=
Z

Z 1
2
,+

4Z
1
2

=
{0

,4
,8
}

a
+

4Z
1
2

{0
,1

,2
,3
}

⋃ 3 i=
0
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+
4Z

1
2
)
=
Z

R
,+

Z
a

+
Z

[0
,1

)
⋃ a

∈[
0
,1

)
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L

2
(R

),
·

S
L

2
(R

)
A
·S

L
2
(R

)
{[

t
0

0
1

] :t
∈
R

}
⋃ t∈

R∗

[
t

0
0

1

] S
L

2
(R

)
=

G
L

2
(R

)

R
3
,+

H
=
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x
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)
:x
−
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+

z
=
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xe

y
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d
ly

df
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~u
+

H
{a
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,−

1,
1)

:a
∈
R
}

⋃ a
∈R

(a
(1

,−
1,

1)
+

H
)
=
R

3
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:ziriaxd dxeyd zgked
f` s 6= t m` :mixf epxgay mihqewdy gikep

[
t 0
0 1

]
6≡

[
s 0
0 1

]
(mod SL2 (R))

-y oeeikn
[

t 0
0 1

]−1 [
s 0
0 1

]
=

[
t−1s 0

0 1

]
6∈ SL2 (R)

.mixf
[

t 0
0 1

]
SL2 mihqewd okl

:GL2 (R) z` ozep mihqewd cegi`y gikep
f` t = det A gwp ?jiiy A hqew dfi`l .A ∈ GL2 (R) gipp

A ∈
[

t 0
0 1

]
SL2 (R)

-y oeeikn
[

t 0
0 1

]−1

A ∈ SL2 (R)

det
[

t 0
0 1

]−1

A = t−1 · detA = 1

zxvep dxeag zz 3.6.1
?a z` dliknd xzeia dphwd dxeagd zz idn .a ∈ G lr lkzqpe G dxeag idz

.a−2, a−3, . . . mdly miikted z`e a2, a3, . . . ,a−1 z` mb okle ,a z` ,1 z` likdl zaiig efd dxeagd zz
`id zyweand dxeagd zzy d`xp

〈a〉 =
{
. . . , a−3, a−2, a−1, 1, a, a2, a3, . . .

}

ak, al ∈ 〈a〉 xear :dxeag zz idefy gikep

a−kal = al−k ∈ 〈a〉
.dxeag zz idef okle

.a ici lr zxvepd dxeagd zz 〈a〉-l mi`xew

xai` ly xcq 3.6.2
miiwnd ilnipind 0 < k xtqnd `ed Ord (a) = OrdG (a) ,a ly xcqd 3.20 dxcbd

ak = 1

Ord (a) = ∞ onqp dfk k oi` m`

a = 4 G = Z8 dnbec

Ord (a) = 2

42 = 4 + 4 = 0 ik

Ord (2) = 4

Ord (1) = 8
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G = GL4 (R) ztqep dnbec

Ord




−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 0


 = 2

if` ∞ > k = ord (a) gipp 3.21 dprh

〈a〉 =
{
1, a, . . . , ak−1

}

|〈a〉| = k

:〈a〉 zxcbd it lr :dgked

〈a〉 =
{

. . . , a−2k, a−(2k−1), . . . , a−k, a−(k−1), . . . , a−1, 1, a, . . . , ak−1, ak, . . . , a2k−1, . . .
}

la` aj−i = 1 f`e 0 ≤ i < j <≤ k − 1 xear ai = aj zxg` ik dfn df mipey 1, . . . , ak−1 mixai`d
.k zeilnipinl dxizqa 0 < j − i ≤ k − 1

:k-a zix`y mr n z` wlgl ozip f` .an gwip .
{
1, . . . , ak−1

}
dveawl mikiiy mixai`d xzi lk

okl .0 ≤ r < k ,n = qk + r

an = aqkar =
(
ak

)q
ar = 1qar = ar

.k xcqn zilwiv dxeag `id 〈a〉 3.22 dpwqn

f` ord (a) = ∞ m`

〈a〉 =
{
. . . , a−2, a−1, 1, a, a2, . . .

}

f` ai = aj-y jk i < j eid m` .mipey mixai`d lke

aj−i = 1

.ord (a) = ∞-y jkl dxizq efe
.ziteqpi`d zilwivd dxeagd `id 〈a〉 df dxwna

G = GL2 (R) dnbec

ord
(

1 0
0 1

)
= 1

ord
( −1 0

0 −1

)
= 2

A = ord
(

cos 2π
3 − sin 2π

3
sin 2π

3 cos 2π
3

)
= 3

.A3 = I okle 2π
3 -a aeaiq ly zix`ipil divnxetqpxh zbviin A dvixhnd

ord
(

1 0
0 2

)
= ∞
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ik
(

1 0
0 2

)k

=
(

1 0
0 2k

)

:∞ xcqn dvixhn yi SL2 (R)-a mb

A =
(

1
2 0
0 2

)

a ∈ G lkl .idylk ziteq G

ord (a) < ∞

|〈a〉| = ord (a) < ∞
okle ,dxeagd z` wlgn dxeag zz lk ly xcqdy raep 'fpxbl htynn

ord (a) | |G|

a ∈ G lkl f` |G| = N-e ziteq dxeag G m` 3.23 dpwqn
aN = 1

f`e kl = N-y jk l miiw okle k | N ,ord (a) = k :dgked
aN = akl = 1l = 1

dnxt ly ohwd htynd 3.6.3
f` a ∈ Zp \ 0 gwp .ipey`x p xy`k G = Z∗p

a|G| = 1

xnelk

ap−1 ≡ 1 (modp)

dnxt ly ohwd htynl ziaihpxhl` dgked idef

ipey`x `l xtqn xear dnxt ly ohwd htynd 3.6.4
.n-l zexfd zeix`yd lk zxeag .Z∗n = {1 ≤ k < n : (k, n) = 1}

|Z∗n| = φ (n) =
t∏

i=1

(
pαi

i − pαi−1
i

)

xy`k

n = pα1
1 · · · pαt

t

(a, n) = 1 a ∈ Z∗n lkl f`

a|Z
∗
n| = 1

xnelk

aφ(n) ≡ 1 (modn)
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miiiwpr miipey`x mixtqn z`ivn 3.6.5
?ipey`x n m`d .wpr n idi

z` aygpe 1 < a < n gwip :`ad ogand z` n z` xiarp

an−1 (modn)

:cg`l dlewy `l d`vezd m` (O (loga n)) zexidna ef dlert rval ozip

an−1 6≡ an−1 (modn)

.ipey`x eppi` n f`
.jildzd lr mixfege xg` a mixgea ,ogand z` xaer n m`

.(ynn ipey`x `l m`) ipey`xl llkd on `vei dfgzn `edy eilr mixne` mipgan 40 xar n m`

Zn-a xcq iaeyig 3.6.6
.k ∈ Zn `di

ord (0) = 1

k | n =⇒ ord (k) =
n

k

xai` ly xcq zepekz 3.6.7
.d = ord (x) | k f` xk = 1 m`

f` 0 ≤ r < d ,k = qd + r :dgked

1 = xk = xqdxr = xr

.d | k-e r = 0 okle

xai` i"r zxvepd dxeagd Cn-a mixai` ly mixcq 3.6.8

ord (1) = 1
ord (a) = n

ord
(
ai

)
= ?

ord
(
ai

)
= n

(n,i) 3.24 dprh

z` aygp .b = ord
(
ai

)
onqp :dgked

(
ai

) n
(i,n) = a

in
(i,n) = (an)

i
(i,n)

:lawp mly `ed i
(i,n) -y oeeikn

(
ai

) n
(i,n) = 1

okl

d | n

(i, n)
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ipy cvn

(
ai

)d
= aid = 1

okl

n | id = (i, n)
i

(i, n)
d

i
(i,n) -l xf n-y oeeikn

n | (i, n) d

okle n ≤ (i, n) d okle

d ≥ n

(i, n)

d = n
(i,n) f`e

`id (d | n) d weica `ed oxcqy Cn-a mixai`d zveaw 3.25 dprh
{
a

n
d ·k

}

.d-l xf k xnelk k ∈ Z∗d xy`k

.ord
(
a

n
d k

) ≤ d okle
(
a

n
d ·k

)d = ank = 1 ziy`x .m = ord
(
a

n
d k

)
onqp :dgked

f` .(k, d) = 1-y al miyp

a
n
d km = 1

okle

n | n

d
km

nt =
n

d
km

dt = km

.d = m ,m ≤ d-y oeeikne d | m mixf d-e k-y oeeikne
f` ord

(
ai

)
= d m` ipyd oeeika

d =
n

(i, n)

(i, n) =
n

d

i =
i

(i, n)
(i, n) =

n

d

i

(i, n)

.xzei lecb did (i, n) zxg` ik d-l xf i`ceea `ed df xtqn la`
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d = n dnbec
md n xcqn mixai`

{
ak : k ∈ Z∗n

}

`ed d xcqn mixai`d xtqn

|Z∗d| = ϕ (d)

?Cn ly zexeagd izz odn 3.6.9
.d = |H| | n ,H < Cn

.d xcqn Cn ly dcigid dxeagd-zz `id H =
〈
a

n
d

〉
3.26 dprh

.Cn ly dxeag zz `id H-y xexa :dgked
i"r zxvepd d xcqn dxeag zz H1 idz

H1 =
〈
a

n
d k

〉

`id
{
a

n
d i; 0 ≤ i < d

}
d | n lkl xnelk .H1 = H okle |H| = |H1| = d la` H1 ⊂ H okle H 3 a

n
d f`

.d xcqn Cn ly dcigid g"zd

mekqd htyn 3.27 dpwqn
∑

d|n
ϕ (d) = n

dnbec

ϕ (1) + ϕ (2) + ϕ (3) + ϕ (6) = 1 + 1 + 2 + ϕ (2) ϕ (3) = 6

xnelk ,n-a wlgzny xcq lkn mixai`d mekql deey n la` |Cn| = n :dgked

n =
∑

d|n
|{k : (k, d) = 1}| =

∑

d|n
ϕ (d)

- {1, . . . , n} lr zexenzd zexeag 3.7
Sn

|Sn| = n!

