Radial Equation [——

Scattering Theory
W d_z+l(l+1)flz +V(V)j|“(r) :Eu(r)

2m dr’ 2’

Boundary condition (0) =0
Solution for free particle 2 (kr)Y,, (6.9)
Particle current ]zi(w*vw—wy/*) =£Im(¢/*v://)

2mi m
Bessel function Ji (%)= (1) &' (L) sine
lim j, (x (x)= —s1n(x 1%)
%E}(} ]1 ( ) 21+1 TR

Free Wave expansion ¢* Z (21+1) j, (kr) P(cos )
=0

Partial Wave appr. limu,, (r)=sin(kr—1%+6))

Limiting condition Z(l + 1) > kr;,

where 7, is the potential effective distance

Scattering Amp. £ (6)= %i(zln)e""? sind, - P (cos 0)

1=0

Differential Cross section do/dQ = ‘ f (0)‘2

Total Cross section o, = %Z (20+1)sin* 6,

Born Approximation f (6)=

4 —11 3
27rh2J-V e dr

where c}:l; —1; |é|=2ks1n—

Central Pot.  f(0)= —7 r-V(r)sin(gr)dr
q

condition

0

TV(r)(e”’" ~1)dr|<1

m.
K |}

Time-Independent Perturbation Theory

Perturbation H= ﬁo +W W<H,
while H,|p,)=E)lp,)  Hly,)=E,|v,)
First Order E, =E!+(p, 7|0,

¢n>+z< | |¢’>

k#n n

v,)=N

@)

(ylelle)

n k

Second Order E =E’ +<

Degenerate states  diagonalize the perturbation in
each state’s degeneracy subspaces, one by one. If the
Operator of the degeneracy commutes with the
perturbation than the perturbation is diagonal &
Perturbation theorv gives exact results.

(
<k1m|,-{|klm>:%;2 <lm| IkZM> (H%)
<

Useful Relations
Y (7=0.9+7)=(-1) 7, (6.9)
Y, (2=0.9)=(-1)"",,(0.9)
Y, =(=1)"Y,

(
Y, (0.¢+7)=(-1)"Y,,(6.9)

m

Kl || ki) = s

1 5(3 1
] Y, =, —| —cos" 8-—
iy : 47\ 2 2
3 15 .
—,|— sin Be Y, =—,|—sin&cos e
87 87
3 1 |15 ,
\[— cos @ Y, =—,/—sin’ 6™
4 4\ 27

Time Dependent Perturbation Theory

j' ') e dt’
0
Vo=(p, 1V (7.0)0)

Conditions \Vﬁ\«\E_f—Ei\ I-order: P, <1

Adiabatic Theorem short perturbations are felt like
delta  functions, while slowly changing
perturbation will not follow with transition.

v, 2 sin? (w o t)
4’ ( ooy )
2

Conditions  t> ﬁ ‘Vi‘t <h
Ji

Vﬁ‘z p(Ef)

where p(E f) is energy density of final state

2

Transition probability

where o, =%(Ef —E

Sinusoidal Perturbation Pﬁ =~

Fermi’s Golden Rule R,=2F

Atomic Transitions
Electric Dipole Vop =—2% p.sinot

mao

(L, +28S,)coswt

Magnetic Dipole Vo =

2 mc

Electric Quadrupole V,,, =—5= ( yp. +zp, )COS wt

Selection Rules

The Integral J-Yl Y, dQ#0 only if

my = Lymy " m

1) m, =m, +m,
2) triangle can be created from /,,/,,/,
3) parity: L +1,—1I, =even

Useful Relations for field polarization calculus

x:—% ST”[YM_YH]F y=- \/E[Y +Y,

z=*%r-Y, —"”[H r]