:dxenzl dnbec

σ =
(

1 2 3 4
2 3 4 1

)

dwizrn dxenzdy znevn zyw likne {1, . . . , n} od eicewcewy sxb i"r bevil zpzip dxenz lk
ly cegi` dyrnl didie ,dxenz lkl zg` z`vei zywe zg` zqpkp zyw liki df sxb .dly dpenzl

.mixf milbrn
oke i2-l i3 z` ,i1-l i2 z` dni`znd dpap {1, . . . , n} jezn mixai` ly (i1, . . . , ik) dxcq ozpda
.xefgn z`xwp efk dxenz .mnvrl dni`zn `id lbrna mpi`y miznvd lk z`e ,zilbrn dxeva d`ld
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mixefgnl dxenz ly wexit 3.7.1
:dnbecl .da miriteny mixefgn zltknk dxenz lk bivdl ozip

σ =
(

1 2 3 4 5
3 4 5 2 1

)
=

(
1 2 3 4 5
3 2 5 4 1

) (
1 2 3 4 5
1 4 3 2 5

)
= (1 3 5) (2 4)

if` C1, . . . , Ck mixefgnd miriten σ dxenza m` illk ote`a

σ = C1 · · ·Ck

:C1, . . . , Ck mixefgnd zltkn xcql zeaiyg oi`y ze`xl oiiprn
Ct (i) z` mbe envrl i z` mini`zn mixefgnd x`y lk f` ,i z` liknd xefgnd xtqn `ed t m`

okle ,envrl

C1 · · ·Ck (i) = Ct (i) = σ (i)

dnbec

σ =
(

1 2 3 4 5 6 7 8
7 2 3 5 8 1 6 4

)
= (1 7 6) (2) (3) (4 5 8)

okle meyxl jxev oi` 1 jxe`a mixefgnd z`

σ = (1 7 6) (4 5 8)

.dxenz ly oniqd zivwpet 3.7.2
σ dxenz ly oniqd zivwpet 3.28 dxcbd

Sgσ = (−1)
#(i,j):

i < j i > j
σ (i) > σ (j) σ (i) < σ (j) }

ici lr oniqd z` aygl ozip 3.29 dprh

Sgσ =
∏

1≤i<j≤n

σ (j)− σ (i)
j − i

.dxenzd oniq ly dxcbdd t"r ,dxenzd ly oniql deey
∏

1≤i<j≤n
σ(j)−σ(i)

j−i ly oniqdy xexa :dgked
.
∣∣∣∏1≤i<j≤n

σ(j)−σ(i)
j−i

∣∣∣ = 1-y ze`xdl jixv
.(zebefd lk lr mixaer) jtidle dpkna riten dpena riteny dn lk ik miiwzn df la`

zeibef aeyig 3.7.3

Sg (id) = (−1)0 = 1

Sg ((1 2)) = (−1)1 = −1

Sg ((1 2 3 4)) = (−1)3 = −1

Sg ((1 2 · · · k)) = (−1)k−1

izya dxenzd ly mixtqnd z` mixcqn mr mikzgpy mieewd xtqn `ed qgi mitilgny zebefd xtqn
.envrl xtqn lk oia ew migzene zexey
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σ, τ ∈ Sn lkl 3.30 dprh

Sg (στ) = Sgσ · Sgτ

dxcbdd itl

Sg (στ) =
∏

{i,j}

στ (j)− στ (i)
j − i

=
∏

{i,j}

στ (j)− στ (i)
τ (j)− τ (i)

· τ (j)− τ (i)
j − i

=
∏

{i,j}

στ (j)− στ (i)
τ (j)− τ (i)

∏

{i,j}

τ (j)− τ (i)
j − i

okle {τ (i) , τ (j)} cigi bef mi`zdl ozip {i, j} bef okl

Sgστ = Sgσ · Sgτ

dxenzd z` xyil 3.7.4
befd z` (i1, j1)-a onqp .zedfd zxenzl ribdl miqpn σ ly dpezgzd dxeya mixai` bef ztlgd i"r
xzeid lkl zxfra cinz z`f zeyrl ozip .zedfd zxenzl epze` `iany oexg`d befd (in, jn) cr oey`xd

.micrv m

didi (−1)m ,zedfd zxenzl miribn micrv dnka dpyn `l xnelk .(−1)m `ed σ ly oniqd 3.31 dprh
.σ ly oniqd

.cg` selig xg`l dlawzdy dxenzl σ dxenzd oia xywd dn d`xp :dgked

σ1 = (i1 i1) σ

σ2 = (i2 i2) (i1 i1)σ

...
σm = (im im) · · · (i1 i1) σ

= id

okl

σ = (i1 i1) · · · (im im)

Sgσ =
m∏

k=1

Sg (ik ik) = (−1)m

dpn zexeage zeilnxep zexeag zz 3.8
dxevdn zeveaw md G-a H ly miil`ny mihqew .dxeag zz H < G-e dxeag G

gH = {gh : h ∈ H}
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mihqewd sqe` f` H = nZ-e G = Z m` lynly epi`x .{gH : g ∈ G} mihqewd sqe` lr lkzqp

{k + nZ : k = Z} = {k + nZ : 0 ≤ k ≤ n− 1}

.dxeag ly dlert eilr xicbdl lkep m`d wecape mihqewd sqe` lr lkzqp

xicbp A, B ⊂ G m` 3.32 dxcbd

A ·B = {ab : a ∈ A, b ∈ B}

didz mihqewd ltk zlertl zirah dxcbd

g1H · g2H = {g1h1 · g2h2 : h1, h2 ∈ H}

?g1, g2 lkl hqew `id ef d`vez izn
hxta f` ,oky gipp

H · gH = g3H

okle (1 ∈ H) gH ⊂ H · gH la`

gH ⊂ g3H

.g3H = gH :dpwqn
ipy cvn

Hg ⊂ HgH

la` (1 ∈ H ik aey)

HgH = g3H = gH

lawp g−1-a l`nyn letkp m` okle

g−1Hg ⊂ H ∀g ∈ G

f`e g−1 xear mb oekp df g lkl oekp dfy oeeikn

gHg−1 ⊂ H

:lawp g-a oinine g−1-a l`nyn letkp m`e

g−1Hg ⊃ H ∀g ∈ G

-y `id dpwqnde

gHg−1 = H

.g ∈ G lkl

.H C G mipnqn epgp`e ,zilnxep z`xwp g ∈ G lkl gHg−1 = H zniiwnd H < G 3.33 dxcbd
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i"r {gH : g ∈ G} = G
H mihqewd sqe` lr dlert xicbp .H C G-y gipp 3.34 dprh

g1H ◦ g2H = g1H · g2H

miiwzne ,dpnd zxeag z`xwpd ,dxeag deedn G
H f`

g1Hg2H = g1g2H

mihqew ltk zxcbd t"r :dgked

g1Hg2H = g1g2

(
g−1
2 Hg2

)
H

okle g−1
2 Hg2 = H miiwzi dveawk la` g−1

2 hg2 6= h miiwzi miieqn h xai` xeary okzi mpn`

g1Hg2H = g1g2HH = g1g2H

:dxeagd zepekz zeniiwzny d`xp

.dlrnl ep`xd zexiyw .1

.dnvr G dxeaga zeiaih`iveq`d zpekz llba dpekp zeiaih`iveq` .2

(g1Hg2H) g3H = (g1g2H) g3H = (g1g2) g3H

= g1 (g2g3) H = g1H (g2g3) H = g1H (g2Hg3H)

.H `ed dcigid xai` .3

HgH = gH

ikted xai` .4

(gH)−1 = g−1H

ik

(gH)−1
gH = g−1HgH = g−1gH = H

ze`nbec

H =
{
1, x2, x4

}
-e ,G = C6 =

{
1, x, . . . , x5

}
.1

,ziaihhenew zilwivd dxeagdy oeeikn .∀g : gHg−1 = H m`d wecal jixv ?H C G m`d
{
ghg−1 : h ∈ H

}
=

{
gg−1h : h ∈ H

}
= H

.zilnxep `id ziwlg dxeag lk f` ,zila` G m` ,illk ote`a
?dpnd zxeag idn

G

H
= {H,xH}
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:G-a H ly qwcpi`l deey dxeagd ly lcebd
∣∣∣∣
G

H

∣∣∣∣ = (G : H) =
|G|
|H| = 2

.gH = ḡ onqp

x̄2 = xHxH = x2H = x2 = 1̄

.(x2 ∈ H ik)

`die ,A ∈ H `dz .H C G z`f lka .zila` dppi` G dxeagd .H = SL2 (R) ,G = GL2 (R) .2
-y ze`xdl jixv .g ∈ G

gAg−1 ∈ H

det
(
gAg−1

)
= |g| |A| ∣∣g−1

∣∣ = |g| ∣∣g−1
∣∣ |A|

= det
∣∣gg−1

∣∣ · 1 = 1

dpnd zxeag
GL2 (R)
SL2 (R)

=
{(

x 0
0 1

)
SL2 (R) : x ∈ R∗

}

f`e
(

x 0
0 1

)(
y 0
0 1

)
=

(
xy 0
0 1

)

.(R∗, ·) mr ef dpn zxeag zedfl xyt`

.Dn zilxcidicd dxeagd .3

D3 = {id, (12) , (13) , (23) , (123) , (132)}

H = {id, (12)}
:zilnxep `l `idy d`xp ?zilnxep `id m`d .H < G

f` R = (123) z`e S = (12) z` gwp

RSR−1 = SR−1 ·R−1 = SR−2 6∈ H

miaeaiqd zxeag zz lr lkzqp

N =
{
I, R, R2

}

l"v

gNg−1 ⊂ N

-y xexa

RiNR−i = N

.zilwiv `id okle miaeaiq zxeag `id N-y oeeikn

SRiS−1 = SRiS = R−i ∈ N
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.zeibefd zexenzd zxeag `id H = An ,G = Sn .4
ik zilnxep H

Sg
(
τστ−1

)
= Sg (τ) Sg (σ) Sg

(
τ−1

)
= Sg (σ) = 1

Sn

An
= {An, (12)An}

(Sn : An) = 2

:(12) An-l jiiy Sg (σ) = −1 miiwny xai` lky d`xp

Sg ((12) σ) = −1 · −1 = 1
(12) σ ∈ An

σ ∈ (12) An

mfitxenened 3.9
zniiwnd φ : G → H dwzrd `id H-l G zexeagd oia mfitxenened

φ (xy) = φ (x)φ (y) ∀x, y ∈ G

:zepwqn

ik φ (1) = 1 .1

φ (1) = φ (1 · 1) = φ (1) φ (1)
1 = φ (1)

ik φ
(
x−1

)
= (φ (x))−1 .2

φ (x) φ
(
x−1

)
= φ

(
xx−1

)
= φ (1) = 1

ze`nbec

φ (x) = 1 ,φ : G → H .1
ik mfitxenened idef

1 = φ (xy) = 1 · 1 = φ (x) φ (y)

ik mfitxenened idefe ,φ (x) = x ,φ : Z→ Z .2

φ (xy) = xy = φ (x) φ (y)
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.xeaigd zlert mr Z `id dxeagd ,φ (x) = 5x .3