Angular Momentum Hydrogen Atom

Rotation Operator R, ()= exp( gl ﬁ) Fine structure constant o =< =L
Orbital Angular Momentum L=Fxp Bohr radius g =27 = ez
L=yy.-pz L =2zp,—px L =xp, —py Energy levels E, =—imc’a’L
h ) 0 cose O h sing 0 . . ,
L =—|-sinp—-— — | L, =—|cosp—~— — Radial Functions R(r)=N-r'g naP, (1)
i 00 tané Op i 00 tanf Op ’
2 2 — -% - — v r "I
he . [ 1 a1 Ro=2a,"¢w R,=2(2a)" (1= )e
i Op 06’ tanf 06 sin’ 6 d'p y
s T _ n-1 *%
. - 5 = R2,1 = %(2a0) Ze ’ Rn,n—l - C]" e
Spin operator S=30

Interaction Hamiltonians + Corrections
Pauli tri _01 _O—i _1 0 e —»alaV(l")
awitmatriees o= o) %7\ o) “7lo —i) | Spin-Orbit Coupling H,, = L-S

2m’c? r or
2
prop. I:Uiﬁo-j} 2igy0; {Uwo-j} =29, Hydrogen Hg, = e2 5 ES%

0,0,=0; ti;o F_7.1
e . I Latmm /T
iy Correction AE, =—mc™ — | ) |
Rotation. prop. e """ =cos%—iG-nsin% 4 m G =/-1
Ladder Operators J, =J, tiJ, Weakly Relati;'istic c40rrection
P p 1 2
E =£ _ =— -
JP=JJ +J 7+, K= om 8mc ., 2mc? (H,=V)
h\/ i(j+D)—m(m=xl)|j +1> Correction AE ! me? & 13 2
= —m(m=* ,mt == — | =—-
7 / "4 no|2n I+1
Commutation relations ~ —\2
Electromagnetic interaction /4, =5 ( p—L1A4) +qo
(.7, |=if-e,J, (7,77 ]=0 e - I
/ i firstorder H,=—+(L+25)=w,(L+25)-B
_ 2 _
[Jz"]i] =+hJ, [J ,JJ =0 Larmor frequency — @, = —=-
R ] AE, =M, 1+ =[+1
Spin addition F=J+J, Correction 0] h( ZM) J=1%3
for weak fields H, < Hy,
J:|j1_jz|---(j1+jz) M =m +m, K .
. Identical Particles
relations JP =0+ 5+ 20, Permutation Operator P, 19;20,) = 19,;2¢,)
J? :J12 +J22 +2le‘]22 +J1+J27 +J17J2+ prop. P;l =le Pzz1 =1 eigenvalues:il

o Tensor multiplication <1a;2b |1c; 2d> = <1a | lc><2b | 2d>
Jl'Jz:J1ZJ2Z+%(J1+J2—+J1—J2+) R 1
Symmetrizer S=— Z P,

Spin states representation NI7Z

|l+§,m>:ﬁ[ /71+m+%|m_%’§>+ /—l—m+§|m+§,—§>] N t.Stwopatrt.icles S=%(1+PM) (normalized)
nti-Symmetrizer
1=tmy == Jrematmet =) = fi-m+ [ m =L, 2) ]

R 1 1 even permutation
A=—Yep o - S
1 l+m+37Y | N7 -1 odd permutation
¥, =——R,(r 2 : qeL -
ek = o (r) mily two particles =7 (I-P,) (normalized)
Spinors Z Proprieties S'=5=S A'=4=4 A4S=84=0
v 1 ) —Jl-m+3 Y -t Symmetrization postulate a physical system of
- R (r . . . . .
Kl+Lm kz identical particles can be either completely symmetric or
’ N2I+1 / . .
L+m+s completely anti-symmetric.




32. Clebsch-Gordan coefficients 1

32. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,
AND d FUNCTIONS

J o J

Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —,/8/15.  Notation:
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0 1| 3/7 -1/5-1/14 3/10 4 3 2 1 0 -1 -1/2| 417 -1u35-2/5] 7/2 5/2
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3/2,3/2 2 2 +1 -2[1/14 3/10 3/7 15
208 14 cosf\2 0 -1| 3/7 15-1/14-3/10
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3/2,1/2 2 2 ’ 2 -2 1|v14-310 37 -uUs| -2 -2 -2
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dyjg _1jp = V3= —cos3 21 -1 -1 47 o-37[ 4 3

1+ cosf -2 0l3/14a-12 27| -3 -3
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3/2 3cosf —1 0 9 1—cosf . 42— 3 . [~ 2|1

_ s 2 - _ é [4 1= —4/= sin® cosf

d 172,12 2 cos 3 d27_1 3 sin 6 1,0 2
3/2 ~ 3cosf+1 . 0 9 (1 —cos0\2 9 _ 1—cosf o (3 5 1
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Figure 32.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Cohen and at LBNL.



Convolution

F()* 9(x) = (dx f(x- x)g(x)

f*g=9g*f

(f*g)*h=1=(g*h)

| =2)ll &l o
f* f. =f* =

‘Hx( 0)= 311 s T g9,

Dirac’sd function
(abd (X- %) f (%) = f(x))
¢abd P (x= x,) () = (- D" F ™ (x,)
d3(r- o) =d(x- %)d(y- yo)d(z- z)

d (x- %) F(x) = ’gl (- D F O x)d " (x- x,)

k=0

d(f(x) = X %)

1
Toa]
d(x) =— cg*dk

(=5, 9a
Commutator

[AB]=-[B,A]

[AB]" =[B,A"]

[AB,C] = AIB,C] +[AC]B

[A BC] =B[AC]+[ABIC

[A[B,C]]+[B,[C,A]] +[C,[A B]] =0 (Jacobi identity)

If A and B both commute with [A,B], then:
HAf(®]=[AB]'(®)  [f(A),B]=[AB]f(A)

fere® =er8ed®  (Grauber's Formulg)
@y Al [
= {mA)+ (1)

e”Be” A = B+[AB]+ %[A,[A, B]] +... (Campbell- Baker-Hausdorff formula)



1-D Fourier Transform

f,f,g,gaefunctionsfrom R to C, r,r, p, poare real numbers.

) f(p)

oy ) (pl)
f(x) 1 o

—cpxa@n f(X)
T 7€
1 . o f(p)
—re T (p)
T2 OP€

i Lo

0 i”

xf ihi

Tp

F(x+ i -
(x+ ) & (p)
TS T(p- po)
f(ax) 1 rEpd
EReY
f*g N 2ph fg

2ph
ﬂ—r;d(x) L(?i pgn
~2ph eh g
Xn




3-D Fourier Transform

f,f,g,gare functionsfrom R*to C, r,r,,p, p, are vectors.

f(r) f(p)
ry) {ply )
f(r) 1 .
@ ore O
1 . fox ¢ f
i re” e °)
X()Y()Z(2) X(p)Y (Py)Z(py)
bl i -
r™ ;pr
A T
1,
f (r + ro) ehp*o .'?(p)
ei;pO* f(l’) f_(p' po)
f (ar) 1 zapo
R
A éas
f * g (th)3/2 fg
fg 1 -
f*
(th)s/z g
ﬂn 3 1 % On
d=(r 5 h ¥
P (r) (2ph)3/28h P
Xn




X- and p- Representations

(1P)= e
(rry=d(-r) (plp')=d(p-p)
F@)r)=f()r) f(ﬁ)|p> = f(p)|p>
51y =2 - p
Clpdr)=t-Lde-r) (Plip) =
oy () o\ ‘ﬂy(p)
CIBd =T 0 <|O|le>—'hﬂ—|ox
. a1
<r|f(p)| > ( )3/2f(r'r) <p|f(r)|p>—(2ph)3,2f(p p')
. . Py v p’
Viria Theorem: <un|2 u,) = <u % ﬂ)§|un> (H = 2m+V)

The Continuity Equation

'”% +2—N2y =W b in— L/| +—N><(y Ry -yRy “)=0

1902, @

— Nx =0
, u!

jio T Qv * =2

Tj 2mi6/ Ny -yNy ) Imé/ Ny)

o -
ﬁP{rI V}— ﬂgmds

Matrix Representation of Operators
Tle)=aTle)
T, = e||'IA'ej
Tv)=aTle)e |y =aTle )y, =aTle),
J )