φ (x + y) = 5 (x + y) = 5x + 5y = φ (x) + φ (y)

φ : Sn → {±1} .4

φ (σ) = Sg (σ)
φ (στ) = Sg (στ) = Sg (σ) Sg (τ) = φ (σ) φ (τ)

φ (A) = det A ,φ : GLn (R) → R∗ .5

det AB = det A det B

.((x, y) · (x′, y′) = (xx′, yy′) xy`k) H = (R∗ ×R∗, ·) ,G =
{(

a b
0 c

)
: a, c 6= 0

}
.6

φ : G → H

φ

((
a b
0 c

))
= (a, c)

:mfitxenened edf m`d wecap
(

a b
0 c

) (
a′ b′

0 c′

)
=

(
aa′ ab′ + bc′

0 cc′

)

φ

((
a b
0 c

))
φ

((
a′ b′

0 c′

))
= (a, c) (a′, c′) = (aa′, cc′) = φ

((
aa′ ab′ + bc′

0 cc′

))

.mfitxenened idef okle

.(x + y)2 6= x2 + y2 llk jxca ik mfitxenened dppi` idef .φ (x) = x2 , φ : Z→ Z .7

mfitxenened beeiq 3.9.1
`xwz 'ened φ : G → H

.r"gg φ m` mfitxenepen .1

.lre r"gg φ m` mfitxenefi` .2

G ∼= H onqp φ : G → H mfitxenefi` miiw m`

.n xcqn zilwivd dxeagl zitxenefi` `id n elecen dxeagd dnbec

Zn
∼= Cn = 〈x〉

dwzrdd i"r

φ (k) = xk

-y oeeikn

φ (k + l) = xk+l = xkxl = φ (k) φ (l)
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mfitxenened zepekz 3.9.2
φ : G → H

G ly dpenzd z` onqp

φ (G) = {φ (g) : g ∈ G}

H ly dxeag zz `id G ly dpenzd . φ (G) < H 3.35 dprh

.yz−1 ∈ φ (G) y, z ∈ φ (G) lkl l"v :dgked

yz−1 = φ (g1)φ (g2)
−1 = φ (g1) φ

(
g−1
2

)
= φ

(
g1g

−1
) ∈ φ (G)

mfitxenened ly oirxb 3.9.3

kerφ = {g ∈ G : φ (g) = 1}

ker φ C G 3.36 dprh

:g1g
−1
2 ∈ kerφ-y gikedl jixve ,g1, g2 ∈ kerφ eidi :dgked

φ
(
g1g

−1
2

)
= φ (g1) φ (g2)

−1 = 1 · 1 = 1

.kerφ 3 xgx−1f` ,edylk x ∈ G-e g ∈ kerφ m` l"v :zeilnxep
:dgked

φ
(
xgx−1

)
= φ (x)φ (g)φ (x)−1 = φ (x)φ (x)−1 = 1

. G
ker φ dpnd zxeag z` xevil ozip G-a ilnxep φ ly oirxbdy oeeikn

oey`xd mfitxenefi`d htyn 3.9.4
`id G-a φ ly oirxbd ly dpnd zxeag xnelk , G

ker φ
∼= H if` .lr `id φ : G → H-y gipp 3.37 htyn

.mfitxenenedd ly crid zxeagl zitxenefi`
miiwzn (lr dppi` `id m` mb) φ : G → H lkl ,xzei illk ote`a

G

kerφ
∼= φ (G)

.|G| = |kerφ| |φ (G)|-e ,
∣∣∣ G
ker φ

∣∣∣ = |φ (G)| ziteq G m` hxta

:H-a G ly dpenzl dpnd zxeagn dwzrdd xicbp :dgked

kerφ = N C G φ̃ :
G

kerφ
→ φ (G)

φ̃ (gN) = φ (g)
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dielz `l dn`zdd xnelk ,φ (g′) = φ (g) miiwzn gN = g′N m`y xnelk ,ahid zxcben φ̃-y d`xp
.hqewd ly bviina

f`e g′ = gn-y jk n miiw xnelk g′ ∈ gN f` gN = g′N m`

φ (g′) = φ (gn) = φ (g)φ (n) = φ (g) · 1 = φ (g)

:mfitxenened `id φ̃-y d`xp
-y gikepe , G

N dpnd zxeaga mixai` g2N-e g1N eidi

φ̃ (g1N · g2N) = φ̃ (g1N) φ̃ (g2N)

la`

φ̃ (g1N · g2N) = φ̃ (g1g2N) = φ (g1g2) = φ (g1)φ (g2) = φ̃ (g1N) φ̃ (g2N)

:lr `id φ̃-y d`xp
.lr `id φ̃ xnelk ,x = φ̃ (gN) f` x = φ (g) idi

:r"gg φ̃-y d`xp
.φ (g1) 6= φ (g2) xnelk ,φ̃ (g1N) 6= φ̃ (g2N)-y gikepe g1N 6= g2N-y gipp

f` .φ (g1) = φ (g2) miiwzn g1N 6= g2N xeary dlilya gipp

φ
(
g−1
1 g2

)
= φ (g1)

−1
φ (g2) = 1

.g1N = g2N f`e g−1
1 g2 ∈ kerφ = N xnelk

oey`xd mfitxenefi`d htyna yeniyl ze`nbec :2 dlah

G H φ kerφ G
ker φ φ (G)

G H˜ φ (g) = 1 G G
G {1}

Z Z φ (n) = 3n {0} Z
{0} = Z 3Z

Z10 Z5 φ (x) = x (mod 5) {0, 5} Z10
{0,5} Z5

GLn (R) R∗ φ (x) = det x SLn (R) GLn(R)
SLn(R) R∗

Sn {±1} φ (σ) = Sg (σ) An
Sn

An
{±1}(

a b
0 c

)
: ac 6= 0 R∗ × R∗ φ

((
a b
0 c

))
= (a, c)

(
1 b
0 1

)
: b ∈ R G

ker φ R∗ × R∗
(

1 b
0 1

)
: b ∈ R (R, +) φ

(
1 b
0 1

)
= b I =

(
1 0
0 1

)
G (R, +)

:mfitxenened zx`zn llka dpexg`d dxeydy ze`xdl jixv

φ

((
1 b
0 1

)(
1 b′

0 1

))
= φ

((
1 bb′

0 1

))
= bb′ = φ

((
1 b
0 1

))
φ

((
1 b′

0 1

))

yeniy

.p xcqn xai` dlikn G f` p | |G|-e zila` dxeag G 3.38 dprh
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.|G| lr divwecpi` :dgked
.1 z` dlikn G ik dpekp dprhd |G| = 1 xear

f` p-a wlgzn x ly xcqd m` .G 3 x 6= 1 xgap |G| > 1 xear

ord (x) = kp

f`

ord
(
xk

)
= p

.epniiqe
.(p 6| m) m z` wlgn eppi` p-e |〈x〉| = ord (x) = m zxg`

-y raep zeila`d on

N = 〈x〉 C G

. GN = H dpnd zxeaga opeazdl lkepe

|H| = |G|
|N |

.p | |H| okle p | |G|-e (|N | , p) = 1 la`
miiw divwecpi`d zgpd it lr okl .(dcigid xai` eppi`y x xai` epxga) cg` eppi` |N | ik |H| < |G|

.p weica excqy z ∈ H-a xai`
.(y ∈ G) dpnd zxeaga edylk hqew z = yN

ord (z) = p

zp = 1 = N

(yN)p = N

ypN = N

yp ∈ N

raep 'fpxbl htynn

(yp)|N | = 1(
y|N |

)p

= 1

f` ,y|N | = 1-y dlilya gipp :y|N | 6= 1-y ze`xdl yi

z|N | = y|N |N = 1N

.dxizq efe p | |N | f`e ord (z) = p-y jk z z` epxga la` .|N | z` wlgn z ly xcqd xnelk

ord
(
y|N |

)
= p

.G-a p xcqn xai` ep`vne

mfitxenehe` 3.9.5
.mfixtenehe` z`xwp φ : G → G mftixenefi` 3.39 dxcbd

iliiw htyn 3.10
.H-l zitxenefi` G-y jk Sn ly H dxeag zz zniiw n xcqn G ziteq dxeag lkl 3.40 htyn
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.H = 〈(1, 2, 3, 4)〉 z` lynl xgap .C4
∼= H < S4 zniiw G = C4 xear dnbec

:`ad ote`a φ : G → Sn xicbp :dgked
.G ixai` lr zxenzd zxeag lrk Sn lr aeygp G = {g1, . . . , gn} m`

G 3 g φ (g) =
(

g1 g2 · · · gn

gg1 gg2 · · · ggn

)

.dxizq efe gi = gj milawn epiid ggi = ggj m` ik ,dxenz idef
gg′-l g′ z` dwizrny G lr divwpetk φ (g) dxenzd lr lkzqdl ozip

φ (g) (g′) = gg′

φ (gh) = φ (g)φ (h) - mfitxenened φ-y gikep

g′ ∈ G φ (gh) (g′) = (gh) g′ = g (hg′) = φ (g) (hg′) = φ (g) (φ (h) (g′)) = (φ (g) · φ (h)) (g′)

.mfitxenened `id φ dwzrdde φ (gh) = φ (g)φ (h) okle
-y raep oey`xd mfitxenefi`d htynn .r"gg φ-y d`xp

G

kerφ
∼= φ (G) ⊂ Sn

.(G ∼= φ (G) f`e) {1} = kerφ-y ze`xdl witqn okle
.zedfd zxenz eppi` φ (g) 6= id-y d`xpe g 6= 1 gwp

φ (g) (1) = g 6= 1

.G ∼= φ (G)-e .kerφ = {1} okl .zedfd zxenz dppi` φ (g) okle

iliiw htynl miyeniy 3.10.1
f` ,{gH : g ∈ G} mihqewd sqe`a lkzqp .idylk dxeag zz H < G `dz

|{gH : g ∈ G}| = (G : H) = m

dwzrd xicbp

φ : G → Sm

.{gH} mihqewd lrn zexenzd zxeagl G dxeagdn

φ (g) (g′H) = gg′H

ik iliiw htyn zgkedl dneca 'ened `id φ

φ (gh) (g′H) = ghg′H = (φ (g) · φ (h)) (g′H)

:φ ly oirxba opeazp

kerφ C G •
f` φ (g) = id m` •

φ (g) (H) = gH = id (H) = H

okle

g ∈ H

.H-a lken φ ly oirxbd xnelk
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zepwqn

.k = p okle 1 < k | p .ord (x) = k f` x 6= 1 ∈ G gwp ik G ∼= Cp okle |G| = p-e ipey`x p .1

.G = Cp2 ,|G| = p2 .2

Cp × Cp =
{(

xi, xj
)

: 0 ≤ i, j ≤ p− 1
}

.zila` G f` |G| = p2 m` 3.41 dprh

.epniiqe G = Cp2 f` ord (x) = p2 m` .1 6= x ∈ G xgap :dgked
f` ,edylk x i"r zxvepd H zilwivd dxeaga lkzqp .ord (x) = p 1 6= x ∈ G lkly k"da gipp

.|H| = p
dwzrda lkzqp

φ : G → S(G:H) = Sp

-y oey`xd mfitxenefi`d htynn epl reci .gH mihqewd sqe`l G-n dwzrd

G

kerφ
∼= K ⊂ Sp

:oirxbl zeiexyt` izy wx yi ipey`x `ed H ly xcqdy llba .kerφ ⊂ H ok enke

kerφ = {1} .1

kerφ = H .2

`le p2 = |G| = |K| | |Sp| = p! f`e G ∼= K < Sp lawzn did zxg` ik okzz `l dpey`xd zexyt`d
.p2 | p!-y okzi

.∀x ∈ G H = 〈x〉 C G okl
.xy = yx-y d`xpe x, y ∈ G gwp

.(zila`e zilwiv dxeag zz dze`a mixai` mdipy) xy = yx-y xexa f` 〈x〉 = 〈y〉 m`
dkixv mdly dxeag zz lk ly xcqde ipey`x `ed 〈y〉 lye 〈x〉 ly xcqd ik 〈x〉 ∩ 〈y〉 = {1} zxg`

.p z` wlgl

x
(
yx−1y−1

)
=

(
xyx−1

)
y−1

dcigid xai`d la` .
(
yx−1y−1

) ∈ 〈x〉 okle G-a zilnxep 〈x〉-e xyx−1 ∈ 〈y〉 okle G-a zilnxep 〈y〉
okle 1 `ed zexeagd izyl szeyny

xyx−1y−1 = 1
xy = yx

.zila` G-e

p zexeag 3.11
.ipey`x p xy`k pn xcqn dxeag `id p zxeag •

.Zp × Zp-e Zp2 :p2 xcqn zexeag •
.Zp × Zp × Zp ,Zp2 × Zp ,Zp3 :p3 xcqn zexeag •
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.zeila` zexeag od dlrnl ze`nbecd lk
:Heisenberg zxeag `id p3 xcqn zila` `l dxeagl dnbec

G =








1 a b
0 1 c
0 0 1


 : a, b, c ∈ Zp





:zevixhn ltk zlert mr



1 a b
0 1 c
0 0 1







1 x y
0 1 z
0 0 1


 =




1 x + a y + az + b
0 1 z + c
0 0 1




.dxeag `id okl zekitdd zevixhnd zxeag ly dveaw zz `ide ltkl dxebq G
la`




1 x y
0 1 z
0 0 1







1 a b
0 1 c
0 0 1


 =




1 x + a b + xc + y
0 1 z + c
0 0 1




.zila` dppi` G okle
:A dvixhn ly iktdd z` `vnp





a + x = 0
b + cx + y = 0

c + z = 0
⇒





x = −a
z = −c
y = ac− b

A−1 =




1 −a ac− b
0 1 −c
0 0 1




:G ly fkxnd Z (G) z` aygp

∀X ∈ G AX = XA ⇔ A ∈ Z (G)

b + xc + y = y + az + b

xc = az

zevixhn llek fkxnd okl ,a = 0 lawp z = 1 ,x = 0 xgap m`e ,c = a lawp x = z = 1 xgap m`
dxevdn

A =




1 0 b
0 1 0
0 0 1




.X ∈ G lk mr ztlgzn A-y wecal lw .fkxna `id efd dxevdn A dvixhn ly ze`xdl xzep

Z (G) =

〈


1 0 1
0 1 0
0 0 1




〉

dxeag zz Z (G) C G .il`ieeixh eppi` fkxdy al miyp .Zp-l itxenefi` zilwiv dxeag zz `ed fkxd
.G-a zilnxep
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.zila` G f` ,zilwiv G/Z (G) gippe ,idylk dxeag G 3.42 dprh

miieqn hqew i"r zxvep `id okle ,zilwiv G/Z (G) :dgked

G/Z (G) = 〈gZ (G)〉

okle ,mihqewd cg`a `vnp x ∈ G xai` lk

x ∈ gkZ (G)

x = gkz

.edylk z ∈ Z (G) xear
:G ixai` ipy gwp

x = gk1z1, y = gk2z2

xy = gk1z1g
k2z2 = gk1+k2z1z2 = gk1+k2z1z2 = gk2z2g

k1z1 = yx

.zila` G okl

.Zp2-l `le Zp × Zp-l zitxenefi` `id okle ,zila` G/Z (G) ,eply dnbecd xear
:G-a mixai` ly mixcq aygp

A2 =




1 a b
0 1 c
0 0 1




2

=




1 2a 2b + ac
0 1 2c
0 0 1




A3 =




1 a b
0 1 c
0 0 1




3

=




1 3a 3b + 3ac
0 1 3c
0 0 1




.fkxna `ed reaixa xai` lk .|G/Z (G)| = 4 ,|Z (G)| = 2 ,|G| = p3 = 8 xcqn dxeagd ,p = 2 m`
.3 xcqn `ed G3-a xai` lk p = 3 m`

zecinv 3.12
.b = cac−1-y jk c ∈ G miiw m` a ly cenv `xwp b ,a, b ∈ G 3.43 dxcbd

.zeliwy qgi `ed a-l cenv b ⇔ a ∼ b - G lr qgid ,dxeag G 3.44 dprh

.zecinv zewlgn ze`xwp zeliwyd zewlgn

C (a) = {x ∈ G | x ∼ a}

.zecinvd zewlgn ly xf cegi` G

G =
⋃

C (a)

|G| =
∑

|C (a)|
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ze`nbec
.a ∈ Z (G)-e dxeag G .1

C (a) =
{
x ∈ G | x = cac−1, c ∈ G

}

= {x ∈ G | x = a} = {a}

.bxapfid zxeag G .2

A =




1 a b
0 1 c
0 0 1




X =




1 x y
0 1 z
0 0 1




XAX−1 =




1 a b + xc− az
0 1 c
0 0 1




d`eeynl f` qt`n mipey c e` a m`

d = b + xc− az

okl .(minlrp x, z) oexzt yi

C (A) =








1 a d
0 1 c
0 0 1


 | d ∈ Zp





.epi`xy itk C (A) = {A} f`e A ∈ Z (G) f` a = c = 0 m`
.p lceba zecinv zewlgn p2 − 1-e 1 lceba zecinv zewlgn p yiy raep o`kn

f` micenv x, y m` zila` G dxeaga

y = gxg−1 = gg−1x = x

.x = y f` y-l cenv x m` okl
?zecenv σ, τ ∈ Sn izn G = Sn dxeaga

.mixefgn dpan eze` weica odl yi ⇔ zecenv σ, τ 3.45 dprh

.dcnvdd znl t"r

idz dira
σ = (12) (34) · · · (n− 1 n)

?σ-l zecenvd zexenzd xtqn dn
2 jxe`a milbrn n

2 mr zexenzd xtqn

n!
2

n
2

(
n
2

)
!

yi m` zecenv A,B ,A, B ∈ GL2 (R) m` .zevixhna mb riten zecinvd byen

C ∈ GLn (R)

-y jk

CAC−1 = B

.miinvr mikxr mze` zecenv zevixhnl
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dxeag ly lnxpn/fkx 3.12.1
`ed a ly (Normalizer/lnxpn) fkx .a ∈ G ,dxeag G 3.46 dxcbd

N (a) =
{
y ∈ G | yay−1 = a

}

.G ly dxeag zz `ed fkxd

lynl

CG (1) = G

⋂

x∈G

CG (x) = {y : xy = yx ∀x} = Z (G)

f` y, z ∈ CG (x) m` .dxeag zz `id xai` ly fkxy oiivl aeyg
(
yz−1

)
x = yxz−1 = xyz−1 = x

(
yz−1

)

.yz−1 ∈ CG (x) mb okle

Z (G) = G mbe x lkl CG (x) = G f` zila` G ze`nbec
.Z (S3) = {1} ,G = S3 xear

?σ ∈ Sn ly fkxd edn ,G = Sn xear
zeniiwny π zexenzd lk

σπ = πσ

xnelk

π−1σπ = σ

jxe`a mixefgn an cr , ... ,1 jxe`a mixefgn a1 yi σ-l m` okle .fkxa didi dnvrl σ z` cinvny π lk
`ed σ ly fkxd lceb f` (

∑n
i=1 iai = n miiwzny oaenk) ,n

|CG (σ)| = a1!a2! · · · an!1a12a2 · · ·nan

f` a ly fkx N (a)-e ,a ly zecinvd zwlgn C (a) m` .a ∈ G ,dxeag G 3.47 htyn

|C (a)| = [G : N (a)] =
|G|

|N (a)|

C (a) =
{
a, g1ag−1, g2ag−1

2 , . . .
}

:dgked
mihqewd sqe` z` yie

G/N (a) = {N (a) , g1N (a) , g2N (a) , . . . }
.G/N (a) oial C (a) oia lre r"gg dn`zd yiy d`xp

,hqew eze` ly mibivp y-e x m`

xN (a) = yN (a)

okle a ly fkxa b .x = yb-y jk b ∈ N (a) miiw f`

xax−1 = yba (yb)−1 = ybab−1y−1 = yay−1
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.zecinvd zwlgna xai` eze` ibivp md f` ,hqew eze` ibivp y-e x m` okl
f` ,yay−1 = xax−1 ik dlilya gippe ,hqew eze`n mpi` x, y m`

x−1ya = ax−1y

f`e

x−1y ∈ N (a)