Coupling Between Energy-States

: 2
ay . )0_ aecosq snq ¢l )6
(é|y )5 & sng cosqéh
tan(2y) = E1+E

Oscillations Between States (Rabi’ s Formula)

lv 0))=|j ,)=cosq

y ®)=cosqg " fj ,)- snqgn fj )

. 2 _ .., . 26éE+'E_)'[9
i oy @©) =sn?(2)sn C

j.)-snali )

1-D Simple Harmonic Oscillator

X=mx ; P=—ip ; [X,P|=i
A=£(X+iP) ; AT =%(X-iP) ; [AAT]=1

2 2,2

hw

H:Z'O—m+—m’"2X —7(X2+P2) mw(ATA+3) ;o [H, A =- A
AE,) =Vn[E,..)
A'E,) =vn+1E,.,)
A'AE,)=nE,)




Stationary States of 1-D SHO in x- Representation

. _[rw d 9€ lgrw g meU
0,09 = ()= (25 (W) E2) = B |0 dxg@q/gphge X
_[n
X = —x
u,(x)=(x|E,) =m4/ep_h dXz 2

Schrodinger Equation: 2n+1 X )J =

Hermite Polynomials

X2 Ho =1
u(x)=C.H,X)e 2
(9=CH, e T H. =
) o X =4x?-
H.(x)=@7 _i_ez H,=4x?-2
H, =8 12x
c = H, =16x"- 48x* +12
«/2” eph o H, =32x° - 160x * +120x
Differential Equation: H,"-2xH_,+2nH_ =0
: . nox db e

Rodrigues Formula: H.=(-D"e ne
Polynomial Coefficients.  a_., -_-2n-m

(m+H(m+2)

. ¥ -x?2
Orthogonality: Q dx@" H,x)H, X) =dnm2“n!«/5
2 ¥
Generating Function: e =4 anx)t”
n=0 n
TH  =2H -2nH
Recurrence Formulas: : H., =2H_ -H/
%H nI:2an 1

Another thing: H, (0) =(-2)*(2k- D!



Angular Momentum (J)

|_‘]i ,JjJ:ih>eiijk

J"J=ihd

J2=3,3.+37- 1,
J2=30,+J7+nJ,
Eigenstates:
J% jm) = j(j + DA jm)
3] jm) = v jm)

j :O;%ylgyzv--
m=-j,-j+L..,j-1]

J.|im) =i (i +2) - m(m£1)|j,m=1)

Orbital Angular Momentum (L)

L=r"p
i |0 anq v g
_h  cosj TU _hé f snj fuU
L, =—& 9n] —- ————; L, =—g&0s —- ——— L
i & fq tanq j g €Y o teng i d
F-T | Tu
L, =he* st — +icotq—ry;
* & 19 1
BTN ( ? 1 1 1
12 =528 r2N2+135r2219¢| Lzz_hzﬁ-‘ﬂ + ., |
3 e fra 97 tanq g sn’q 17
n? é. Tee. T6 T°0
L* =- ——ang_-¢ang

— Tt —
an2g& "T19& 19z 15 H




Angular Momentum Matrices

s=Y
S:Es
2
e 10 & -10 a 0
Sx: = Sy:- = Sz:g =
1 4 ' @ -1y
s;s;=d; +ie,s,
|.Si’SiJ:2ieiijk
{si,sj}:Zdij
=1
A T
L =—~F%  1: L =—d& - 1-
X JEQ N y 69 i
& 1 3 R
pe® & R
Li=—¢ 2 =+ L°=—¢ 2 =
x T 9 . y 2 .
&1 15 &1 15
| =2
ge 1 0 0 ge -1 0 0
(}1 \/% OT (;1 '\/% 0+
L= D LEE VR
¢O J% 1+ ¢0 % - 1=
€ o0 1 5 § 0 1 p
21 V% 09 ® 1 -% 0 ¢
¢ % % + ¢ % - % -
2 - 2 -
L, :hzgﬂ 3 N =hzg-\/% 3 N
¢ % % N ¢ -% % N
§ 0 N 15 § 0 - % 15



Associated Legendre Polynomials & Spherical Harmonics

{rim)=f()Y.@.i)

cy_ [2A+1( - m)! ing
V(@ )—\/ o (o esDe

P00 = 1" x)* R (x
dx™
C1d .,
P'(X)_Z'I!dx' -1

P_(x)=(-D)"(2m- Y (1- x*)%

' 2
P (¥R (X)dx = 1

-1

Q Yim @ )Y@ JAW=d,

d,.