-e

xN (a) = yN (a)

okle lre r"gg dn`zddy epgked .dgpdl dxizqa

|C (a)| = |G/N (a)|

:zewlgnd zgqep 3.48 dpwqn

|G| =
∑

|C (a)| =
∑ |G|

|N (a)|

.Z (G) 6= {e} if` .ipey`x p mr|G| = pn ,dxeag G idz 3.49 htyn

N (a) = G f` Z (G) 3 a m` :dgked
|N (a)| < |G| f` Z (g) 63 a m`

onqp

|N (a)| = pna < pn

zewlgnd zgqep t"r

|G| =
∑ |G|

|N (a)| = |Z (G)|+
∑

a 6∈Z(G)

|G|
|N (A)|

pn = |Z (G)|+
∑

na<n

pn

pna

|Z (G)| = pn −
∑

na<n

pn

pna

okle |Z (G)| ≥ 1 .p | |Z (G)|-y raep o`kn

p ≥ |Z (G)|
.il`ieeixh eppi` Z (G) okle

mibeg 4
dxcbd 4.1

begd zeneiqw` 4.1.1
.zila` zixeaig dxeag (R, +) .1

:ltkd zepekz .2

a (bc) = (ab) c - zeiaih`iveq` (`)
zexibq (a)

c (a + b) = ca + cb; (a + b) c = ab + ac zeiaiheiaixhqic - xeaigl ltk oia xyw .3
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.n× n zevixhn Mn (R) ,Zn ,R ,(Z, +, ·) ze`nbec
.aikx aikx (a, b) (c, d) = (ac, bd) ltke libx xeaig mr {(a, b) ; a, b ∈ R} = R× R

zepekzdn zeraep el` zepekz .aikx aikx rvazn `edy oeeikn iaiheiaixhqice iaih`iveq` `ed ltkd
.R-a zeni`znd

zelertd mr . f : [0, 1] → R zetivxd zeivwpetd lk C [0, 1]

(f + g) (x) = f (x) + g (x)
(fg) (x) = f (x) g (x)

.miizcewp dltkne xeaig
zepekzdn zeraep zeyxcpd xeaigde ltkd zepekz ,x 'wp lkl cxtpa zervazn zelertdy oeeikn
divwpet `ed mb zetivx zeivwpet zltkn mekqy jkn raep df .zexiyw ze`xdl jixv .R-a zeni`znd

.dtivx

0 · a = 0 f` ,xeaigl yic`d 0 ∈ S-e a ∈ S ,beg S 4.1 dprh

ik raep zeiaiheiaixhqicd on :dgked

0 · a = (0 + 0) a = 0a + 0a

0 = 0a

zecgein zepekz mr mibeg 4.1.2
. x, y ∈ R lkl xy = yx m` iaihhenew begd .1

-y jk 0 6= 1 xai` miiw - dcigi mr beg .2

1x = x1 = x

.x ∈ R lkl

.xy = 0-y jk y 6= 0 miiw m` qt` wlgn `xwi x 6= 0 .3

.qt` iwlgn ea oi` m` zenly megz `xwi dcigi mr iaihhenew beg .4

.xy = 1 xnelk y iltk iktd miiw x 6= 0 lkle zenly megz R m` dcy R .5

mibegl ze`nbec :3 dlah

dcy zenly megz dcigi lra iaihhenew beg
`l ok ok ok Z
ok ok ok ok R

ipey`x n m` wx ipey`x n m` wx ok ok Zn

`l
(

0 1
0 0

)2

= 0 ok `l Mn (R)

`l (1, 0) (0, 1) = 0 ok ok R× R
`l `l ok ok C [0, 1]

.wixt n ⇔ qt` wlgn yi Zn-a .dcigi mr iaihhenew beg Zn 4.2 dprh
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.1 < a, b < n ,n = ab gipp .oey`x oeeik :dgked

ab ≡ 0 (mod n)

.n | b-y e` n | a-y e` f` ipey`x did n m` .n | ab if` .0 6= a, b ∈ Zn xear ,ab ≡ 0 gipp .ipy oeeik
.dxizq efe .b = 0 ⇐ b | a .a = 0 ⇐ n | a

.dcy R ,iteq zenly megz R m` 4.3 dprh

.rs = 1-y jk s iktd miiw 0 6= r ∈ R lkly l"v :dgked
dveawa oiirp .R \ {0} = {r1, . . . , rn−1} .|R| = n onqp

A = {rr1, rr2, . . . , rrn−1}

i < j xeary gipp m` ik ,mipey mixa` n− 1 yi A-a

rri = rrj

rri − rrj = 0
r (ri − rj) = 0

.dxizq efe qt` wlgn eplaiw f` ri 6= rj-e r 6= 0 la`
.rri = 1-y jkri miiw xnelk ,1 ∈ A okle ,0 6∈ A-e |A| = n− 1

mil`ici`e mibeg izz 4.2
beg zz 4.2.1
.beg (R, +, ·)

.beg(S, +, ·) m` beg zz `xwi S ⊂ R
m` beg zz (S,+, ·)

.(R, +) ly dxeag zz (S, +) .1

.ltkl qgia dxiyw S .2

ze`nbec

Z < Q < R .1

.Mn (Z) < Mn (R) .2

l`ici` 4.2.2
:m` l`ici` `xwi I ⊂ R .beg R

.(R, +) ly dxeag zz (I, +) .1

.ar ∈ I :r ∈ R ,a ∈ I lkl - drilad zpekz .2

ze`nbec
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mil`ici` lr zelert 4.2.3
.R-a mil`ici` I1, I2 < R

I1 + I2 = {a1 + a2; a1 ∈ I1, a2 ∈ I2}

l`ici` I1 + I2 4.4 dprh

:zixeaig dxeag zz idefy d`xp ziy`x :dgked

(a1 + a2) + (a′1 + a′2) = (a1 + a′1)︸ ︷︷ ︸
∈I1

+(a2 + a′2)︸ ︷︷ ︸
∈I2

∈ I1 + I2

:drilad zpekz

r (a1 + a2) = ra1 + ra2 ∈ I1 + I2

.l`ici` I1 ∩ I2 4.5 dprh

:drilad zpekz z` gikep .dgked xak zexeag zz iabl dprhd :dgked

ra ∈ I1

ra ∈ I2

.l`ici` edfe ra ∈ I1 ∩ I2 okle

Z ly mil`ici`d 4.2.4
.mil`ieeixhd mil`ici`d Z, {0}

.r ∈ Z ,nk ∈ nZ lkl ik l`ici` nZ n ≥ 1

(nk) r = n (kr) ∈ nZ

.Z ly mil`ici`d lk el` nZ dxevdn `id Z ly dxeag zz lky oeeikn

nZ+ mZ = (n,m)Z 4.6 dprh

okle (n,m) | n,m .kZ ⊃ lZ f` k | l m`y reci :dgked

nZ,mZ ⊂ (n,m)Z

okle ,l`ici` `ed (n, m)Z

nZ+ mZ ⊂ (n,m)Z

okl .xn + ym = (n,m)-y jk x, y ∈ Z eidi ,ipy cvn

(n, m) ∈ mZ+ mZ

(n,m)Z ⊂ mZ+ mZ
(n,m)Z = mZ+ mZ

.mZ ∩mZ = [n,m]Z-y migiken dnec dxeva
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.I = R f` 1 ∈ I m` 4.7 dxrd

zpekzn f` 0 6= x ∈ I m` .miil`ieeixhd mil`ici`l hxt mil`ici` R-a oi` f` dcy R m` 4.8 dpwqn
.R = I f`e 1 ∈ I xnelk x−1x ∈ I-y raep drilad

R× R ly mil`ici`d 4.2.5
I1 = {0} × R .1

I2 = R× {0} .2

I1 + I2 = R× R .3

I1 ∩ I2 = {0} .4

.drax`dn cg` `ed S = R× R-a l`ici` lk 4.9 dprh

f` la` .x, y 6= 0-y jk (x, y) ∈ I .l"pdn dpey I idi :dgked
(
x−1, y−1

)
(x, y) = (1, 1) ∈ I

.I = S okle

mibeg oia mfitxenened 4.3
zniiwnd φ : R → S dwzrd 4.10 dxcbd

φ (x + y) = φ (x) + φ (y)
φ (xy) = φ (x)φ (y)

.R-a l`ici` `ed kerφ ,φ ly oirxbd 4.11 dprh

kerφ = {a ∈ R : φ (a) = 0}
a ∈ kerφ m` :zniiwzn drilad zpekz

φ (ra) = φ (r)φ (a) = φ (r) 0 = 0

okl

ra ∈ kerφ

zetqep ze`nbec
-xenened `id φ (f) = f

(
3
4

)
,φ : C [0, 1] → R dwzrd .[0, 1] lr zetivxd zeivwpetd beg - C [0, 1] .1

.l`ici` edfe 3
4 -a zeqt`zny zeivwpetd zveaw `ed dly oirxbd .mfit

begd lr lkzqp .Z ⊂ R .2

Z
[√

5
]

=
{

a + b
√

5 : a, b ∈ Z
}

.R ly beg zz `ed Z
[√

5
]

(
a + b

√
5
)

+
(
a′ + b′

√
5
)

= (a + a′) + (b + b′)
√

5

(
a + b

√
5
)(

a′ + b′
√

5
)

= (aa′ + 5bb′) + (ab′ + ba′)
√

5
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φ : Z
[√

5
] → Z

[√
5
]

dwzrd xicbp .3

φ
(
a + b

√
5
)

= a− b
√

5

:ixeaig mfitxenened `id ef dwzrd

φ (x + y) = φ (x) + φ (y)

:ltkd z` wecap

φ
((

a + b
√

5
)(

a′ + b′
√

5
))

= φ
(
(aa′ + 5bb′) + (ab′ + ba′)

√
5
)

= (aa′ + 5bb′)− (ab′ + ba′)
√

5

φ
((

a + b
√

5
))

φ
((

a′ + b′
√

5
))

=
(
a− b

√
5
)(

a′ − b′
√

5
)

= (aa′ + 5bb′)− (ab′ + ba′)
√

5

.mibeg ly mfitxenened `id φ :dpwqn
.0 `ed φ ly oirxbd

.Z [i]-a lkzqp .Z ⊂ C .4

Z [i] = {a + bi : a, b ∈ Z}

(a + bi) (a′ + b′i) = aa′ − bb′ + (ab′ + a′b) i

(a + bi) + (a′ + b′i) = (a + a′) + (b + b′) i

.qe`b ly minlyd `xwp df beg

φ : Z [i] → M2 (R)

φ (a + bi) =
(

a −b
b a

)

dwzrdd ly oirxbd .dwzrda xnyp ltkd mby ze`xdl ozip .ixeaig mfitxenened edfy ze`xl lw
.0 `ed

.aikx aikx xeaige ltk mr ,R = R1 ×R2 dltknd beg z` xicbp .mibeg R1, R2 .5

(r1, r2) u (r′1, r
′
2) = (r1 u r′1, r2 u r′2)

.mibeg k xear dltkn beg mixicbn dnec dxeva
.N = m1 · · ·mj .(mi,mj) = 1 zebefa mixf miirah mixtqn m1, . . .mk gipp

φ : Z→ Zm1 × · · · × Zmk

x → (xmod m1, . . . , xmod mk)

.ipiqd zeix`yd htyn t"r ,mibeg ly mfitxenefi` edf
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dpnd beg 4.4
iaihhenew R .R ly zixeaig dxeag zz okle ,R-a l`ici` `ed I .dpnd beg z` xicbp ,R-a l`ici` I

e I C R okle ,xeaiga

R/I = {r + I : r ∈ R}

.zixeaig dxeag `id
i"r R/I-a ltk xicbp

(r + I) (r′ + I) = rr′ + I

:mihqewd ly mibvina dielz dpi` dxcbddy wecap
.(r + I) (r′ + I) = (s + I) (s′ + I) l"v .r′ + I = s′ + I ,r + I = s + I gipp

r − s = i ∈ I

r′ − s′ = i′ ∈ I

rr′ = (s + i) (s′ + i′) = ss′ + is′ + si′ + ii′

rr′ − ss′ = is′ + si′ + ii′

.rr′ + I = ss′ + I okle rr′ − ss′ ∈ I .(drilad zpekz) .l`ici` I ik I-l jiiy df iehia

mfitxenefi`d htyn 4.5
.S ly beg zz `ed φ (R) ⊂ S .mibeg ly mfitxenened φ : R → S lr lkzqp

R/kerφ ∼= φ (R)

i"r φ̃ : R/kerφ → φ (R) xicbp :dgked

φ̃ (r + I) = φ (r)

.I = kerφ xy`k

φ̃ (r + I u r′ + I) = φ̃ (r u r′ + I) = φ (r u r′) = φ (r) u φ (r′)
= φ̃ (r + I) u φ̃ (r′ + I)

f` r′ + I = r + I m` ik r"gge lr φ̃

φ (r′) = φ̃ (r′ + I) = φ̃ (r + I) = φ (r)

f` φ (r) = φ (r′) m`e

φ (r − r′) = φ (r)− φ (r′) = 0
r − r′ ∈ I

r + I = r′ + I
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F dcy lrn cg` dpzyna minepiletd beg 4.6

F [x] = {a0 + a1x + · · ·+ anxn : a0, . . . an ∈ F} n ≥ 0

.lnq x xy`k
:aikx aikx rvazn xeaig

(a0 + · · ·+ anxn) + (b0 + · · ·+ bnxn) = (a0 + b0) + · · ·+ (an + bn)xn

`ed ltkd
(

n∑

k=0

akxk

) (
m∑

l=0

blx
l

)
= a0b0 + (a1b0 + a0b1)x + · · ·

=
m+n∑

k=0


 ∑

i+j=k

aibj


 xk

.dcyd zeiaihhenew llba ,iaihhenew begd .1 mepiletd ,dcigi zniiw bega
aezkp ,0 6= f (x) ∈ F [x]

f (x) =
n∑

i=0

aix
i

.deg f zpneqne ,qt` dppi`y f ly xzeia ddeabd dwfgd - n `id f ly dbxcd f`

deg (f · g) = deg f + deg g

deg (f + g) ≤ max {deg f, deg g}

mzbxcn dlecb didz dltknd zbxc f` ,qt`n mipey minepilet ipy gwip m` .zenly megz `ed F [x]
.qt`n dpey didi `ed mb okle

Z-l F [x] oia xywd - icilwe` beg 4.6.1
.F [x] begl Z begdn mibyen xiardl dqpp

dwelgd byen 4.6.2
-y jk h (x) miiw m` f (x) | g (x) xicbp .f (x) , g (x) ∈ F [x] eidi .minepilet ly dwelg lr xacl ozip

f (x) h (x) = g (x)

-y jk h (x) miiw `l .x− 1 6| x3 − 2 la` x− 1 | x3 − 1 dnbecl

h (x) (x− 1) = x3 − 2

f` x = 1 miaivn epiide ,did m` ik

h (1) · 0 = −1

.okzi `l dfe
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zix`y mr dwelg 4.6.3
minepilet ly dxwna .zix`yd `edy wlgndn ohw xtqn ep`vn zix`y mr minly mixtqn zwelga

.wlgnd zbxcl zix`yd zbxc z` deeyp
.g 6= 0 ,f (x) , g (x) ∈ F [x]

miniiwnd micigi Q (x) , R (x) miniiw 4.12 dprh

f (x) = Q (x) g (x) + R (x)
deg R (x) < deg g (x)

y jk Q1, Q miniiwy gipp :zecigi :dgked

f (x) = Qg + R = Q1g + R1

f`

Qg −Q1g = R1 −R

(Q−Q1) g = R1 −R

deg (Q−Q1) g = deg (R1 −R) < deg g

deg (Q−Q1) g = deg (Q−Q1) + deg g

.R1 = R f`e Q = Q1 okl
.n = deg f lr divwecpi`a dgked :meiw
.R = f-e Q = 0 gwp deg g > deg f m`

,zxg`

deg f ≥ deg g

f =
n∑

i=0

anxi an 6= 0

g =
m∑

i=0

bnxi bn 6= 0

lr lkzqp

f̃ (x) = f (x)− an

bm
xn−mg (x)

= (a0 + · · ·+ anxn)− an

bm
xn−m (b0 + · · ·+ bmxm)

okle anxn − an

bm
xn−mbmxm = 0 `ed mepileta oexg`d xai`d

deg f̃ ≤ n− 1

divwecpi`d zgpd itle

f̃ = Q̃g + R̃
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okle

f − an

bm
xn−mg = Q̃g + R̃

f =
(

an

bm
xn−m + Q̃

)
+ R̃

deg R̃ < deg g

.Q = an

bm
xn−m + Q̃-e R = R̃ ep`vne

xzeia lecb szeyn wlgn 4.6.4
zilniqwnd dbxcd lra mepiletd `ed f, g ly ilniqwnd szeynd wlgnd .f (x) , g (x) ∈ F [x] xear

.h | f, g-y jk
.deg R < deg g ,f (x) = Qg + R zix`y mr wlgp :(f, g) z`ivnl qcilwe` mzixebl`

.g-e R ly dfl deey f, g ly a"bnnd 4.13 dprh

(f, g) = (R, g)

l"v .mixtqn mr enk weica :dgked

(g, f) = (f −Qg, g)

h | g, f ⇐ h | g, f −Qg m`
h | g, f −Qg ⇐ h | f, g m`

.(g, f) = (f −Qg, g) okl

:dnbec

f = x5 + x3 + 2
g = x2 − 1

x5 + x3 + 2 : x2 − 1 = x3 + 2x

x5 − x3

2x3 + 2
2x3 − 2x

2x− 2

xnelk

f =
(
x3 + 2x

)
g + 2x− 2

(
x2 − 1, x5 + x3 + 2

)
=

(
2x− 2, x2 − 1

)

x2 − 1 : 2x− 2 =
1
2

(x + 1)
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okle
(
2x− 2, x2 − 1

)
= (0, 2x− 2)

xnelk

(f, g) = 2x− 2

-y jk A (x) , B (x) minepilet miniiw 4.14 dprh

A (x) f (x) + B (x) g (x) = (f, g)

gipp .mini`znd minepiletd z` `evnl zpn lr qcilwe` mzixebl`a ynzyp ,mixtqn mr enk :dgked
lawle zix`y mr g-a f z` wlgl ozip f` ,deg f ≥ deg g-y k"da

f (x) = Q (x) g (x) + R (x)

okl .(f, g) | R (x) = f (x)−Q (x) g (x) okl (f, g) | f (x)-e (f, g) | g (x) f`

(f, g) = (g, R) = (g, f −Qg)

.B (x)-e A (x) minepiletd ly mneiw z` g (x) zbxc lr divwecpi`a gikep
.B (x) = 1 ,A (x) = 0 xnelk ,(f, g) = g (x) okle g (x) | f (x) dcy lka f` ,deg g (x) = 0 m`

.deg g (x) = n xear gikepe deg g (x) < n lkl dpekp dprhdy gipp
t"ry raep o`kne deg R (x) < deg g (x) = n okle ,g (x)-l dwelga f (x) ly zix`yd `id R (x)

-y jk Ã, B̃ miniiw divwecpi`d zgpd

(g, R) = Ãg (x) + B̃R (x)

okle (g, R) = (f, g)-e R (x) = f (x)−Q (x) g (x) la`

(f, g) = (g,R) = Ã (x) g (x)+B̃ (x) (f (x)−Q (x) g (x)) = B̃ (x) f (x)+
(
Ã (x)− B̃ (x)Q (x)

)
g (x)

A (x) = B̃ (x)
B (x) = Ã (x)− B̃ (x) Q (x)

mepilet ly a"bnn z`ivn :4 dlah

g f Q B A
x2 − 1 x5 + x3 + 2 x3 + 2x − (

x3 − 2x
)

1
2x + 2 x2 − 1 x+1

2 1 0
0 2x + 2 0 1
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miiy`x mil`ici` 4.7
dveawd `ed a ici lr xvepd iy`xd l`ici`d .a ∈ R ,iaihhenew beg R 4.15 dxcbd

aR = {ar : r ∈ R}

.a-a miwlgznd R ixai` lk md aR xnelk

ik l`ici` edf

ar1 + ar2 = a (r1 + r2)

xeaigl zexibq yi okle

r (ar1) = a (rr1) ∈ aR

.drilad zpekz zniiwzn okle

.a = 3 ,R = R [x] dnbec

3R [x] = R [x]

.3-a dwelgl ozip mepilet lk ik
a = x + 2

(x + 2)R [x]

mepiletd lk el` zexg` milna .g (x) (x + 2) = f (x)-e g (x) miiwy jk f (x) minepiletd lk zveaw `id
.mdly yxey `ed (−2)-y