YI,-m(q’j ):(- 1)mYI,-m* (q 7j )
Y@ -a,p+j)=(1"Y,@.j)

) 2 +1
Y@ )= Tfp. (cosq)

QY @ Y (1 oW

P =1 P, =X Pzz%(sz-l)

g 2 ¥\ 2
Probability:  P(l,m) = |(Im|y )| = ¢y “dr
0



Central Potential

e
Hamiltonian in Spherical Coordinates Hy =& ST+ +V(r)y
g 2m \r
2 2
H=P Y v
2m
FP p¥o_nleel o
p =3g—+ 2=
er rg irefr g

Separation of Variables: y(r)= %u(r)Ylm(q J)

Qu(n)| dr =

m goU(r)=0

u(r ® 0)» r'™* if Vissmaller than iz
r

é n* d* I(1+D)n°
€ 2t
g 2nr dr 2nr?

Radial Schrédinger Equation: +V(r).xu(r) = Eu(r)

Free Particle:
_2nE

I +1)

+12=0  (Spherical Bessdl Equation)
ﬂ

fe"g;



The Hydrogen Atom
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Non-degenerate Time-Independent Perturbation Theory
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First Order:
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Vector Formulas

Vector Calculus Theorems

@iledgx:@Amds

ANy d®x = ¢y nds
oY 47

Q(I 3 = @ Ads

( +Nf><Ny)d x=gf n Ny ds
Q(Nzy yNZf)dx fNy -y Kif )xnds
Q(N" A)>nds = gy
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Explicit Forms of Vector Operations (from Jackson)

Explicit Forms of Vector Operations

Let e,, e, e; be orthogonal unit vectors associated with the coordinate directions
specified in the headings on the left, and A, A, A; be the corresponding
components of A. Then :

V¢=e1 8¢!+e L!!“’e ﬂp‘

N 0X1 dX2 333(,'3
-

g ' 1_v ] A=8A1+8A2+8A3
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»

V'llp__ 32!1’ azdl 1 azlll
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BX22 6x32

V= elad’+e2 L alp lp

" ad)
~ ‘ 19A; 6A3
BN P (p AT
£ 10A; dA 0A, 0A
= _ 1043 2 - 1 3 1
o VXA e‘(’ ab 9z )+e2(az ap )+ p( a¢>)
W\ 1 aq; aw
Vig= ( )+
v= pap Pap) 0?30’ Toz

oy, 1oy, 1 ab
Vi=e te ggtes rsin 6 8¢
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19 .1 1 8A;
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V-A= (r A1)+ Gae(smeAz) Tsin 0 9%

VXA= €—

(sin 9A;)— 6A2]

3 30
rsin 6 o

Lo 1018y, 4]
ez[rsin() ad rar(As) tes |5 A EY:)

2, — zéﬂ) 1 ( 3‘1’) PR S
A r ar(r ar T sin0a0 \SMY%5g) 7y % sin® 8 9¢°

- [Note that — 2 3 (r i;lf) El a— (nb)]

Spherical
(r’ 0’ ¢)




The Postulates of Quantum Mechanics

. The state of the system is represented by a vector in a Hilbert space.8

. A physical quantity is represented by an observable (e.g. a Hermitian operator that its
eigenvectors form a compl ete set)

. The possible outcomes of a measurement of A are only eigenvalues of A.

. When measuring A in a normalized state |y > , the probability of measuring the value
‘2

“a is é Ky N ‘y> , where ‘y a(”> is an orthonormal basis to the space of A’s

eigenstates with the eigenvalue “a’.
. After a measurement of A, which yields the value “a’, the system is left in an

eigenstates of A with the eigenvalue “a’.
. The state’ s time-devel opment: i# % v (1) = H lv )

(H isthe system’s classical Hamiltonian)

[qi ) pi] =ind;