.iy`x l`ici` `ed R ly I l`ici` lk m` iy`x `xwi iaihhenew R beg 4.16 dxcbd

.iy`x beg `ed (dcy F) F [x] 4.17 dprh

.Z xear dni`znd dgkedl dnec dgkedd :dgked
.I-a xzeid dphwd dbxcd mr minepiletd cg` f (x) 6= 0 `di .F [x]-a edylk l`ici` I 6= {0} `di

.I = f (x)F [x] xnelk ,I ly xveid `ed f (x)-y d`xp
.f (x)F [x] ⊂ I okle ,l`ici` I ik h (x) ∈ F [x] lkl f (x)h (x) ∈ I :cg` oeeik

:f (x)-a zix`y mr eze` wlgp .g (x) ∈ I idi :ipy oeeik

g (x) = Q (x) f (x) + R (x)

deg R < deg f

R (x) = g (x)−Q (x) f (x) ∈ I

okl .g (x) = Q (x) f (x)-e ,R = 0 okl .f zeilnipinl dxizq eplaiw f-n dphw ely dbxcde R 6= 0 m`
.f (x)F [x] = I-e g (x) ∈ f (x)F [x]
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miiy`xd mil`ici`d zepekz

fF [x] + gF [x] = gcd (f, g)F [x]
fF [x] ∩ gF [x] = lcm (f, g)F [x]

.(f) = f (x)F [x] onqp .f (x)F [x] , h (x)F [x]

f | g ⇔ (g) ⊂ (f) 4.18 dprh

.fh = g y jk h miiw .f | g gipp⇒ :dgked

g ∈ (f)

okle

(g) ⊂ (f)

.f | g o`kne g = fh-y jk h miiw okle g ∈ (f) hxta ,(g) ⊂ (f) gipp ⇐

miipey`x minepilete mixtqn 4.7.1
.1 ≤ a, b xear n = ab dbvd oi` m` ipey`x 2 ≤ n ∈ Z

wixt i` f (x) .(ipey`x xnel xyt`) f (x) ∈ F [x] wixt-i` mepilet zibelp` dxeva xicbp 4.19 dxcbd
dbvd oi` m`

f (x) = g (x)h (x)

.deg f > deg g, deg h-y jk

dcigi dbvdl ozip mepilet lk 4.20 dprh

f = f1 · · · fk

.miwixt i` f1 . . . fk xy`k

ze`nbec

F = R •
f (x) = x2 − 3x + 2 = (x− 2) (x− 1)

.wixt f okle

aezkl ixyt` zeidl jixv did ,wixt did m` ,f (x) = x2 + 1 z`f znerl •
f (x) = (x− α) (x− β)

.R-a dfk α oi`y mircei ep` la`
√−1 zeidl jixv α .α, β ∈ R xy`k

.F = Q •
f (x) = x3 − 1 = (x− 1)

(
1 + x + x2

)

zeidl jixv did `ed f` 3 dbxcn `ede ,wixt did `ed m` ik ,wixt eppi` x3− 2 la` ,wixt f okl
dxevdn

f (x) = x3 − 2 = (x− α) g (x)

.dfk α oi` la` α3 = 2 miiwnd α ∈ Q xear
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f` wixt did f m` .f (x) = 1 + x + x2 .F = Z2 •
f (x) = (x− α) (x− β)

.wixt eppi` f-y ze`xle zeiexyt`d 2 lr wecal xyt` .1 + x + x2 ly yxey α-y jk α ∈ Z2 f`e

(x− α1) · · · (x− αk ) | f (x) f` F [x] 3 f (x) ly mipey miyxey α1 . . . , αk ∈ F m` 4.21 dprh

.k lr divwecpi` :dgked
zix`y mr wlgp .k = 1

f (x) = Q (x) (x− α1) + R (x)

deg R < deg (x− α1) = 1

R (x) = r ∈ F

f (x) = Q (x) (x− α1) + r

x = α1 aivp

f (α1) = r = 0

okl

f (x) = Q (x) (x− α1)

divwecpi`d zgpd itl .divwecpi`d crv

f (x) = Q (x) (x− α1) · · · (x− αk−1)

x = αk aivp

f (αk) = 0 = Q (x) (αk − α1) · · · (αk − αk−1)

divwecpi`d zgpd itl raep Q (x) = 0-y jkn okl

Q (x) = (x− αk) P (x)

okl

f (x) = P (x) (αk − α1) · · · (αk − αk)

:zxg` dgked

x− α1 | f (x)
...

x− αk | f (x)

okle ,mixf x− α1, . . . , x− αk

(αk − α1) · · · (αk − αk) | f (x)
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zewixt i` zwica 4.7.2
.F -a yxey el oi` ⇔ wixt i` f f` 2 ≤ deg f ≤ 3 gippe f (x) ∈ F [x] mepilet `di 4.22 dprh

.yxey el yi f`e 1 zeidl dkixv ely minxebd cg` ly dbxcd f` wixt f m` :dgked

dpnd beg 4.8
.ipey`x n m` wx dcy Zn-y epi`x .Zn-l deey Z/nZ dpnd beg ,minlyd bega

:m` ,ilniqwn `xwi I < R l`ici` .1 mr iaihhenew beg R 4.23 dxcbd

I 6= R .1

.envr R `ed I ( J ⊂ R miiwnd J cigid l`ici`d .2

ze`nbec

.ilniqwn 2Z ipy cvn .ilniqwn eppi` 4Z okl .4Z ( 2Z 6= Z .1

.ipey`x n mm` ilniqwn nZ 4.24 dprh

.jtidle ,ilniqwn `l nZ okle ,aZ ⊃ nZ f` n = ab m` :dgked

.wixt i` f (x) mm` F [x] bega ilniqwn l`ici` I = (f (x)) 4.25 dprh

f` deg f > deg h, deg g ,f = gh m` :dgked

(f) ( (g) ( F [x]

.(0 < deg g ik F [x]-n dpey (g))
.ilniqwn eppi` (f) okl

-y jk g miiw f` ,ilniqwn l`ici` eppi` (f) m` :ipy oeeik

(f) ( (g) ( F [x]

.wixt eppi` f-e g | f f`e

.dcy R/I ⇔ ilniqwn l`ici` I < R ,R 1 mr iaihhenew bega 4.26 dprh

.wixt i` f (x) mm` ,ilniqwn l`ici` (f) mm` dcy `ed F [x] / (f) ,F [x] minepiletd bega 4.27 dpwqn
.(Z-a epgkedy dnl dneca)

.dcy R/I l"v ,ilniqwn l`ici` I m` :dgked
r̄ = hqew mi`zn r ∈ R xai`l .1 mr iaihhenew beg `ed R/I ik mircei ep` dpnd beg ziipan

.1̄ = 1 + I `id R/I ly dcigid .r + I ∈ R/I
.iktd yi 0̄ 6= r̄ lkly l"v

.J = I + rR l`ici`a oiirp .0̄ 6= r̄ ik r 6∈ I

I ( J ⊂ R

.r 6∈ I la` r ∈ J okle r ∈ rR ik
.J = R-y raep I zeilniqwnn

I + rR = R

1 ∈ R
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-y jk s ∈ R ,i ∈ I miniiw okle

1 = i + rs

1̄ = i + rs = ī + r̄s̄

ī = 0̄

okle

1̄ = r̄s̄

.r̄ ly iktdd `ed s̄-e
.ilniqwn l`ici` I-y l"v ,dcy R/I m` :ipy oeeik

.epnn dpeye I z` likny l`ici` J idi
.r ∈ J \ I xgap

0 6= r̄ ∈ R/I

.(r 6∈ I ik)
okl .rs = r̄s̄ = 1̄-y jk s̄ miiw xnelk R/I-a iktd r̄-l yi jkitl

rs + I = 1 + I

rs− 1 ∈ I

-y jk i ∈ I miiw

rs− 1 = i

okle i ∈ I ( J .rs ∈ J okle l`ici` J-e r ∈ J

1 = rs− i ∈ J

.J = R okle 1 z` liknd l`ici` J

.iynn oexzt oi` f (x) = x2 + 1 d`eeynl lynl .oexzt yi d`eeyn lkl `l .F = R ze`nbec
.f (x) = 0 d`eeynl oexzt mb likne F z` liknd dcy `vn :dira

.cxtpa ely minxeba lthl xyt` did ,wixt did `ed m` ik ,wixt i` f (x)-y gipdl xyt`
.K = F [x] / (f) dcyd :oexzt

.dprhd t"r dcy K
.ai ∈ F xy`k f (x) = a0 + a1x + · · ·+ anxn

.dfn df mipey minepiletd .K-a `vnp a + (f) mepiletd a ∈ F lkl ik F ⊂ K

.K-a oexzt yi f̄ (T ) = ā0 + ā1T + ā2T
2 + · · ·+ ānTn d`eeynl 4.28 dprh

.T = x̄ = x + (f) gwp :dgked

f̄ (x̄) = ā0 + ā1x̄ + ā2x̄
2 + · · ·+ ānx̄n

= a0 + a1x + · · ·+ anxn = f (x) = 0

f (x) ∈ (f) ik
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dagxd dcy 4.9
.dcy R/I mm` ilniqwn I ,I C R ,1 mr iaihhenew beg R 4.29 dprh

dxevdn `ed l`ici` lk xnelk ,iy`x beg F [x] .F -a mincwn x dpzyna minepiletd beg F [x] .dcy F
.((f) = f (x)F [x]) I = (f)

.dcy F [x] / (f) mm` ilniqwn (f) mm` wixt i` f (x) F [x] 4.30 dprh

.(K zelert od F zelert) F ⊂ K dcy `ed F ly dagxd dcy 4.31 dxcbd

.Q ⊂ R ⊂ C lynl

dagxdd zbxc 4.9.1
cnind zeidl zxcben dagxdd zbxc .F -n xlwqa ltke xeaig ea yi :F lrn ixehwe agxn hxta `ed K

.(K : F ) = dimF K oneqne F lrn ixehwe agxnk K ly
.F = R ⊂ C = K :dnbecl

(a + bi) + (c + di) = (a + c) + (b + d) i

λ (a + bi) = λa + λbi

.2 = dimR C okle ,RC ly qiqa `ed i-e 1

.f (λ) = 0 miiwnd λ ∈ K miiwy jk F ⊂ K dagxd dcy `vn .wixt i` f (x) ∈ F [x] `di dira

oexzt

K = F [x] / (f)

zipepwd dwzrdd lr lkzqp

F [x] → F [x] / (f)
g → ḡ = g + (f)

`id F ixai` ly mihqewd zveaw

F̃ = {ā = a + (f) ; a ∈ F} ⊂ K

.K ly iwlg dcy `ed F̃ ∼= F f`
.K-a wixt zn`a f-y d`xp

:zeidl xcbei f̃ (t) ∈ K [t]

f (t) =
n∑

i=0

aix
i

f̃ (t) =
n∑

i=0

āit
i

.f̃ (t) ly K-a yxey `ed x̄ = x + (f) 4.32 dprh

:K dcya :dgked

f̃ (x̄) =
n∑

i=0

āix̄
i =

n∑

i=0

aixi =
n∑

i=0

aixi = f (x) = f (x) + (f) = 0 + (f) = 0̄
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. f (x) = x2 + 1 .F = R dnbec

K = R [x] /
(
x2 + 1

)

dxevdn mi`xp K dcyd ixai`

λ0 + λ1x + · · ·+ λnxn

.mixlwq xear g `l` ḡ aezkp `l .F mr F̃ z` ddfp :mkqd
.w = x̄ ∈ K onqp

K = {a + bw : a, b ∈ R}

1 dlrnn mepilet zgwl witqn okl .d`ld oke w4 = 1 ,w3 = w okle w2 = −1-y epgkedy oeeikn z`f
.K ixai` lk z` lawl liaya

:K-a xeaigd zlert

(a1 + b1w) + (a2 + b2w) = (a1 + a2) + (b1 + b2)w

:K-a ltkd zlert

(a1 + b1w) (a2 + b2w) = a1a2 + (a1b2 + b1a2)w + b1b2w
2

w2 = −1-y oeeikn

(a1 + b1w) (a2 + b2w) = a1a2 − b1b2w
2 + (a1b2 + b1a2) w

K = F [x] / (f) ly dwihnzix` 4.9.2
f` f (x) =

∑n
i=0 aix

i m` .w = x̄ = x + (f) onqp

n∑

i=0

aiw
i = f (w) = 0

K =
{∑n−1

i=0 λiw
i; λi ∈ F

}
4.33 dprh

dxevdn `ed K-a xai` lk :dgked

θi ∈ F

N∑

i=0

θiw
i

f` m = n m` .xexa 0 ≤ m ≤ n− 1 xear .wm ∈ Span
{
1, w, . . . , wn−1

}
-y ze`xdl ic okl

anwn + an−1w
n−1 + · · ·+ a0 = 0

wn = −
(

an−1

an
wn−1 + · · ·+ a0

an
w0

)
∈ Span

{
1, . . . , wn−1

}

wn+1 = wwn xear

wwn ∈ wSpan
{
1, . . . , wn−1

}
= Span {w, . . . , wn} ⊂ Span

{
1, . . . , wn−1

}

.divwecpi`a jiyndl ozipe
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m` ik z"a md .FK ly qiqa mieedn
{
1, . . . , wn−1

}

n−1∑

i=0

θixi =
n−1∑

i=0

θiw
i = 0̄

xnelk
n−1∑

i=0

θix
i ∈ (f)

.wixt eppi` f ik θ0 = · · · = θn−1 = 0 f` la` f | ∑n−1
i=0 θix

i-y milawn epiid f`

ltk
(

n−1∑

i=0

λiw
i

) 


n−1∑

i=j

βjw
i


 =

n−1∑

i=0




n−1∑

i=j

λiβj


 wi+j

sexivk w zewfg lk z` ok m` bivp .w ly n-n zephw zewfg mr mepiletd z` bivdl mivex epgp` la`
.mihytne 1, . . . , wn−1 ly

.t"` f (x) = x2 − x− 1 .F = Q dnbec

K = Q [x] /
(
x2 − x− 1

)

K = {a + bw; a, b ∈ Q}

:w ly ltkd gel z` dpap

Q [x] /
(
x2 − x− 1

)
ly ltkd gel :5 dlah

1 w

1 1 w
w w w + 1

w2 − w − 1 = 0 =⇒ w2 = w + 1

didz ltkd zlert okl

(a + bw) (c + dw) = ab + (ad + bc)w + (bd) (w + 1)
= (ab + bd) + (ad + b (c + d)) w

:iktd z`ivn

1 = (a + bw) (c + dw)
= (ab + bd) + (ad + bc + bd) w

{
ab + bd = 1
ad + b (c + d) = 0
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miiteq zecy 5
?mzepal ji`e mixg` miiteq zecy yi m`d .dcy `ed Zp ipey`x p lkl

.n̄ =

n︷ ︸︸ ︷
1 + · · ·+ 1 .1 ∈ F .edylk dcy F 5.1 dxcbd

-y jk ilnipind n-d `ed charF ,F ly oiivnd

n̄ = 0

.charF = 0 mipnqn ,dfk n oi` m` ,iteqpi` dcya

.ipey`x p f` p = charF 6= 0 m` 5.2 dprh

f` ,charF = kl gipp :dgked

0 = kl = 1 + · · ·+ 1︸ ︷︷ ︸
kl

= (1 + · · ·+ 1)︸ ︷︷ ︸
k

(1 + · · ·+ 1)︸ ︷︷ ︸
l

.oiivnd zeilnipinl dxizq ef la` ,0 zeidl jixv minxebd on cg` ,dcy edfy oeeikn

dwfg `edy xcqn md miiteqd zecyd lk .|F | = pk f` .p = charF idie ,iteq dcy F idi 5.3 dpwqn
.ipey`x ly

zeidl v1, . . . , vk gwp .Zp lrn ixehwe agxnk F -l qgizp .Zp = {0, 1, . . . , p− 1} ⊂ F -a opeazp :dgked
.Zp lrn F ly qiqa

F =
k∑

i=1

λivi λi ∈ Zp

okl

|F | = pk

pk xcqn iteq dcy ziipa 5.1
.wixt i` `edy Zp [x] 3 f (x) =

∑k
i=0 aix

i mepilet mi`ven
-y epi`x xak ik pk xcqn `ed K = Zp/ (f) dcyd

K =

{
k−1∑

i=0

λiw
i; λi ∈ Zp, w = x̄

}

(K : Zp) = dimZp K = k

|K| = pk
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:Z2 [x]-a ,3 dbxcn wixt i` mepilet `evnl epilr .mixai` 8 mr dcy `vn .p = 2 dnbec

f (x) = 1 + x2 + x3

.wixt i` `ed

K = Z2/
(
1 + x2 + x3

)

K =
{
λ0 + λ1w + λ2w

2; λi ∈ Z2

}

:ixehwe xeag

λ0 + λ1w + λ2w
2

+λ′0 + λ′1w + λ′2w
2

= (λ0 + λ′0) + (λ1 + λ′1) w + (λ2 + λ′2)w2

:ltkd gel z` aygp ltk aeyigl

1 + w2 + w3 = 0
w3 = w2 + 1
w4 = w3 + w = w2 + w + 1

Z2 [x] /
(
1 + x2 + x3

)
ly ltkd gel :6 dlah

1 w w2

1 1 w w2

w w w2 w2 + 1
w2 w2 w2 + 1 w2 + w + 1

okl
(
λ0 + λ1w + λ2w

2
) (

λ′0 + λ′1w + λ′2w
2
)

= λ0λ
′
0 + w (λ0λ

′
1 + λ1λ

′
0) + w2 (λ0λ

′
2 + λ1λ

′
1 + λ′0λ2)

+w3 (λ1λ
′
2 + λ′1λ2) + w4 (λ2λ

′
2)

= (λ0λ
′
0 + λ1λ

′
2 + λ′1λ2 + λ2λ

′
2) + w (λ0λ

′
1 + λ1λ

′
0 + λ2λ

′
2)

+w2 (λ0λ
′
2 + λ1λ

′
1 + λ′0λ2 + λ1λ

′
2 + λ′1λ2 + λ2λ

′
2)

zevixhne dagxd zecy 5.2
.A ∈ Mn (F ) .illk dcy F

F [A] =

{
m∑

i=0

λiA
i; λi ∈ F

}

.Mn (F ) ly beg zz `ed F [A]
ϕ : F [x] → F [A] mfitxenened xicbp

ϕ (x) = A

ϕ
(∑

λix
i
)

=
∑

λiA
i
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-y mircei ep`

F [x] /kerϕ ∼= F [A]

kerϕ = {p (x) ∈ F [x] ; p (A) = 0}
dxevdn zeidl aiig `ed okle F [x]-a l`ici` `ed kerϕ

kerϕ = g (x)F [x]

z` ea miaivn xy`ky zilnipind dbxcdn mepiletd xnelk .A ly ilnipind mepiletd `ed g (x) xy`k
.qt`d zvixhn z` milawn A

okle ,dvixhnd z` qt`n det (xI −A) dvixhn ly ipiite`d mepiletd ,oehbpind iliiw htyn t"r
.ipiite`d mepiletd z` wlgn ilnipind mepiletd

dly ipiite`d mepiletd `ed A ly ilnipind mepiletd df dxwna .A =
[

0 −1
1 0

]
dnbec

g (x) = x2 + 1

ik

A2 + I = 0

zrk

R
[

0 −1
1 0

]
∼= R [x] /

(
x2 + 1

) ∼= C

mepiletdy ,A ∈ M3 (Z2) dvixhn miytgn ep` .zevixhn beg i"r GF (8) dcyd z` bviil dqpp 2 dnbec
.1 + x2 + x3 ∈ Z2 [x] `ed dly ilnipind

A =




0 0 1
1 0 0
0 1 1




didz dvixhnd f (x) = γ0 + γ1x + · · ·+ γn−1x
n−1 + xn xear illk ote`ae




0 0 1 0 0 −γ1

1 0 0 −γ2

0 1 0
...

... 1 0

0
. . . . . .

0 0 · · · 0 1 −γn−1




GF (8) ∼=


λ0I + λ1




0 0 1
1 0 0
0 1 1


 + λ2




0 1 1
0 0 1
1 1 1


 ; λi ∈ Z2





iktdd z` .
(
λ0 + λ1A + λ2A

2
)−1 z` `vnp .

(
λ0 + λ1w + λw2

)
ly iktdd z` aygl xzei lw zrk

.mepiletd ly mincwnd cinz `id d`veza zil`nyd dcenrd .aygl mircei epgp` dvixhn ly

65



zetqep zecaer 5.3
.ziltk dxeag F ∗ = F \ {0} f` iteq dcy F

.zilwiv F ∗ 5.4 dprh
a, b lkl p oiivnn dcya

(a + b)p = ap + bp

(a + b)pk

= apk

+ bpk

.oeheip ly mepiad gezita zeppeazd ici lr gikedl ozip :dgked
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